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Résumé

Cette these explore la structure additive et les propriétés de représentation des ensembles en
combinatoire additive, en se concentrant sur deux themes principaux :

Structure des ensembles somme : Soit A C Z>( un ensemble fini avec un élément
minimum 0, un élément maximum m, et £ éléments entre les deux. Définissons (hA)® comme
I’ensemble des entiers ayant au moins ¢ représentations sous forme de somme de h éléments

de A. Nous prouvons que (hA)® est structuré lorsque
1
h > (1+o(1))-met**,
e

dans le régime ¢ — oo, t'/Y — oo et construisons des contre-exemples presque optimaux
lorsque h < mftYt. Des résultats similaires s’étendent aux sous-ensembles de Z?. De plus,
nous interprétons les mouvements des pieces d’échecs comme des ensembles somme, montrant
qu’'un cavalier atteint une case générique plus efficacement qu’'un roi, avec un facteur moyen
de 24/13.

Fonctions de représentation avec des taux de croissance prescrits : Etant donné
des entiers positifs by, ..., b, avec ged(by, ..., by) = 1, nous étudions la fonction de représen-
tation

ran(n) = #{(z1,...,2) € A" i byxy + -+ + by, = n}.
Nous montrons que si F'(n) < ry(n) est régulierement croissante avec lim,, o, F'(n)/logn =
00, il existe un ensemble A C N tel que 74 ,(n) ~ F(n). Lorsque F est croissante et que
F(2z) < F(x), nous construisons un ensemble A satisfaisant r4,(n) < F(n), et fournissons
une heuristique suggérant que si limsup,,_,. 74 x(n)/logn < 1, alors 74 ,(n) = 0 pour une
infinité de n.

S’appuyant sur les résultats de Vu et Wooley, nous étudions les fonctions de représen-
tation pour les puissances k-iémes N et les puissances k-iemes des premiers P*. Pour
h > hy = O(8%k?) et F(n) régulirement croissante satisfaisant lim,, o, F'(n)/logn = oo,

nous montrons l'existence d'un ensemble A C N* tel que

TA,h(n) ~ Gk,h(n)F(n),



ol &y, ,(n) est la série singuliere associée au probleme de Waring. Dans le cas des puissances
premieres, nous obtenons des résultats analogues pour F'(n) = n”. Pour F(n) = logn, nous
montrons que pour chaque h > 2k%*(2log k + loglog k + O(1)), il existe un ensemble A C Pk
tel que 74,(n) < logn, ce qui montre 'existence de sous-bases minces pour les puissances

premieres.

Mots-clés: combinatoire additive, ensembles somme, cavalier d’échecs, fonction de re-

présentation, variation réguliere, probleme de Waring, probleme de Waring—Goldbach.

vi



Abstract

This thesis investigates the additive structure and representation properties of sets in additive
combinatorics, focusing on two main themes:

Structure of sumsets: Let A C Z>( be a finite set with minimum element 0, maximum
element m, and ¢ elements in between. Define (hA)® as the set of integers with at least ¢

representations as a sum of i elements of A. We prove that (hA)® is structured when
1
h> (14 o(1))-met'/*,
e

in the regime ¢ — oo, t'/ — oo and construct near-optimal counterexamples when
h < mft'/¢. Similar results extend to subsets of Z¢. Additionally, we interpret chess piece
movements as sumsets, showing that a knight reaches a generic square more efficiently than
a king by a factor of 24/13 on average.

Representation functions with prescribed rates of growth: Given positive integers

by, ..., b, with ged(by,...,by) = 1, we study the representation function
TAﬁ(’I’L) = #{(xh cee ;xh) < Ah : blxl “+ -4 bhxh = n}

We show that if F'(n) < ryp(n) is regularly varying with lim,, . F'(n)/logn = oo, there
exists A C N such that rap(n) ~ F(n). When F is increasing and F(2z) < F(z),
we construct A satisfying r4,(n) =< F(n), and provide a heuristic suggesting that if
limsup,,_,o 7an(n)/logn < 1, then r4,(n) = 0 for infinitely many n.

Building on results of Vu and Wooley, we investigate representation functions of k-th
powers N* and k-th powers of primes P*. For h > hy = O(8%k?) and regularly varying F'(n)

satisfying lim,,_,. F'(n)/logn = oo, we show the existence of A C N* such that
ran(n) ~ &gp(n)F(n),

where &y ,(n) is the singular series associated to Waring’s problem. In the case of prime
powers, we obtain analogous results for F'(n) = n”*. For F/(n) = logn, we show that for every
h > 2k?(2logk + loglog k + O(1)), there exists A C P* such that r4,(n) < logn, showing

the existence of thin subbases of prime powers.
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Keywords: additive combinatorics, sumsets, chess knight, representation function, reg-

ular variation, Waring’s problem, Waring—Goldbach’s problem
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Notation and conventions

We start with a list of general notation and definitions that will be used throughout the

thesis.
[ ]
[ ]

For a set S, we denote its cardinality by #5S or |S].

In this thesis, 0 is included in the natural numbers, i.e. N = Zx,.

For m € N, we write [m| = {0,1,...,m}.

A multiset is a set that allows multiple instances of the same element, e.g. {1,1,2}.

The symbol log denotes the natural logarithm In.
We denote the probability measure by Pr.

li denotes the logarithmic integral li(zx) = [~ 1;%'

The Gamma function is defined as I'(z) = [5°t* te ! dt.

Let X be a set and f, g : X — R be real-valued functions. We write f(z) < g(x),
or f(x) = O(g(x)), or g(x) > f(z), if there exists a constant C' € Ry, such that
|f(z)] < Cg(zx) for every x € X. If the constant C' depends on some parameters,
then we sometimes include these as subscripts on the symbols <, >, O.

We write f(x) < g(z) if f(z) < g(z) < f(z).

For f, g: R — R, we write f(x) = o(g(z)) if lim,,o f(z)/g(x) = 0.

We write f(z) ~ g(z) if limy o f(2)/g(x) =1, or f(x) — g(x) = o(g(x)).

A real-valued function ¢ : Ryg — R is called slowly varying if it is measurable and
lim, 00 ¥(Az) /10 (x) = 1 for every A > 0.

A real-valued function F' : Ryy — R is called reqularly varying if it is measurable
and lim,_,., F'(Az)/F(x) exists for every A > 0. Regularly varying functions are of
the form F(x) = z"(z), where k € R and () is slowly varying.

For a sequence of random variables (X,,),>1 in a probability space 2, and a real
function g, we write X,, < g(n) if X, (w) ~ g(n) for almost all w € Q.

We write e(a) = e*™@,

For k > 1, we write N* = {n* | n € N}, and P* = {p* | p prime}.

If a, b € N, we denote ged(a,b) by (a,b).

o(n)=#{1 <m <n| (mmn) =1} is Euler’s totient function.
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Notation for Chapter 2: 7Z

Let A, B C Z be finite sets, h, t > 1 be integers.
e A+B={a+blacAbeBtand A-B={a—-blacAbec B}.
e hA={a +---+ap| ay,...,a, € A} is the h-fold sumset of A.
o Ran(n) == #{(ka)aca € Z‘ZA()' | Yacakaea = n, Y 4ca ks = h} is the representation
function of A.
o Ra(n) == #{(ka)aca € Z'ZAO‘ | > aca kaa = n} is the total representation function of
A.
o (hA)Y :={n € Z | Ran(n) >t} is the t-representable h-fold sumset of A.
After possibly an affine transformation, assume now that 0 € A is the smallest element
of A, gcd A =1, and let m = max,c4 a and £ := |A| — 2.
o Pi(A) = Upz1(hA)D (with Py = P).
o §(A) =Z>0 \ Pi(A) is the t-exceptional set of A (with & = €).
o Fr;(A) := max,cg,(4)n is a generalization of the Frobenius number.

Notation for Chapter 2: Z¢

Let A, B C Z% be finite sets, h, t > 1 be integers.
e A+B={a+b|lacAbeBtand A-B={a—b|acAbc B}
e hA={a;+---+ay|ai...,a, € A} is the h-fold sumset of A.
o Ran(p) = #{(ka)aca € Z';O‘ | Yacakad = P, Daca ka = h} is the representation
function of A.
o RA(p) = #{(ka)aca € Zglo' | > aca kaa = p} is the total representation function of
A.
o (hA)Y ={p € Z?| Ryn(p) >t} is the t-representable h-fold sumset of A.
o H(A):={>acaca | ca € Rog, Yacaca = 1} is the convex hull of A.
e ex(H(A)) is the set of extremal points (or “corners”) of H(A), which consists of
those points in H(A) that cannot be written as convex combinations of other points
in H(A).
After possibly an affine transformation, suppose that 0 € ex(H(A)).
o Cp:={YacaCad | ca € Ry} is the cone of A.
o Ay :=spany(A) = {>acaCad | Ca € Z} is the Z-span of A.
o Py(A) = Ups1(hA)Y (with Py = P)
o E(A)=(CanAys)\ Pi(A) is the t-exceptional set of A (with & = &).
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Notation for Chapter 3

e Alzyy) =min{h > 1| (z,y) € hA}.

o K ={(1,0),(L,1),(0,1), (—=1,1), (=1,0), (=1, — 1), (0, — 1), (1, — 1)} is the king.

o N,» = {(ba), (a,h), (—ab), (=b,a),(—b, — a),(—a, — b), (a, — b),(b, — a) } is the (a,b)-
knight.

o By, = {(z,y) € Z* | max{|z|,|y|} < h} is the ball of radius i with respect to the max

norm.

Notation for Chapters 4 and 5

Let A C Zso be a subset of integers, h > 2 be an integer, and b,..., b, be positive

integers with gcd = 1. In Chapter 4, the representation function is defined as

Tﬁﬁlh’“"b")(n) = #{(x1,...,2p) € A" | byxy 4+ - + bpwy, = n}.

When we write simply 74 (n), in Chapter 4 this means by, .. .,by, are fixed, and in Chapter
5 it means by = --- = b, = 1.
° pfff};""bh)(n) = #{(x1,...,xn) € A" | bywy + -+ + bpxp, = n,x; # x;if 1 £ j} is the
exact representation function. If by, ... b, are fixed, we write simply pa,(n).
o rﬁ}fman) (n) = #{(z1,...,x1) € A" | byz1+- - -+bpzy, = n,3j : 1; < n’} counts §-small
solutions. pfi',jmau)(n) is defined similarly.
3 r%‘,ﬁlormal)(n) = #{(x1,...,w,) € A" | byzy + -+ + by, = n,Vj,z; > n’} counts
d-normal solutions. pff;,?ormal) (n) is defined similarly.
o 1% () = maxic; o <o <n #{ (21, 20) € A [ b+ -+ biwp = n}, for 1 <L < h.
e 7a5(n) = size of a maximum disjoint family of representations (zy,...,z;) € A"

such that byzy + -+ - + bpzy = n. Define similarly: pax(n), 74" (n), pen™" (n),

(6-normal _(6-normal . :
riﬁorma '(n), pgﬁmm )(n), and 74(n). Le.,aha signifies we are counting a max-

imum disjoint family of representations given the restrictions of the representation

t W~

function.
Let ¢ > 1, 1 < a < ¢ be integers with (a,q) = 1.
o S(a,q) = Xl e(ar*/q).

e Spp(n) =121 S(a,9)"/q" e(—na/q) is the singular series associated to War-
B (a,g)=1
ing’s problem.

e &;,(n) = X512 a1 S(a,0)"/0(q)" e(—na/q) is the singular series associated to
’ - (a,q)=1
Waring—Goldbach’s problem.
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Chapter 1

Introduction

1.1. Structure of sumsets
Let d > 1 be an integer, A C Z¢ be a finite set, and for each h > 1, define the sumset
hA:={a;+---+a, | a; € Aforall i}.

This sumset hA represents the collection of all points that can be formed by summing h
(possibly repeated) elements of A, and it plays a fundamental role in the study of additive
combinatorics. As h becomes sufficiently large, the set hA not only expands but also reveals
patterns that connect its size and structure to geometric and arithmetic properties of the
original set A, which has been the subject of extensive study.

Two complementary notions of structure emerge in the analysis of hA and are considered
in the literature. The more classical perspective concerns the size of hA, or more specifically
the growth rate of the cardinality |hA| as h — oo. This topic dates back to the work of
Khovanskii [20] in 1992, who showed that for sufficiently large h, the cardinality |hA| is
given by a polynomial P4(h) in h, whose degree is at most d, the dimension of the lattice
Z4. That is,

|hA| = Pa(h),
where the coefficients of P4(h) encode geometric and combinatorial properties of A. For
example, the leading term of P4(h) is determined by the volume of the convex hull of A.
This has been generalized to abelian semigroups (cf. Nathanson-Ruzsa [31]).

The second notion of structure focuses on the internal organization of hA, and is referred
to as the stability or simply structure of hA. This concept was first introduced by Nathanson
[26] in the context of one-dimensional sets (i.e., when d = 1) and later generalized by
Granville and Shakan [13] to higher dimensions. The idea of stability concerns the eventual

behavior of hA as h — oo, and posits that for sufficiently large h, the sumset hA becomes



as large as it can possibly be. The least h; for which hA is structured for h > h; has been
studied by several authors in Z [26, 6, 13, 16, 24] and in Z? [7, 14, 15].

1.1.1. Structure in Z

For an integer m > 0, define [m] := {0,1,...,m}. Given a finite subset A of integers,
our focus lies in characterizing the elements of the sumset hA. Without loss of generality,

assume minge4 a = 0 and ged(A) = 1,' and express A as:
A={0=as<a; <-- < a;<ag =m}

where |A| = ¢+ 2 and m denotes the largest element of A.
Defining
P(A) = | rA,

h>1
which represents all integers expressible as finite sums of elements in A, we introduce the
exceptional set of A:

E(A) == Zxo \ P(A).
Since A C 24 C 3A C ..., it follows that hA C [hm]\E(A). Moreover, defining the reflection
m—A={m—a|ac A}, we obtain the identity h(m — A) = hm — hA, implying that if
n € E(m — A), then hm —n ¢ hA. Consequently, we derive the containment:

hA C [hm] \ (E(A) U (hm — E(m — A))). (1.1)

When equality holds in (1.1), the sumset hA is said to be structured.?

The existence of a threshold hy = hy(A) beyond which hA is structured for all h > hy
was first established by Nathanson [26] in 1972, who obtained the bound hy < m?(¢ + 1).
Subsequent refinements include:

e Chen-Chen-Wu [6]: h; < X% (a; — 1) — 1.

e Granville-Shakan [13]: hy < 2|m/2].

e Granville-Walker [16]: h; < m — {.
In 2022, Lev [24] further refined this bound, showing that hA is structured for all h satisfying
h < max{m — 3(¢ — 1), 2(m — ()}, except when A or m — A takes the specific form {0,1,h +

2,...,m}. In such cases, Granville-Walker’s bound m — ¢ is optimal.
1.1.2. Structure of t-representables

Imagine that instead of counting numbers that can be written at least once as a sum of

h elements from A, we seek those that can be written at least ¢ times. To formalize this, we

If we define A’ := {(a —ag)/d | a € A}, where ag := min,e 4 a and d := ged{a —ag | a € A}, then hA can be
reconstructed from hA’ through an affine transformation: hA = hag+d- (hA’), where d- B ={d-b| b € B}.
2 Alternatively, hA is said to stabilize for large h.



define the representation function of hA as:

Rap(n) :=#{(ko, ... ker1) € Z5 | koao + -+ + keyraeir = n, 050 ky = h}
= #{(kl, e ,k‘g+1) € Zé—&(—)l | k1a1 + -+ k?g+1ag+1 =n, Zfi% ]{?Z S h},

where the second equality follows from the fact that ag = 0. For ¢ > 1, define the ¢-
representable sumset:
(hA)Y .= {n € Zsg | Ran(n) >t}
In 2021, Nathanson [30] showed that (hA)® exhibits a similar notion of structure for

sufficiently large h. Define:
Pi(A) = (hA)W

h>1
and introduce the t-exceptional set:

gt(A) = ZZO \ Pt(A)
Then, there exists a smallest integer h; = hy(A) such that for all h > h;, we have:
(hA) = [hm] \ (E:(A) U (hm — E(m — A))). (1.2)

When this relation holds, (hA)® is said to be structured. Nathanson established the bound
hy < ml(tm — 1) + 1, which was later refined by Yang-Zhou [45] to h; < 32652 (ta; — 1) — 1.

The bound we obtain for the structure threshold involves the Frobenius number of the
set A. The Frobenius number,

Fr(A) := max n,
ne&(A)

is known to be finite,® with Fr(A) := 0 if £(A) = @. The study of Fr(A) dates back
to Sylvester [34, p. 134], who showed that for A = {0 < a; < as}, we have Fr(A) =

aias — a; — ag. Similarly, define

which is shown to be finite in Corollary 2.5.

Theorem 1.1. If |A| > 4, then (hA)®) is structured as in (1.2) for all
Fr,(A) + mJ N {Frt(m —A)+ mJ

ai

h >

m — Qy

This bound can be simplified to:

3As is well-known, there are z1,... ,Zey1 € Z such that Zf:i a;z; = 1. Taking M := aj max; |z;| and

N = Zti Ma;, we have N + k = E[Ii(M + kx;)a; € P(A) for every 0 < k < ay. Therefore, since

2 7

ay + P(A) C P(A), we have {N,N +1,...} € P(A4), so Fr(4) < N.



Theorem 1.2. If |A| > 4, then (hA)W is structured as in (1.2) for all
1
h > Cyuy—milt",
e

4 2\ 1+ (log4
Cay < <1+>6—|—<1+> + (log40)/¢

0 )i/t ¢ ) min{a;,m —a,}
In particular, Cay < 3e if £ >4, and Cay < 14 0(1) as £ — oo, t1/¢ — .

where

This refines the bound of Yang—Zhou for, e.g., t > 8/ > 32 — see Remark 2.12.

Remark (Case ¢ = 1). The case |A| = 3, examined in Appendix A, shows that (hA)® is
structured for all h,t > 1. The special case ¢ = 1 was proven by Granville-Shakan [13].
Therefore, Theorems 1.1 and 1.2 consider ¢ > 2.

In Section 2.3, we construct a family of finite sets A = A(m,¢,t) for certain m > 5, £ > 2,
t > 2, each containing 1, m — 1, for which

ho(A) > (14 o(1)) Smer"

e

as { — 00, t'/* — co. Thus, Theorem 1.2 is asymptotically optimal in this regime.

1.1.3. Structure in Z¢

A generalization of Theorem 1.1 holds for finite sets A in arbitrary dimensions. Let d > 1
be a fixed integer and consider a finite set A C Z?. Without loss of generality, assume that
spang (A) = R?, meaning that A spans the entire space.*
The convezr hull of A is defined as

H(A) = { 3 caa

acA

CaeRZO, anzl}

acA

which represents the smallest convex set containing A. The set of extremal points ex(H(A)),
also known as the “corners” of H(A), consists of those points v € H(A) where there exists
a supporting hyperplane that is tangent to H(A) at v and separates the rest of H(A) onto

one side. Explicitly, we define:

ex(H(A)) = {V € H(A)

In =n(v) € Z¢,3c € R such that
(n,v)=cand nx) >c,vx € H(A)\ {v}]

This characterization ensures that the extremal points of H(A) are precisely those that

cannot be written as convex combinations of other points in H(A).

41f spang (A) ~ R? for some d’ < d, then after a suitable change of basis, we can assume A C Z4 = RY NZ.



Fig. 1. The set A = {(0,0,0), (0,4,4), (2,0,5), (2,1,3), (3,3,2), (4,4,2), (5,0,5)}. Points
written in italics compose ex(H(A)).

Analogous to the one-dimensional case, suppose without loss of generality that 0 €
ex(#H(A)). For each integer h > 1, define the representation function of hA as

Z k.a = p, with Z ko = h}
acA acA

Z k,a = p, with Z kagh}.

acA\{0} acA\{0}

Ran(p) == #{(ka)aeA € Z'ngl

= #{(ka)aeA\{O} € Zgﬂ_l

For any integer ¢t > 1, define the t-representable sumset:
(hA)"9 == {p € Z' | Ran(p) > t}.

Defining the cone of A as

Oy = { 3 can

Caq € RZO}’
acA

noting that H(A) C C4, and defining the Z-span of A as
Cq € Z},
we introduce the t-exceptional set E(A):

A4 = spany(A) = { > caa
Pi(A) = [J(hA)D,  &E(A) == (Can i)\ PiA).

acA
h>1




We will establish the existence of a minimal threshold h; = hy(A) such that for all h > hy,

(hA)® = (hH(A) mAA)\< U (hv—&(v—A))). (1.3)

veex(H(A))
Here, hH(A) = {hp | p € H(A)} denotes the h-dilate of H(A).

Granville-Shakan [13] proved the finiteness of h; in 2020, and in 2023, Granville-Shakan—
Walker [14] provided the explicit bound:

) . ) 8dS 1345
hi(A) < (d+ 121120 | 4] (ﬂ%’i la— b||oo) < (d|A| max fla - b||oo>
This was further improved in 2024 by Granville-Smith—Walker [15], who obtained the refined
bound:
hi(A) < (d+1)(d!)?*(Jex(H(A))] — d)Vol(H(A))*.

Our result provides a bound for h; in terms of specific geometric quantities associated
with A. Let n be a unit vector in R? such that (n,v) > 0 for all v € C4 \ {0}, ensuring that
Ca \ {0} lies entirely on one side of the hyperplane orthogonal to n. Define

04 =04n:= a£{?0}<a’n>’ Ay=A0Ayp = agg\iﬁ}(&l,n) (1.4)
That is, we project the elements of A onto the one-dimensional cone R>on and define d4
(resp. A4) as the smallest (resp. largest) nonzero projection length. These constants play a

key role in the estimates of the structure theorem.

Lemma 1.3. There exists a minimum ¢ = @a: € R>y such that, for every real X > ¢, we

have

(VH(A) A\ E(A) + A= (A + DH(A) N A) \ E(A).

Theorem 1.4 (t-structure). The set (hA)® C Z% is structured as in (1.3) for every

Ap_a
h> .
= 0c BCax(H(A) < 2 Lﬁ)_fl i AJ )

|B|=d+1 beB
spang (B) =R?

where Yyn_a,4 15 the constant from Lemma 1.3 for the set b — A.

Remark. Note that the bound in Theorem 1.4 depends on the choice of n in (1.4). The
bound is valid for all valid choices of n, so one could, in principle, find the n that yields the

minimum A4/d4.

Lemma 1.3 and Theorem 1.4 are proven in Section 2.4. We note that Theorem 1.4 can

be seen as a generalization of Theorem 1.1 for d > 2 — see Remark 2.22.



1.1.4. Size of (hA)®

In 1992, Khovanskii [20] showed that for every finite set A C Z¢ there exists a polynomial
P4 € Q|x] of degree at most d, and a threshold A" = RE"(A), such that hA = P4(h) provided
h > hEh. His proof, however, did not give a concrete estimate for hX®. Later, Nathanson—
Rusza [31] gave a combinatorial proof of this result, but this did not produce an effective
bound on A¥P either. Curran—Goldmakher 7] obtained explicit bounds for A" when H(A)
is a d-simplex, or when H(A) is d-dimensional and |A| = d + 1 or d + 2. The first effective
bounds for arbitrary d and arbitrary A C Z? were obtained by Granville-Shakan-Walker
[14], who showed that

Kh (d+4)|A|
BKR(4) < (2|A| max Ha—buoo)
a,bcA

This was improved by Granville-Smith-Walker [15], who showed that
™ < dI|APPVOl(H(A)) — |A] + 1.

In Section 2.4, we will prove a generalization of Khovanskii’s theorem for (hA)®:
Theorem 1.5 (t-Khovanskii). If A C Z¢ is finite, then for everyt > 1 there is hiEP(A) € Zs,
such that, for every h > h¥h(A), we have

(hA)D] = Py (h),

where Pay(x) € Q[z] is a polynomial of degree < d.

1.2. Knights are 24/13 times faster than the king

Using the theory of sumsets, we will address the following question in Chapter 3: On an
infinite chess board, how much faster can the knight reach a square when compared to the
king, on average? More generally, for coprime b > a € Z>; such that a 4 b is odd, define the
(a,b)-knight and the king as

Na,b = {(a7b>v (b’a)7 (_CL?b)v (_b’a>’ (_b7 - CL), (_a’7 - b)v (a’ - b)? (bv _a>}’
K = {(1,0), (1,1),(0,1), (—=1,1), (—1,0), (=1, — 1), (0, — 1), (1, — 1)} C Z?,
respectively. One way to formulate this question is by asking for the average ratio, for p € Z?

in a box, between min{h € Z>; | p € AN} and min{h € Z>, | p € hK}, where hA is the
h-fold sumset of A. We show that this ratio equals 2(a + b)b*/(a® 4 3b?).



1.2.1. The king and the (a,b)-knight

Let A C 7Z? be a finite set. For each p € Z?, we are interested in determining the
smallest A > 1 for which we can write p = a; + - - - + a;, where a; € A for 1 < i < h are not
necessarily distinct. Writing hA = {a; +--- +ay, | a1,...,a, € A}, we define A(0,0) :=0
and, for (z,y) # (0,0),

A(zy) :=min{h > 1| (z,y) € hA}. (1.5)

In Chapter 3, we will study the behaviour of A(z,y) for a particular class of sumsets.
Thinking of Z? as an infinite chess board, a finite set A may be thought of as a piece placed
at the origin, being able to move only to a € A. Then, in two moves, the piece is able to
reach every point in 24, and so on. We say that A is:

e Primitive if A(xz,y) is well-defined for every z,y € Z;
o Symmetric if (a,b) € A implies (d1a,d2b), (01, 02a) € A for every choice of §;,05 €
{-1,+1};
The two pieces that will concern us are the following:
a) The king K = {(1,0),(1,1),(0,1),(—1,1),(=1,0), (=1, — 1),(0, — 1), (1, — 1)} is the
smallest symmetric piece with (1,0), (1,1) € K.

31/3,31313,.33
3E2742%2%2%2% 3
% SE2X1%Z17217227 3
%K% 3V24¥14001727 3
) 312171 1]2) 3
3Vo42%2%2727% 3
313/ 3)34%3/373

Fig. 2. The king’s movements (left) and K(z,y) (right).

b) For a,b € Z>,, we define the (a,b)-knight N, by the set of moves

Na7b = { (b7a)7 (a7b)7 (_a7b)7 <—b7a)7
(_b> - a)> (_&7 - b), (aa - b)? (bv - (I) };
in other words, N, is the smallest symmetric piece with (a,b) € N,. The usual
chess knight is the (1,2)-knight, which we call just knight and denote by N.

Not all (a,b)-knights are primitive. In fact, for N,;, to be primitive, it is necessary and
sufficient that ged(a,b) = 1 and a + b be odd. To see this, color Z?* like a chess board:
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Fig. 3. The knight’s movements (left) and N(x,y) (right).

paint (z,y) white if 2 | x + y, and black otherwise. The necessary direction is then easy:
ged(a,d) | ged(z,y) for every point (z,y) accessible to N, p, and if a+ b is even then N, never
accesses black points.

For the sufficient direction, by the symmetries of N,;, it suffices to show that it can
access (1,0). Since (b,a)+ (b, —a) = (2b,0) and (a,b) + (a, — b) = (2a,0), the (a,b)-knight can
access every point of the form (2(ax + by),0) for z,y € Z; which, since ged(a,b) = 1, implies
that N, can access (2,0). By symmetry, it also access (2z,2y) for every z,y € Z. If a is odd
(so b is even), then (1 — a, — b) is of the form (2z,2y); applying the move (a,b), we get to
(1,0). The argument for a odd and b even goes similarly.

By the symmetries of N, ;, to understand the behaviour of N, ;(x,y) it suffices to study
x >y € ZLs>o, where K(z,y) = x. We will show the following:

Theorem 1.6. Let b > a > 1 be integers with ged(a,b) =1 and a+ b odd, and let x > y €

(1) [f?/ < gl‘; then Na,b(xay) = g + O(b)
(ii) If y > %x, then Ngp(z,y) = m + O(b).

In Subsection 3.1.2; we describe the distribution of N/K.

1.2.2. Average velocity in a box

Every finite set A induces a metric da(p,q) := A(q — p) for p,q € Z?. The king’s metric
coincides with the one induced by the max norm

1(2,9)ll o = max{|zl,[y[},



and thus we equip Z? with this metric. For h > 1, write

By:={peZ| |lpl. <h},  Bj:=5Bx\{(00)}

for the ball and punctured ball of radius h, respectively. Note that B, = Uj_, /K and
OB, ={p € 7% | ||p|l, = h} = RK\ U'Zi K. We have |0By| = 8h and |B;| = 4h(h + 1).

What is the average value of A(x,y) in B),? For instance, the king K is such that K(z,y) =
¢ if and only if (z,y) € 0B,; hence,

1 2h 1
2 K®) = 051y - Z”‘?W

peEB;

|Bh|

Thus, we consider the following notion of velocity, which can be understood intuitively as
how fast the king K sees the piece A moving (see Remark 3.3): For a finite primitive piece

A C 72, the average velocity v = vk of A is given by

o(4) = lim 23h(|z;h| S A(p ) | (1.6)

peB
The number v(A) may be thought of as controlling how fast A spreads through B,.
Intuitively, from Theorem 1.6, one might conclude that the knight is almost, although not
quite, twice as fast as the king. Points of the type (x,0), for example, can be accessed by the
knight in around z/2 moves, while points of the form (x,z) can be accessed in around 2z/3

moves. We will show that
2 _peB, K(p) h—+o00, %

ZpEBh N(p) 13 '

More generally:

Theorem 1.7. Let b > a > 1 be integers with ged(a,b) =1 and a + b odd. Then:

2(a + b)b?

o) =g

See Remark 3.4 for a consequence of Theorem 1.7 when one takes a, b to be consecutive

Fibonacci numbers — which we call Fiboknights.

1.3. Representation functions with prescribed rates of
growth

The representation of integers as sums of elements drawn from specific subsets of nat-
ural numbers has been a longstanding focus in additive number theory, with applications
ranging from understanding the distribution of prime numbers to uncovering the behavior

of structured sets like squares, cubes, or higher k-th powers.
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Let A C Z be a subset of the integers and A > 2 be an integer. The function
Ran(n) = #{{x1,...,zn} C A multiset | z1 + - -+ + x5, = n}

counts the number of ways to express n as a sum of h elements from A, ignoring order. In
2004, Nathanson [28] showed that for any A > 2 and any function F': Z — N U {oc} with
finitely many zeros, there exists a set A C Z such that R4 ,(n) = F(n). This completely
characterizes representation functions for subsets of Z that represent all but finitely many
integers. Nathanson later posed the more challenging problem of determining what could be
said about the case A C Zxy.

In Chapter 4 we address this question. For a subset A C Z, an integer h > 2, and fixed

positive integers by, ..., b, with gecd = 1, we consider the representation function
ran(n) = () = #{ (o wn) € A [bywy + o b by =n}  (L7)

We investigate for which functions F': R.o — R.g satisfying F(n) < rz_,n(n), we can find
A C Zsq such that 74 ,(n) ~ F(n). Building on work by Erdds-Tetali [10], Kim-Vu [21]
and Vu [40], we show that if F' is regularly varying, such an A exists if F'(n)/logn — oo.
If only 74,(n) < F(n) is required, we can slightly broaden the range, proving the existence
of A satisfying ran(n) < F(n) for any increasing F with F(2n) < F(n) satisfying either
logn < F(n) < nFT or (logn)?" <« F(n) < n" !, extending the original work of Erdds
and Tetali.

A real-valued function F' : R.y — Ry is called reqularly varying if it is measurable and

lim, o F'(Az)/F(x) exists for every A > 0. Regularly varying functions are of the form
F(z) = 2™ (x),

where k € R and ¥(z) is slowly varying, meaning lim, ., ¥(Ax)/¥(x) = 1 for every A > 0.
Slowly varying functions satisfy ¢(x) = 2°() (see Bingham-Goldie-Teugels [2]). These func-
tions provide a broad and flexible framework for describing growth conditions, encompassing

a variety of natural cases.

1.3.1. Asymptotics

It is a classical result in additive combinatorics that there are

(1 ! OG)) = o 9

nonnegative integer solutions to the equation byxy +- - - +bpz, = n. Now let A C Z>o, h > 2

be an integer, and suppose by = --- = b, = 1. In 1956, inspired by a problem of Sidon,
Erdés [8] used probabilistic methods to show that there exists a subset A C Z>q such that
ra2(n) < logn. Later work by Erdés [9, Corollary 3| established that for certain functions F

11



satisfying lim, ,o, F'(z)/logx = oo (e.g., F'(x) = lognloglogn), there exist subsets A C Z>
such that 742(n) ~ F(n).

In 1990, Erdds and Tetali [10] extended this result for any h > 2, showing the existence
of subsets A C Zsq such that 74 ,(n) < logn. The restriction by = --- = b, = 1 was removed
by Vu [40] in 2000. In Chapter 4, we will address the following:

Problem. For which functions 1 < F(x) < 2" can we find a subset A C Zsq satisfying
ran(n) ~F(n)? Orrap(n) < F(n)?

This is a weaker form of a question asked by Nathanson (cf. [28, Problem 1]). In order
to attack this question with analytic methods, we will assume certain regularity conditions
on I, and that F(x) > logx. In fact, Erdos [8, p. 132] inquired whether, if by = by = 1 and
ra2(n) > 0 for large n, it is always the case that

raa(n
lim sup a2(n) >0
n—00 ogn

(1.9)

This conjecture® naturally extends to general r4, as defined in (1.7), and a heuristic in its
favor is the subject of Theorem 1.12.

Our next theorem deals with F' such that F(z)/logz — oo as © — oo, where Kim—
Vu’s inequality [21] paired with an inequality by Vu [40, Theorem 1.4] allows us to obtain

asymptotics for regularly varying functions.

Theorem 1.8. Let h > 2 be a given integer. Let F' be a reqularly varying function for which

5 .Th_l
& —= o0 and F(x)< (1+O(1))(h—11)!b1"'bh'

log =
Then, there exists A C Zso such that 14 p(n) ~ F(n).
Note that by (1.8), the upper bound covers as wide a range as possible. The proof also
implies that we can take A satisfying |A N [1,2]| ~ C (xF ()", where, if F(z) = 25¢(x),

h T(1+w)h
14k T(H=%)

(by - - - b)) (1HR/P°

When F(x) = 2", we obtain power savings from Kim—Vu'’s inequality.

Corollary 1.9. Let h > 2 be a given integer, and 0 < Kk < h — 1 a real number. Then, for
any C' € Ray, there exists A C Z>q such that |AN[1,7]] = Cx(+/h 4 O(z3+9)/21 Jog 1) and
(11 R) T e

ran(n) =C" R T(1+ k) (by---by)

HTN + O(Eh,ﬁ>7

5This is a strong version of the Erdés-Turén conjecture for additive bases: Does A + A = Z>( necessarily
imply that 74 »(n) is unbounded? More generally, if |[AN[1,z]| > /2, then is r 4 2(n) necessarily unbounded?

12



where B, :=n2(logn)?, By, = nstmax{0.5-3} (1og n)3, and for h > 4,

nz (logn)" if 0 <k <25,

1

Ep = S nl=w)rs if 55 <Kk <h-—2,
nt-zms=3(logn)"  ifh—2<k<h-—1.

Remark. An interesting subcase is the following: Writing r4 511(n) = Tii’,’#?(n) for the

number of solutions (z1,...,Tp41) € A %0 2y + -+ - 4 25,41 = n, we obtain the existence of
a set A C Zso with |AN [1,2]| = 21" + O(x1/?"log x) and

raner(n) = T(1+1/h)" n!/" 4 O(n'/*(logn)"*1).
1.3.2. Order of magnitude

Under significantly weaker regularity hypotheses, one can still show the existence of sets
A C Zsq such that r4,(n) < F(n), though we no longer obtain asymptotics.

Theorem 1.10. Let h > 2 be a fixed integer, and let F' be a positive, increasing, locally
integrable real function satisfying F(2x) < F(x). Suppose further that either

logr < F(x) < aTT (1.10)

or
(log ) <« F(z) < 2" (1.11)
Then, there exists A C Zsq such that |[AN [1,z]| < (zF(2))Y" and ran(n) < F(n).

The range (1.11) includes all regularly varying functions xz"¢(z) with £ > 0, since
x"¢(xr) =< F(x) for some increasing F'. Moreover, it includes some functions of the form
2@ where k(z) varies, such as F(z) = g?tsnlosloes)  The assumption F(2z) < F(x)
prevents rapid fluctuations but allows for mild oscillation.

The reason for dividing into the two ranges (1.10) and (1.11) lies in the different methods
required to handle them. In the higher-growth case (1.11), the assumption that F is increas-
ing plays a crucial role in the argument. The lower-growth case (1.10) can be treated under
more general conditions and follows from the more technical result below, a direct general-
ization of the main theorem in [35], incorporating the weakest regularity assumptions our

methods allow.

Theorem 1.11. Let h > 2 be a given integer, and let 1(x) > logx be an increasing slowly
varying function. If
(i) (Range) (zv(2))V" < f(x) < min{(z¢(z))Y/*D 2},

13



(ii) (Regularity) /j f(tt) dt < f(x);
f(n)"

n

then there exists A C Zsq such that |AN [1,z]| < f(x) and ran(n) <

Writing f(x) := (xF(x))'", Theorem 1.11 implies that for every positive, locally inte-
grable F'in the range ¢ (z) < F(r) < xﬁv,b(x)prﬁ that satisfies
1 T
- / F(t)dt = F(x)
x )1

(this is a consequence of Lemma 4.1), there exists A C Zsq such that r4,(n) < F(n).

Remark. Can the ranges (1.10) and (1.11) in Theorem 1.10 be merged to include all func-
tions F satisfying logz < F(z) < 2"~1? More ambitiously, can Theorem 1.11 be extended
to cover the full range (zlogz)Y/" < f(z) < 27

1.3.3. What about F(z) < log(x)?

Again taking f(z) := (xF(x))"", we will use the probabilistic space of random subsets
0 € of C Z>( generated by the measure Pr(n € &) = min{c@, 1} (n > 1), where ¢ > 0 is

some real number, which is constructed in order to have, essentially,
|7 N [1,2]] < f(x) with probability 1,5 and E(r,4(n)) < ¢"F(n).

Theorems 1.8-1.11 are proven by showing that 7, concentrates around its mean; e.g.,
7o n(n) X E(ryn(n)) with probability 1 in Theorems 1.10, 1.11.7 The next theorem shows
that if ¢f(n) is too small (i.e., the space is constructed so that E(r. ,(n)) is small), then not

only will 7., 5, not concentrate, but also have infinitely many zeros with probability 1.

Theorem 1.12. Fiz 0 <e < % Define the random set &/ C Z>q by taking 0 € o/ and

(nlog(n))'""

Pr(ne,gz%):min{c ,1} (n>1),

for c = 1 =&)Y (by---by, /h* (LY, Then E(ryp(n)) ~ (1 —¢)logn as n — oo, but
h :

Pr(ry p(n) = 0 infinitely often) = 1. (1.12)

This suggests a stronger version of (1.9):

SPrecisely, Pr(«/ C Zsq | 3C1,05 € Rug : Vo > 1, Oy f(z) < |7 N [L,z]| < Cof(x)) = 1.
"Since finite intersections of events of probability 1 have probability 1 (and hence are non-empty), there must
exist A C Zxg satistying both |[AN[1,z]| < f(z) and ra ,(n) < F(n).

14



Conjecture 1.13. Ifrap(n) > 0 for all large n, then

lim sup 77‘,47;1(71)
n—00 ogn

> 1.

Note that the existence of thin bases does not directly contradict Conjecture 1.13 — cf.

for instance, the constructions described in Nathanson [29].%

1.4. Waring and Waring—Goldbach subbases

Chapter 5 investigates subsets A of k-th powers N¥ = {n* | n € N} and k-th powers
of primes P¥ = {p* | p is prime}, aiming to construct additive subbases that satisfy certain

growth conditions on their representation functions. In this chapter,
ran(n) = {(z1,...,an) € A" |21+ -+ 2y = n}

(that is, by = --- = b, = 1).
1.4.1. Waring subbases

In 2000, Vu [40] showed that for each k > 2, there exists an integer hj, < 8*k? such that
for all h > hy, there exists a subset A C N* for which r;(n) =< logn. Later, Wooley [42]
refined this bound, proving that

log log k
hy <k <logk+loglogk:+2+ O (cwgog)) .
log k
More recently, drawing from the work of Bridern—-Wooley [5], Pliego [32] further improved
the bound to
hi, < [k(log k + 4.20032)],

showing that bounds for h;, essentially align with those for the asymptotic order of N¥, as
derived using the circle method. Pliego also established that for certain functions 1 (z) = z°(

with lim, . ¥(x)/logz = oo (e.g., ¥(z) = lognloglogn), there exist A C N* such that

ran(n) ~ Spn(n)(n),

where Sy 5 (n) denotes the singular series associated with Waring’s problem, defined by

a ark a a,q)" na
S(a,q) = E €<q>, 6k7h(n) = E E S(q;Lq) 6( — q) . (113)
! s

8E.g. Raikov-Stohr’s construction: In the case h = 2, take A := S; LI S5, where S; consists of only those
non-negative integers which can be written as a sum of odd powers of 2, and S of even powers. One has
that |[A N [1,7]] < 2'/2, yet A+ A = Z>o. However, the numbers n; := 2 = 104, ny := 10 = 1010s,
ng := 42 = 1010103, etc., can be shown to have at least 25~ (> \/n;/3) representations.
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For h > 4k, this series converges absolutely, and &y ,(n) < 1 (cf. Vaughan [38, Theorems
4.3, 4.6]).
For values of h as large as those in Vu's work, we show the existence of subbases of N¥

with prescribed asymptotics:

Theorem 1.14. Let k > 2 be an integer.
(i) There exists hy < k*(log k+loglog k+O(1)) such that the following holds: Let h > hy,
and 0 < k < h/k — 1. Then, for every ¢ > 0, there exists a subset A C P* such that

ran(n) ~ Sp(n)cen”.

The same holds for k = h/k — 1 but with 0 < ¢ < F(%z;%’;)h-

(i) There exists h), < 8%k* such that the following holds: Let h > h}., and F be a regularly

varying function satisfying

lim. 1};;2 = 00, F(z) < (1+40(1))

(1 +1/k)" h/k—1
I'(h/k)

Then, there exists a subset A C N¥ such that
TA’h(n) ~ Gkﬁ(n)F(n)

In both cases, Sy p(n) is the singular series for Waring’s problem (1.13).

1.4.2. Waring—Goldbach subbases

Let k > 1. Given a prime p, let @ = 0(k,p) be the unique integer such that p’ | k but
p’*1 § k. Define

v =7(kp) = {9+2 =221k K(k) = ]I »" (1.14)
0+1 otherwise, (r—1)|k
If a prime ¢ is coprime to K (k), then ¢* = 1 (mod p”) whenever (p — 1) | k, since ¢(p?) =
p’(p—1) | k for p odd (and ¢(27)/2 | k), where o(n) := [{m < n | (m,n) = 1}| is Euler’s
totient function. So by the Chinese remainder theorem, if n is a sum of A k-th powers of
primes greater than k + 1, then n = h (mod K(k)). Note that if k is odd, then K (k) = 2.

k1 2 3 4 5 6 7 8 9 10
K(k) 2 24 2 240 2 504 2 480 2 264

Table 1. First few values of K(k).
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The singular series associated to Waring—Goldbach’s problem is defined as

Sialn) = X 3 SR (), (1.15)

g>1 a=1 q
(a,9)=1

where S(g,a) is as in (1.13). For h > 2" 4+ 1, we have &; ,(n) < 1 for n = h (mod K(k))
(see Lemma 5.14). In order to obtain thin subbases of prime powers, we first prove a result
similar to Wooley [43, Theorem 1.1] for P*.

Theorem 1.15. Let k > 1 be an integer, and

2k +1 if 1 <k <11,
h > hj := (1.16)
[2k%(21log k + loglog k +2.5)]  if k > 12.

For every w > 1/h, we have

T h hw—1
ST (@1 an) F(log @ - log xy) = 64 (n) W) ot + OR( - )
T1++Tp=n

for every R > 1.

Note that the implied constant also depends on h, k, but we omit this dependency. With
this, we will show the following:

Theorem 1.16. Let k > 1 be an integer, h > h} where h is as in (1.16), and suppose that
n=h (mod K(k)).
(i) For every 0 < k < h/k — 1 and ¢ > 0, there exists a subset A C P* such that

ran(n) ~ &y (n)en”,

where &;, ,(n) is the singular series for Waring-Goldbach’s problem (1.15).

(ii) Let 0 < k < h/k—1, v be a measurable positive real function satisfying V¥ (x) <y 1 (z*)
for every A > 0, and write F(x) = z*)(x). Iflogr < F(x) < 2"*~'/(logx)", then
there exists a subset A C P* such that

ran(n) =< F(n).

The hypothesis for ¢ in Theorem 1.16 (ii) is more restrictive than slow variation, since
we always have ¢ < ¢ for some ¢ of slow variation (cf. Remark 5.25). Nonetheless, Theorem
1.16 implies, in particular, that there exists A C P such that 74 3(n) < logn for n odd, there
exists B C P? such that rg5(n) < logn for n =5 (mod 24), and so on.

Remark. Wirsing [41, Theorem 2] showed that for every h > 3, there exists a subset
A C P with |AN[1,2]] < (vlogx)"/" such that every n = h (mod 2) can be written as a
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sum of h elements of A. Our result extends this, by showing the existence of B C P with
|BN[1,2]] < (zlogz)" (by (1.17)) such that rp,(n) < logn for n = h (mod 2).

Assuming the asymptotic version of Goldbach’s conjecture, Granville [12, Theorem 2]
showed that there is a subset A C P with |[AN[1,2]| < (xlogx)"/? such that every large even

integer is the sum of two elements of A. Our result, however, does not apply to this case.

1.4.3. General setup

Theorems 1.14 and 1.16 will be derived from the more general Theorem 1.17 below. Let
B C Z>¢ be a subset, and write B(z) := |B N [1,z]|. Let F be a regularly varying function.
We make the following assumptions about B and F:

(i) (Regular variation) There is § = 5(B) > 0 such that, for every fixed A > 1,

B(\z) ~ \’B(x).

(ii) (Low additive energy) There exists Hpy € Z>1 such that, for every h > Hy,

B T 2h
Z 7”B,h(n)2 < 7( ) o),
n<x z

(ili) (Counting solutions with weights) There exists H;) € Z>; such that the following
holds: Let h > H, and suppose f(z) := (zF(z))'/" = 2¢(x) < (1 + o(1))B(x),
with 1/h < w < . Then:

) flo) f(:;h) ~ &pn(n)Cppnys f)

7
n
where Cp s € Ry is a constant, and &g (n) is some function of n satisfying

Spn(n) <1 for n €., for some subset .7 C Zs.

Condition (ii) asks for B to have almost as low additive energy as possible, in the sense
that > ,<, 75n(n)? > (Xpceep(n))?/z < B(x)*"/z by Cauchy-Schwarz. It will only be
used in the proof of Proposition 5.2. In condition (iii), we roughly ask for the expectation
of ryp(n) for a random subset &/ C B of density |« N [1,z]|] =~ f(z) to have a certain

asymptotic behaviour, over a subset . C Zx( that is usually an arithmetic progression.

Theorem 1.17. Let B C Zx( be a subset and F' be a regularly varying function satisfying
conditions (i)-(#i). Let h > max{2H) + 1, Huyy} be an integer. If F(n)/logn — oo as
n — 00, then there exists A C B such that

ran(n) ~Spp(n)F(n) for ne.?.
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If F(n) > logn, then there exists A C B such that

ran(n) =< F(n) for ne.Z.

In combination with Lemma 5.1, the proof of Theorem 1.17 also implies that for a given
F(x) = 2"(x), the set A satisfies

G
AN (L)l ~ - CyiljaF ()" (1.17)
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Chapter 2

On the structure of t-representable sumsets

In this chapter, we will prove Theorems 1.1-1.5 from the introduction, which establish bounds
for the structure threshold of t-representable sumset (hA)® when A C Z and A C Z¢. Our
results provide asymptotically optimal bounds on the threshold A in terms of the Frobenius

number Fr;(A) in Z, and generalize previous theorems in Z? for ¢ = 1 to arbitrary .

2.1. Estimating Fr;(A)
As in Subsection 1.1.2, let m > 2, ¢ > 1, and
A={0=ap<a; <---<as<ap1 =m} CZx

be a finite set with ged(A) = 1. For h > 1, write

Ran(n) = {(ko, ... kes1) € Z57 | koao + - -+ + keyraepr = n, Si2g ki = h}
for the number of ways to write n as a sum of h elements of A, and

Ra(n) = lim Ryp(n) ={(ko,... ket1) € ZE2 | koag + -+ + keyrarps = n}
for the total representation function of A.

Proposition 2.1. For every n > 0, we have

(n+a Z?% a])

1
4 ay---aim

RA(TL) <
Moreover, if n > (ay — 1) X\t a;, then

¢
Rafn) > 0@ Z DEmhe)
0 ai---am

To prove this, we will need the following standard lattice point counting lemma:



Lemma 2.2. Let d > 2 be an integer, and Ny, Ny, ..., Ng € Z>o. For R € R, define the
d-simplex

AR(Nl, e ,Nd) = {(1)1, Ce ,ZL’d) & (Rzo)d | LL'lNl +{B2N2 + .- +37de S R}

Then,
d
VOle AR(Nl,...,Nd) < |AR(N1,.. . ,Nd) NZ ’ < VOle AR—&-Z?:lNi(Nl""’Nd)’ (21)
and
lpa Ap(N Ny) = LR (2.2)
(6] .
VOIgd AR(IV1, ..., INg d'Nl N,

Proof. To each point p = (p1, ..., pa) € Ar(Ny, ..., Ng) N Z? consider the unit hypercube

Hp)={(pi+wv, - spat+ya) | 0<y1,....ua <1} = p+ H(O).

.....

|AR(Ny,...,Ny) N Z¢ :vole< U H(p)>

PEAR(N1,...,Ng) N 24

> VOle AR(Nla ey Nd)

Moreover,

volga ( U H(p))
pEAR(N1,...,Ng) NZ4

,,,,,

< volga{(z1,...,74) € (Rs0)? | (1 — )Ny + (22 — )Ny + -+ + (24 — 1)Ng < R}

=1

d
:VOle{(Il,...,ZEd) < (Rzo)d $1N1 +£B2N2—|—...+ded S R+ZN1}

—VOleAR+Z (Nl,...,Nd),
thus proving (2.1). For (2.2), we have

volga Ap(N, ..., Nyg) = A et < - dag

x1,...,2q9 >0
R4 1 R

'“»"Ed >

Lemma 2.3. Let A={0=ap < ay < - <ay <apyy = m} CZ be a finite set of integers
with gcd(A) = 1. Forn >0, let

S(n) = {(ug, o pesr) €40, a0y — 1}

011
> ajp; = n (mod al)}.

i=2

Then |S(n)| = a4~
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Proof. If 0 < b < ay is such that n = b (mod ay) then |[S(n)] = [S(b)|. Let
g = ged(ag,...,ap;m) and xo,..., 201 € 7Z be such that z§+; ajz; = g. For each
(2, pey1) € S(b) we have (s, ... 1) € S(b+ g), where 0 < p < ap is such that
Wy = pj + 5 (mod a;). Hence, [S(b)| = [S(b+ g)|.

By the definition of g, ged(ai,g) = 1, so {bb+g,...,b+ (a1 — 1)g} is a complete set of
representatives of residues modulo a;. Extending the argument above, we get that |S(b)| =
1S(b+g)| = --- = |S(b + (a1 — 1)g)|. Therefore, as X061 |S(D)] = #{(p2,. .., pes1) €
{0,...,a1 — 1}*} = af, |S(n)| = a{™* for every n > 0. O

Proof of Proposition 2.1. For each representation kiay + - - -+ kyap + kep1m = n, we can

write k; = p; + a1g; for some unique p; € {0,...,a; — 1} and ¢; > 0, so that

41 R AN

i _n z] 2 Ajflbj

Y g =
=2 !

Thus,

RA(TL) = #{(k‘l, e ,k‘g+1) € (ZZO)E—H ‘ k1a1 + e ‘I— k‘g(lg —I— kg+1m = TL}
_ Z R, n— Z§+2 Qs
{1,a2,...,ap,m} a1 ;
(K2, pte+1)ES(n)

where S(n) is as in Lemma 2.3. For each N > 0, in the notation of Lemma 2.2, we have

R1,0,....00,m}(N) = #{(fh, o) € (Zso)f ‘ Qa2+ -+ Qe+ qepm S N}
= |AN(0’27 . ,af-f—l) N ZZ|7

so, by Lemma 2.2,

1N e
1l < R{17a2,--.,a4,m}(N) < L > 2“]) .

DNay---am =0 ay--amm

Therefore, since 0 < n — (a; — 1) Zg*é a; <n— Zﬁ% a;i; < n, we have

1(n—(a — 1)2“2@]) 1 (n+a Z“Qa])
< < .
’S(n>’ €| CL{ CL2 (lg — RA <n> — ’S(n)’ gl a{ a2 CL[

so, by Lemma 2.3:

1 (n—(a —1)2?*%@) < Ran) < 1 (n+a12f+§aj) |
7l aj---aym 0 ay---aym

O

Remark 2.4. If Ay := (2a; — 1) 2”2 a;, then Proposition 2.1 shows, in particular, that
Ra(n+ Aa+k) > Ra(n) for every k>0, n > (a1 — 1) X5 a;. In fact, if N =n+ Aa+k,
then

1 (n+a1 Z£+1 a; + k)e

0 ap - apm

Ra(N) >
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> <1+ u )MM%Z%%)

T
n+a12§+2a] 0 ay---am

2<1+ i )RA(n).

n+ Ay

The generalized Frobenius number is defined, for each ¢ > 1, as Fr;(A) := max{n €
Zso | Ra(n) < t}. The value of Fr;(A) can be estimated using Proposition 2.1.

Corollary 2.5 (Estimates for Fr;(A)). If

41
n > (ay---amm) (Y- DY+ (a0 — 1) D ay,

then Ra(n) > t, and if

I+1
S (o) O Y
then Ra(n) < t. In particular:
° Frt(A) < (al . agm)l/f (E!)l/g(t 1)1/@ + ( ) Zer% aj;
o Fri(A) > (ar---am)V* (MYt — 1)V —ay Z”l a; — 1.

Proof. Let N > (a; — 1) Z“l a; be the largest integer such that

N — -1 {+1
TV =@ -DSe)
14 ay---aym

This is equivalent to

041
N < (ay---am)Y (Yt — DY + (a; — 1) > aj.

By Proposition 2.1, R4(n) >t for allm > N, so N > Fr,(A), proving the first part. Similarly,
let M > 0 be the largest integer such that

1 (M +a Z?Fé a])

<t—1
g' ay---aym

That is given by
041
M = |(ay---agm)Y* (OOYYE(E — 1)V Zaj

41
> (ay - agm)YE ()Yt — DY — ay > a;—1.

By Proposition 2.1, Ra(n) <t —1 for every n < M, so Fr,(A) > M. O
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2.2. The structure theorem for (hA)@

In this section, let A = {0 =ag < a1 < -+ < ay < ag1 = m} C Z be a finite set of
integers with ged(A) = 1, and let ¢ > 1 be a fixed integer. Recall that for ¢ > 1, we define
the t-representable h-fold sumset of A as (RA)®) = {n € Zsq | Ran(n) > t}, so that

Pi(A) = | J (hA)Y = {n € Zso | Ra(n) > t}.

h>1

The t-exceptional set of A is defined as
E(A) i =Zso \ Pe(A) ={n € Zso | Ra(n) < t}.
As in (1.2), the set (hA)® is said to be structured if
(hA) = [hm] \ (E:(A) U (hm — E(m — A))), (2.3)

where [hm] = {0,1,..., hm}. We start with a lemma about R4.
Lemma 2.6. Ra(n) = Ra(n) for every h > njay.

Proof. Since 0 € A, we have Ry1(n) < Ras(n) < --- < Ra(n) for every fixed n. Let
c1+--+c, =n (with ¢; € A\ {0}) be a generic representation of n. Since ¢; > a;, we have
n=c +--+c, > uay, and so u < n/a;. Thus, if b > n/a;, then every representation is
counted. O

Lemma 2.7. For every k > 1, we have
{Fry(A) +1,... Fr(A) + km} C (Hy 4+ k —1)A)W,
where Hy := [(Fr,(A) +m)/aq].
Proof. We have {Fr,(A) +1,...,Fr,(A) + m} C P,(A), so it follows by Lemma 2.6 that
{Fr,(A) +1,...,Fr,(A) + m} C (H; A)®. Then,
{Fr(A) +1,...,Fr,(A) + km} = {Fr,(A) + 1,... Fr,(A) + m} + (k — 1){0,m}

C(H AW+ (k-1)A

C((Hy +k—1)A)Y.
The last line follows from the fact that A+(hA)® C ((h+1)A)® (since Ran(n) < Rapii(n+
a) for any a € A\ {0}). O

Throughout the rest of this section, let

Fr,(A) Hﬂ’ oo F’rt(m—A) —i—m]

ai

o= |

m — Qy
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Lemma 2.8. For every h > max{H, H_}, we have
({0,1, o Fr(A) 4+ (h— Hy + Dm}U
((H_ = 1)m — Fry(m — A),..., hm}) \ (£(A) U (hm — &(m — 4))) € (hA)®.

Proof. Applying Lemma 2.7 with k = h— H, 41, we have {Fr,(A)+1,... Fr,(A)+(h— H,+
1)m} C (hA)®. Since h > Fr;(A)/ay, by Lemma 2.6 we also have {0,1,... ,Fr,(A)}\&(A) =
{0,1,...,Fr,(A)} NP, (A) C (hA)D. Therefore:

(0.1, Fr,(A) + (h — Hy + D)} \ E(A) C (hA)®. (2.4)

Applying the same argument above for m — A, with & = h — H_ + 1, we get that
{0,1,...,Fry(m — A) + (h — H_ + 1)m} \ &(m — A) C (h(m — A))®. Since (hA)® =
hm — (h(m — A))®, this is equivalent to

{(H_ —1)m — Fr,(m — A),...,hm} \ (hm — &(m — A)) C (hA)Y. (2.5)
Putting (2.4) and (2.5) together yields the lemma. O

Lemma 2.9. H, + H_ — 2> max{H, H_}.

Proof. Since a; < m — 1, we have 2a; —m < a; — 1. As a; — 1 < Fr(A), it follows that
2 < (Fr(A)+m)/a; < [(Fry(A)+m)/ar] = Hy. Therefore H, +H_—2 > H_. Analogously,

we deduce that H_ > 2, andso H, + H_ —2> H,. OJ

2.2.1. Proof of Theorem 1.1

Theorem 1.1 If |A| > 4, then (hA)® is structured as in (2.3) for all
Fr,(A) + mJ N {Frt(m —A)+ mJ

ai

h >

m — Qy

Proof. By Lemma 2.8, we have that if h > max{H,, H_} then (hA)® is structured, unless
Fri(A)+ (h— Hy +1)m < (H- — 1)m — Fry(m — A),

which is equivalent to

h<(H,+H —2)— Fr;(f) - Frt(”;l_ 4). (2.6)

However, by our hypothesis, using Lemma 2.9 we have

B> {Frt(A) +mJ N {Frt(m —A)+m

ai

J2H++H_—2
m — Qy
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2 maX{H—HH—}a

so the condition of Lemma 2.8 is satisfied and (2.6) never occurs. O

Remark 2.10. Our proof gives something more: For h > {WJ + {MJ, it

al m—ay
shows that (hA)® = [hm]\ (&(A) U (hm — &(m — A))) contains an interval of length at
least 2m. Indeed, we have

{Fr,(A)+1,...,hm — Fr,(m — A) — 1} C (hA)®
o (hA)® contains an interval of length at least
(hm—Fri(m — A)) — Fr,(4) — 1
> {Frt(A) + mJ - {Frt(m —A)+m

aq m — ay

J m — Fry(m — A) — Fr,(A) — 1

> (m - 1) (Fr,(A) +m) + ( - 1> (Fry(m — A) +m) — 1

ay m — ay
m m
> ( + — 2> m — 1.
aq m — Qy
Since a; > a1, we have 7 + % 2 o T = al(;fial) > 4, the last inequality being

minimized for a; = m/2. Thus,

(hm — Fry(m — A)) — Fry(A) — 1 > 2m — 1.

2.2.2. Proof of Theorem 1.2

Theorem 1.2 If |A| > 4, then (hA)® is structured as in (2.3) for all

h>Cay —mftw

4 1+ (log4¢)/¢
Car < <1+g>t1/£ ( >m1n{a1, —a}

In particular, Cay < 3e if £ >4, and Cyy <14 0(1) as { — oo, 5 oo,

where

Proof. Plugging the estimate of Corollary 2.5 into Theorem 1.1 yields that (hA)® is struc-
tured for every h > h;(A), where

Fr,(A) +m N Fr,(m — A)+m

ht(A) = 3] m — Qy
Lep/ey — 1)1/¢ 1) &l
= @Jr(@ ) 1(1/2 ( ) +<1_>Zag‘ +
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-1
+(1-— m—a
( m_w)§< JO
By the AM-GM inequality,
041 1 /-1
(az---aem 1/€ (ZCLJ>7 —al)"'(m—ag_l))l/gﬁ£<Z(m—a]~)>,
j=0

so for t > 2,

1 1 Vil 1/¢ t—1 1/¢ 1 l+1
i) < (4 e e (S S - ) S+

a;  m—ay 14
1

(Nt (¢ —1)ve 1
- < 0 (m—ag)-1/ +1- m— ag) ;(m— aj)

(enve @—NM_ >(§%+Z _%)

¢ min{ay,m — a,}r-1/¢
)

((f' 1/¢ (t _ 1)1/£

2 1)(0+2
<2m+ | min{a, 7 — a7 + )( +2)m
e(¢) /¢ N e 2\ 1
1—- 1 —met/*,
(ﬁtl/e - (mm{al, — ag}11/4< t) g ( * E) emé
:3CAt
Using that (€)' < 1(0 4 log4l) for £ > 2, we have
4\ e 2\ 1+ (log4t)/¢
C 1+ - 2.7
At_( +€>tl/4+< +€>min{a1,m—a3}’ (2.7)
completing the proof. O

Remark 2.11. Note that if we take £ — oo, t1/¢ — oo for sets A C Zso with min{a;,m —
as} > k for some fixed k > 1, then Cu; < (1 + o(1))k~L.

Remark 2.12 (Comparison with Yang—Zhou). Suppose that ¢ > 8¢ > 32. Yang—Zhou [45]
showed that (hA)® is structured as in (2.3) if h > Y/%2(ta; — 1) — 1. From the crude lower
bound

041
> (ta; —1)—1>mt+ (g(f;_l) —1>t—£—1

1=2
I R k- S O VIR (SRR
N 2 t ot 27
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we would like to show the inequality

1 2
Cay - —mlttt < (m + 2>t, (2.8)
e
or, equivalently,
e 1o
Ops oo < =
At t — ¢ 2m
The inequality above is true if
tl*l/é Z CA’tg’
e

ort > (C’Aﬁt/e)HﬁfHﬁ. For ¢ > 4, from the numerical estimates
T < (45)0 < 1.60 and  (Cagfe) 7T < (3e/e)tTT < B,

it follows that (2.8) holds true for ¢t > 8¢.

2.3. An extremal family of examples

Let m > 5 be an integer. Take integers 2 </ <m/2and 0 <T < (m —¥¢)/({ — 1), and
define

0+ T
A=Ay ={01m—0+1,... m}, tztR::< + )

T
so that |A| = ¢+ 2. We are going to show that if h; = hy,.(Asm) is the smallest integer for
which (hA,,)*) is structured for every h > hy, then hy > (T +1)(m — £+ 1) — 1.

Lemma 2.13. &(A),&E(m — A) C [mT —1].
Proof. Since 1 € AN (m — A), it suffices to show that Ra(mT), R,,_a(mT) > t. The
representations of mT" are of the form

ml =ky-1+ki(m—LC0+1)+ -+ ke_y(m—1)+ kem

in A, and
mT =ky- 1+ +k,_,({—1)+k,_,(m—1)+km
in m — A, with k;, &/ > 0. For any choice of k;’s (i > 1) with >¢_, k; < T (resp. k), we can
define ky > 0 (resp. k() by the difference. Thus,
¢
(4T
fuer)-()
i=1 T

and similarly R,,_a(mT) > t. O

Ra(mT) > #{(kh ke) € Zezo

Throughout the rest of the argument, let

g=T+1)(m—-0+1)—1. (2.9)
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Since 0 < (T'+1)(—1)+1 < m for T in our range, we have | £ | = [T+1—WJ =T.

We can therefore write g = = + mT, for some = € [m — 1].
Lemma 2.14. R,(g) =t.

Proof. The representations of g are of the form
g=ko-1+kiim—C0+1)+ -+ ki1(m—1)+ kym, (2.10)

with k; > 0. By the definition of g, there cannot be ¢ > 1 for which k; > T'; in particular,

we cannot have Zle k; > T. At the same time, since mT < g, for all choices of k;’s (i > 1)
with Zle k; < T, we can define ky > 0 by the difference. Therefore:

¢
ZkigT}:<€+T>:t. O
1=1 T

Ralg) = #{<k1, k) €Ty

fa

Corollary 2.15. g —m < Fr,(A) <m|Z] — 1.

Proof. Since |£] = T, Lemma 2.13 implies the upper bound. For the lower bound, note
that every representation of ¢ — m can be turned into a representation of g by adding the
element m; moreover, we have the representation g = ko-1 in (2.10), which is not obtained in
this fashion. So R4(g) > Ra(g—m)+1, which by Lemma 2.14 implies that R4(g—m) < t—1,
and thus g — m € &(A) (or ¢ —m < 0, in which case the lower bound holds trivially). O

Proposition 2.16.
(i) (HA)D # [Hm]\ (&(A) U (Hm — E(m — A))), for H := 2T + 1.
(ii) If h > 2T 4+ 1 and (hA)® = [hm] \ (Et(A) U (hm — &(m — A))), then we must have
h>g=(T+1)(m—-0+1)—1.

Proof. The representation g = ko - 1 in (2.10) is the one with the most summands, so
Ran(g) =tifand only if h > g = (T'+ 1)(m — ¢ + 1) — 1. However, by Lemma 2.13, we
know that

gex+m - {T,T+1,....H—1-T}C [Hm]\ (E(A) U (Hm — E(m — A)))

(where g =x+mT, x € [m—1]) for H =2T+ 1;s0since 2T+ 1 < (T + 1)(m —(+1) — 1,
it follows that g ¢ (HA)®. We conclude that (HA)® cannot be structured, proving part

(i). Part (ii) likewise follows from these arguments. O

Remark 2.17. In Proposition 2.16 we showed that h;(A) > g. Since t = (EJ}T), we have

(“(;—Z’)Z <t< %, so (YAt — ¢ <T < 0t — L and t'/¢ > 1+ % Letting m — oo, with
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0:=|m"?% | and T = |m'/?], we get t'/* — co. Thus (using that £! > ¢¢/e*):
g=(T+1)(m—L+1)=1> (V4" —0)(m — 0)
1
> (1 - om%o(u);etl/f (1 = 0mooo(1))m

1
= (1 — 0msoo(1)) gmftl/e.

1
Applying Theorem 1.2, we get hy(A) ~p_yoo —met'/".
e

2.4. t-representables in Z“

As in Subsection 1.1.3, let A C Z? be a finite set. For h > 1, the representation function
of A is defined by

Ran(p) = # {(ka aca € ZX}

S ha—p, Y ka _h}

acA acA

which counts the number of ways to express p € Z% as a sum of h elements from A. Define

the h-fold t-representable sumset of A as

(hA) = {p € Z* | Ran(p) >t}

The convez hull of A is the set

~{ X caa

acA

CaeRzo, anzl}.

acA

Let ex(H(A)) denote the set of extremal points (or “corners”) of H(A), i.e., those points in
H(A) that are not convex combinations of other points in H(A). After an affine transfor-
mation if necessary, we may assume that 0 € ex(H(A)). We define the cone generated by A
as

Cn e {Z aa

acA

Cy € RZO} ,

can}.

E(A) == (CaNAa) \ P(A),

and the integral span of A as

A4 = spany(A) = {Z Cad

acA

The t-exceptional set of A is given by

where

Pi(A) = [ (hA)D

h>1
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is the set of all points that are t-representable by A in some number of summands. As
n (1.3), we say that the set (hA)® is structured if

(hA)® = (WH(A) N AL\ ( U  (hv—&(v - A))) : (2.11)

veex(H(A))

Let n € R? be a unit vector such that
(m,v) >0 forallveCy)\ {0},

so that the entire cone C4 \ {0} lies on one side of the hyperplane orthogonal to n. We then
define

0 = i Ay = )
a:= min {an), A= max (a,n)

That is, we project the nonzero elements of A onto the ray R>on, and define 64 and Ay, as
the minimal and maximal nonzero projection lengths, respectively. In this section, we will

prove the following two results:

Lemma 1.3 There exists a minimum ¢ = @, € R>y such that, for every real X > ¢, we

have

((VH(A) A\ E(A) + A= (A + DH(A) N A) \ E(A).

Theorem 1.4 The set (hA)® C Z% is structured as in (2.11) for every

Ap_4a
h > a .
Zocgtthen (550w )

spang (B) =R¢

where pp_a, is the constant from Lemma 1.3 for the set b — A.

2.4.1. Deduction of Theorem 1.4 from Lemma 1.3

Write

S haa — }

Ra(p) = lim Ran(p) = #{(k aca € 25y
acA

for the total representation function of A, so that Py(A) = {p € CaN A4 | Ra(p) > t}, and
E(A)={p €CanAs | Ra(p) < t}. Letting n, 64, and Ay be as defined above, we start

with a Z¢ version of Lemma 2.6.

Lemma 2.18. Ifp € C4 N Ay, then Ry n(p) = Ra(p) for every h > (p,w)/d4.

Proof. Since 0 € A, we have Ry 1(p) < Ra2(p) <--- < R4(p) for every fixed p € C4NA4.
Let p = Yaca\{o} kaa (with ky € Z>¢) be an arbitrary representation of p by A. Since (- ,n)
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is linear, we have

pm)= > ka(am)>d4 > ka,

acA\{0} acA\{0}
and thus > ,c 4\ (0} ka < (P,0)/d4. So every possible representation of p by A is taken into
account once h > (p,n)/da. O

Fix t > 1, and define

A Ay
Hy=Hupy = {6;%4,;‘ (resp. H,_4:= ’VUL‘()OV—A,;‘ , for v e ex(’H(A))),

where @4, (resp. ¢y_4) is the constant from Lemma 1.3. Thus, by Lemma 2.18,
(pacH(A) N AL\ E(A) C (HAA)W (2.12)
(resp. (py_aH(V —A)NAA)\E(V — A) C (Hy_a(v — A)D). More generally:
Lemma 2.19. For each v € ex(H(A)) and h > H,_ 4, we have
(Gyv+ (h=GOH(A)) N AL\ (hv = E(v = A)) € (hA)Y,

where Gy = Gyt = Hy_ 4 — py_a+.

Proof. Applying Lemma 1.3 to A = py_a; + k together with (2.12), we get
(e + RYH(v = A) N AL) \ Elv — A)
= (pv-aH(v = A NAL) \ &V — A) + k(v — A)
C (Hy-a(v = A)D + k(v — A)
C (Hy-a +k)(v — A))1
for every integer k > 0. Taking k := h — H,_ 4, it follows that
((h = (Hy-a = py-n))H(v = A)) N Ax \ E(v = A) C (h(v — A))®
= hv — (hA)W.
Using that H(v — A) = v — H(A), we have
(hv = Gyv = (h = GYH(A)) N A4\ E(v — A) C hv — (hA)®.

Subtracting both sides from hv proves the lemma. 0

Using this, we can show that certain parts of the structured set in (2.11) do belong to
(hA)®,
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Lemma 2.20. Let 0 € B C ex(H(A)) be a subset such that B\ {0} is linearly independent
and |B| = d+ 1. Then,

(RH(B) N Aa)\ (&(A) u J (hb—&b- A))) C (hA)®

beB\{0}

for every h > Ha + 3 pep\jo} Hb-a-

Proof. Write B = {0,by,...,bg}, and (21, ...,74)5 := 20, v;b;. Take

p e (WH(B)N A4\ <€t(A) U Lj (hb; — E(b; — A))) (2.13)

i=1
so that p = (p1, ... ,pa) s for some p; € Rxy.
Let h > maxpep\ 0y Hp—4. If there is 1 <4 < d such that p; > Hy,— 4 — ¢n,—a;, then

PE (Hb,—a— Yb—at)bi+ (h— (Hp,—a — ¢u,—a1))H(B),

which by Lemma 2.19 implies that p € (hA)®.

Otherwise, p is such that 0 < p; < Hyp,—4 — ¢p,—a+ for every 1 < ¢ < d. For each i, if
h > Hy,—a — ¢b,—ay then jb; € hH(B) for every 0 < j < Hp,_ a4 — ¢b;—a Therefore, if
h> 3¢ (Hp,—a — Pb;—az), then

P € {(xl,...,xd)g | 0 S Z; S Hbi—A _Sobi—A,hxi - R}QAA Q hH(B) ﬂAA.

Thus, for h > Hy + X% | Hy,_ 4, Lemma 2.19 (applied with v = 0) guarantees that every p
in (2.13) is in (hA)®. O

Finally, to glue together all the parts of the structured set as they appear in Lemma 2.20,

we use the following version of a classical result in convex geometry:

Lemma 2.21 (Carathéodory’s theorem). We have
HA= U H(B).

0 € B Cex(H(A))
|B|=d+1
spang (B) =R¢
Proof. We adapt the proof of Granville-Shakan [13, Lemma 4]. Since H(ex(H(A))) =
H(A),! we can suppose without loss of generality that A = ex(H(A)). For any v € H(A),
we can represent it as v =) ,c 4 caa for some real c, > 0 such that
0< Z ca < 1.
acA
Define B := {a € A | ca > 0}, and select a representation (ca)aca that minimizes |B|. We

claim that B is a set of linearly independent elements.

l¢f. Brondsted [4, Theorem 7.2].
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Indeed, suppose the contrary; i.e., that >y enbb = 0 for some set of e, € R with not all
ep = 0. Without loss of generality, suppose that > pczep > 0 (otherwise, change the sign of
each ep). Hence, there exists at least one element of b € B such that e, > 0. Define

m = ?}i’% Cb/ b,
so that cp« = mep+ for some b* € B, and 0 < Y pcpmen, < Y pepcp. But then v =
Y pen(cr — mep)b, where ¢, — meyp, > 0 for every b € B, 0 < Yy cp(cp, — mep) < 1, and
cp» — mep= = 0. This contradicts the minimality of | B|.

Since we can then adjoin elements from A to B until we have d independent non-zero

elements, this concludes the proof. 0

Proof of Theorem 1.4. By Lemma 2.21, we have hH(A) = U hH(B). Thus, taking
h > Ha+maxp Y pep\ (o} Hb—a We may apply Lemma 2.20 to each B, obtaining the inclusion
“D”in (2.11). The inclusion “C” follows by definition. O

Remark 2.22 (Analogy to the case d = 1). Let
A={0=a<a1 < - <a<a1=m}C7Z

be a set with ged(A) = 1. In this case, Ay = Z, 4 = a1, Ax = m, H(A) = [0,m], and
ex(H(A)) = {0,m}. By the definition of Fri(A), writing F' := (Fr;(A) + m)/m, we have
E(A) C€H0,...,(F —1)m}, and so

{Fry(A) +1,... Fry(A) + m} C (FH(A) N AL\ E(A).
Thus, for every real A > F, we have
OH(A) NAD N\ E(A) + A={0,....[Am]} NP,(A) + A
={0,...,[Am] + m} NP,(A)
= (A +1D)H(A) N AL\ &(A),

which implies ¢4, < F as in Lemma 1.3. Applying Theorem 1.4, we obtain that (hA)® is
structured for every h > hy(A), with

JAVSREDN -‘ F‘rt(A) + m-‘ F‘rt(m —A)+ m-‘
Pm—At| =|——| + .
Om—A aq m — ay

A
hi(A) < LSA @A,t-‘ + {
A
2.4.2. Proof of Lemma 1.3

Given u = (uy,...,uq), v.=(vy,...,vq) € Z%,, write u < v is u; < v; for every 1 <4 < d.

We will use the following classical lemma.
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Lemma 2.23 (Dickson’s lemma). Let S C Z%,. There is a finite subset T C S such that
for alls € S, there exists t € T such that t <'s.

Proof. See Lemma 5 in Granville-Shakan [13]. O

The next lemma is based on Proposition 4 of Granville-Shakan [13].

Lemma 2.24. Let 0 € B C ex(H(A)) be a subset such that B\ {0} is linearly independent
and |B| = d+ 1. Then, there ezists a finite set Fg = F(A) C Py(A) such that

P(A)NCp = Fp + P(B)
Proof. The fundamental domain for Ag is

RY/Ap o~ F = { 3" spb

beB

sp €10,1), Vb € B}.

Since F is bounded, the set F N A, is finite. Thus, we can partition P;(A) N Cp as

P(A)NCs = || (v+Ap)NP(A).

veFNAy

For each v € F N A4, define

Sy = {S = (Sb)beB\{0} € Zf’o‘*l

v+ Y spbe(v+Ap) ﬂPt(A)}.
beB\{0}

By Dickson’s Lemma 2.23, there is a finite subset Ty, C Sy such that for every s € Sy, there
is t € T, such that t <s. Define the finite set

F, = {V + Z tyb ‘ t= (tb)beB\{O} S Tv}
beB\{0}

By definition, for every p € (v + Ag) N Py(A) there is q € F, such that p — q € P(B).

Hence, (v + Ag) N P:(A) = Fy + P(B). Taking the union over v’s, we conclude that

P(ANCs= || (R +P(B))=Fs+P(B),

VEFNA 2

where g := | |yernn, Fv- ]

Corollary 2.25. Let0 € B C ex(H(A)) be a subset such that B\{0} is linearly independent
and |B| = d+ 1, and let up := min{pu € Ry | Fg C uH(B)}, where Fp is as in Lemma
2.24. Then, for real X\ > ug, we have

P(A)N A+ 1)H(B) = (P(A)NAH(B)) + B.
Proof. The inclusion “2O” is clear. Since 0 € B, it suffices to show that for

pEP(A)NA+1DH(B)\ \H(B)
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there exists b € B such that p —b € P;(A) N AH(B).

By Lemma 2.24 we have P,(A)NAH(B) = (P(A)NCp)NAH(B) = (Fp+P(B))NAH(B),
so we can write p = f + > ¢\ 0} cbb for some f € Fp and some integers ¢y, € Z>o, with at
least one (say, b* € B) cp+ > 1, because A > pp. Thus

p—b*=f+ Z cpb —b* € Fg+ P(B) = P,(A) NCp,
beB\{0}
so it suffices to show that p — b* € AH(B).

Since B\ {0} is a basis for R? and p € (A + 1)H(B) \ AH(B) C Cp, there exist unique
rp € R, necessarily non-negative, such that p = > pcp oy 2bb and A < Y pepyop 7 <
A+ 1. Since p — b* € Cp, there exist unique y, € R, necessarily non-negative, such that
Yben\fo} ¥pb = p — b*. By uniqueness, y, = xp for b € B\ {b*}, and yp = 1- — 1.
Therefore, Ypep\ 0y yp < A, implying that p — b* € AH(B). O

Proof of Lemma 1.3. Applying Lemma 2.21 together with Corollary 2.25, we obtain, for
A > maxp g,

Pe(A) N A+ DH(A) =] P(A) N A+ 1)H(B)
=J B+ (P(A) N XH(B))
C A+ P(A) NIH(B) = A+ (P(A) N AH(A)),

where 0 € B C ex(H(A)) runs through subsets such that B\ {0} is linearly independent
and |B| = d + 1. Since the reverse inclusion is trivial, writing P;(A) N AH(A) = (AH(A) N
A4)\ &(A) finishes the proof. O

2.4.3. Proof of Theorem 1.5

Theorem 1.5 If A C Z% is finite, then for every t > 1 there is hX"(A) € Zs, such that, for
every h > hE¥B(A), we have
|(hA)O| = Pay(h),

where Pay(x) € Q[z] is a polynomial of degree < d.

Proof. We generalize the method of Nathanson-Rusza [31]. Let A = {a;,...,a,} C Z% be a
finite subset of Z?. Define the set A = {ay, ... ,ap} C Z*" where each «; := (a;,1). Define
the projection
W:WZ:Z£—>Zd+1
‘

u+— Z Ui,
=1
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so that
(hA) ={p e Z’ ||z (p,h)| > 1}.
We define two orders in Z*:
. ugvifv—uerzo.
o u <y v if thereis 1 < j < /¢ such that u; = vy, ..., uj_1 = v;_1, u; < v;. Note that
this is a total ordering, and u < v implies u <} v but not vice versa.
For each t > 1, write

U = Ug) ={z ¢ Zéo | Iwy, ... Wy £ Z st W <jex Z, 2 — W; € ker T}, (2.14)

for the set of t-useless elements, so that
’(hA)(t)‘ = #{u e Zezo lug U™ and (m(a))g41 = h} —

2.15
#{ueZ|u¢ U and (7(u))ge1 = h}. (2.15)

Indeed, this counts those u € Z%, with (m(u))ar1 = h that have exactly ¢t — 1 elements

0 < v <iex u with 7(v) = m(u). The set of <-minimal elements of &/
MO = MY ={zeu? | gweu st. w <z},

is, by Dickson’s Lemma 2.23, a finite set. Note that u € U® if and only if there exists
t € M® gsuch that u > t.
We claim that

#{ueZ|u¢ UY and (7(u))gs1 = h}
= #{u e Zi | (1(u)ars = h} = #{u e UV | (n(u))ass = h}

= Y ()" #{ueZy | (r(u))ars = h and tr < ul, (2.16)
TCM®
where the sum runs over all subsets 7' of M® and (t7); := max¢cr(t);. To prove the last
line, note that for each u € Z% with ((u))as1 = h, there exists a maximal 7' = T,, € M®
such that u > ty. The term #{u € Z%, | (m(u))ar1 = h} corresponds to those u with
T, = @. The remaining u with T, # @ (which are exactly the elements of /®) are counted
Yvcroze(—1)V = (1—1)F —1 = —1 times, yielding the term #{u € U" | (7(u))ar1 = h}.
Thus, by the standard “stars and bars” argument, we obtain from (2.16) that

€ 2y [0 U ad (r(w)as =1} = 3 (- ("G,

TeM® (-1

where o(tr) := ;(tz);, provided h > o(tr) for every T C M®. Similarly,

ueZy|ug¢gUd" ™ and (7(u)gp1 = h} = —1)l hoolts) HE-1 )
flueztyu =1 = 3 (T
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therefore (2.15) is polynomial in h for h > hEB(A), where

T tem®) G tem-D

R (A) < max { > max (t);, Y max (t),} < 00

(since M® M1 are finite), completing the proof.
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Chapter 3

Knights are 24/13 times faster than the king

In this chapter, we determine the average speed advantage of the (a,b)-knight over the king
on an infinite chessboard, proving Theorem 1.7 of Section 1.2. This is achieved by comparing
the minimal number of moves required to reach a point p € Z? using sumsets hN, ; and hK.
Using Theorem 1.6, we show that the inverse of the average ratio between these quantities
is given by 2g+b)e? confirming that the knight is 24/13 &~ 1.85 times faster than the king

a?+3b2
(when a =1 and b = 2).

3.1. Knights in 7>

For a set A C Z?, we write A(z,y) = min{h > 1| (z,y) € hA} for the minimum number
of moves it takes A to get to the point (x,y) starting from (0,0). The king is characterized

by the set of moves
K= {(LO)? (171>> (071)7 (_1>1>? (_170)7 (_17 - 1)7 (07 - 1)7 (17 - 1)}7
and the (a,b)-knight by
Nop = {(b,a), (a,b), (—a,b), (—=b,a), (=b, — a), (—a, — b), (a, — b),(b, — a) }.

We start with a lemma estimating how long the (a,b)-knight takes to access a point in B,.y,
where

By = {(zy) € Z* | max{|z|,|y|} < h} = hK

is the ball of radius h with respect to the max norm.

Lemma 3.1. Let b > a > 1 be integers with ged(a,b) = 1 and a + b odd. For every
(x,y) € Batp, we have Ny p(x,y) = O(b) uniformly for a,b.



Proof. Since ged(a,b) = 1, for every 1 < k < b there are z,y € Z with az + by = k, and we

can select x,y such that |z| <b, |y| < a. Hence, since N, is symmetric,

(2k,0) = 2((a.b) + (a, = b)) + y((ba) + (b, — a))

is accessible in 2(|z| + |y|) < 2(a + b) < 4b moves, and so are the points (—2k,0), (0,2k),
(0, — 2k). This implies that every point in B,;, with even coordinates is accessible in O(b)
moves. By symmetry, it then suffices to show N, ;(1,0) = O(b).

Suppose that a is even (so b is odd). Then, the point (1 — a, — b) € B, has even
coordinates, and so is accessible in O(b) moves. Therefore, so is (1,0) = (1 —a,—b)+ (a+D).

The case when a is odd (so b is even) is similar. O

3.1.1. Proof of Theorem 1.6

Theorem 1.6 Letb > a > 1 be integers with ged(a,b) = 1 and a+b odd, and let x > y € Z>y.
(i) Ify < %3:, then Ny p(z,y) = % + O(b).

(i) Ify > L, then Noy(r,y) = “Y 4 O(b).

b a+b

Proof. We prove the parts separately.

e Part (i): Let ¢ := |z/b], so that ¢b < x < ({+1)band 0 <y < ({ + 1)a. Because z > (b,
we have N, ;(x,y) > €. On the other hand, for each integer 0 < k < /2,

(¢ = k) (b,a) + k(b, — a) = (b, (£ - 2k)a),

so all the points in S eq) := {(b, (¢ —2t)a) | 0 < k < ¢/2} are accessible in £ moves or less.
All the points (z,y) with b < x < (£ +1)b and 0 < y < (¢ + 1)a are at distance' at most
a + b from Sy gq). Since, by Lemma 3.1, N, accesses all the points of B,y in O(b) moves,
it follows that N, ,(x,y) < £+ O(b).

e Part (ii): Let t,u € R be such that (z,y) = t(a,b) + u(b,a), so that N, ,(z,y) > t + w.

IR = 00

we have t = (by — ax)/(V* — a?), u = (bx — ay)/(62 — a?) (both strictly positive, because
y/x > a/b), and hence

(b—a)(z+y) zx+y

N, ) = = .

oY) 2 — a2 atb
On the other hand, [t|(a,b)+ |u](b,a) = (z,y)+r, where r € B,y Since, by Lemma 3.1, N,
accesses all the points of B,y in O(b) moves, it follows that N, u(z,y) < |[t] + |u] + O(b) =

24+ O(b). O

IWith respect to the max norm.
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3.1.2. Distribution of N/K

It follows from Theorem 1.6 that, for z > y € Zs, the ratio N&é’i@;’) lies essentially in

between = and - +b

_h
SHES
IA

SalS

L o(b) !
Na,b(xay) b X

Klz.y) aib<r+y>+0<z> i

Analysing this ratio in the box By, one can study the distribution of N,,/K via the real

._h
SHES

v
SRS

function

)

_ #H{(ay) € By | ) <1}
Dyy(t) :== lim )
’ h—+o00 |Bh|

Both N,; and K are symmetric. Therefore, since aTb(l + %) < tif and only if £ < (a +

b)t — 1, and the proportion of points in B, N {(z,y) € Z>o | * > y} with £ < u equals

h(h2+1 ZLMJ 1 =u+ O(1/h), we have
0 if t < 5,
Dap(t) = (a+b)t —1 if § <t <25, (3.1)
1 if ¢ > aTb'

3.1.3. Proof of Theorem 1.7

Recall that the velocity of a piece A C Z?* with respect to the king K is defined as

o1 -
v(A) :—hlﬁOo 3 (|Bh| > Alp ) :

PEBL

Theorem 1.7 Let b > a > 1 be integers with ged(a,b) =1 and a + b odd. Then:

2(a + b)V?
o) = g

Proof. By the symmetries of N, ;(x,y), we have

: . 3 2
hEJroo 2h (]Bh] 2 Noalp ) N hggloo%(h(h%—l) 2 Na,b(x,y)), (32)

PEB;, T,YEL>q
1<y<az<h

so it suffices to prove the existence and calculate the right-hand side.
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By Theorem 1.6, we have

> Na(ey) =Y ﬁxﬁ#; Z LY O((a+ b)p?)

z,Yy€L>o z=1 — a+b
1<y<z<h y/x>a/b
h T
a 1 Y 1 9 9
= 1+=]- @] b)h*).
S5t £ (0920
y/z>a/b
Since
x y\1l 1 i 1 z
> 1+> = X 1+5( X v
y=1 < A m( y=1 ) xZ( y=1
y/z>afb y/xz>alb y/x>a/b

it follows that:

a 1 a 1 a? h(h+1)(2h + 1)
Z Na,b(xay): (b2+a+b<< _b)+2<1_bz>>) 6

$7yEZZO
1<y<z<h

+O((a + b)h?).

Plugging this into the limit v(N,;), we obtain

—1
. 2h 2
“<Na1b>=hEToo3<m+1> 2 Naﬁb“"y))

z,Y€L>0
1<y<z<h

(oD a-m)
:§(W+<1—Z><1+§>)_1(a+b)

2( 1a*\™" 2(a + b)b?
:(1_}_3;) (a+b):M

3 a?+3b% "’
concluding the proof. O

3.2. Remarks

Remark 3.2. One checks that calculating the average using (3.1) agrees, in fact, with (the
inverse of) Theorem 1.7:

N +o00 1 2/(a+b)
o] (R / (1= Day(t))dt = - +/ (2 — (a+ b)) dt
K 0 ' b 1/b
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1 2(b—a) (b—a)la+3b) a*>+3b°

T hrap | 2@+ 2Aat )i

Remark 3.3 (On generality). The choice of the box By in the definition of (1.6) is not
generic, and different expanding regimes will give different answers for the ratio. In general,
let d > 2 and A C Z? be primitive set, and suppose that the origin O lies inside the convex
hull H(A) of A. Write Ag = AU {0}. By Khovanskii’s theorem [20, Corollary 1], we have
|hAg| = vol(H(A)) h® + O(h?~1) and
|hAg \ (h — 1)Ag| = dvol(H(A)) R + O(h¥?),
where vol(H(A)) denotes the d-volume of the convex hull of A. Thus,
oY A > ¥ am)- g eon)
7 Ao| P) |hA0| P)= a1 '

PERAQ (= 1p€fA0\é 1

Given a finite primitive set B C Z?, we define the velocity of B relative to A as

va(B) ::hgrfoo<1+1> (|hA0| > B(p )_1.

PERAg
It would be interesting to calculate the velocity of generalized knights with respect to the

generalized king K¢ = {p € Z* | |]p||,, = 1}, or velocities with respect to other pieces such
as the tawicab T := {p = (xvy) A | ||p||1 = |l‘| + |y| = 1} = {(170)7 (071)7 (_170)7 (07 - 1)}

Remark 3.4 (Fiboknights). Fibonacci numbers Fyp = 1, F} = 1, F,, = F,_; + F,,_» (for
n > 2) satisfy the property that Fj, is even, Fj, 1, F3,.2 are odd, and ged(F,, F,411) = 1.
Define the n-th Fiboknight as

FN, = Np, 1 Foios

so that the usual knight is the first Fiboknight. By the properties of Fibonacci numbers,
FN,, is only primitive for n such that 3 { n.

Let k£ > 1, and let n — oo through n € Z>, for which FN,,, FN,,,; are primitive. Then,
by Theorem 1.7, writing ¢ = 1+T\/5 for the golden ratio, we have

2(Fpqhg1 + Fn+k+2>F3+k+2
i O(ENowwk) Fii +3F7 s
S vk v(FN,,) 3 otk 2(Fog1 + Fuso) Fr oy
Friy +3F7
— lim Fn+k+3 Fn+k+2 (Fn+1 + 3F7?+2)

simmvk s Flio (FRip +3F o)

1+ 3¢?
= ¢k ¢2k W
= ¢F.
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In particular, the ratio of the velocity of consecutive Fiboknights (which can only be of the

form FNg, 1, FN3,.2) converges to ¢. In general, for fixed m,k > 1,

2(¢k 4 ¢m+k)¢2(m+k)

lim V(NE, o Foimsr) _ $2k | 3p2(m+h) _ g
prribr?ict)iove U(NFn,Fn+m) w
1+ 3¢2m
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Chapter 4

Representation functions with prescribed

rates of growth

In this chapter, we will prove several theorems related to the representation functions r4 5 (n)
of subsets A C Z~( with specified growth rates. We will establish Theorem 1.8, which shows

the existence of a set A with 74,(n) ~ F(n) for regularly varying functions F' satisfying
logz
functions F' by relaxing regularity conditions, allowing us to find A satisfying r4 ,(n) < F(n).

— 00. We will also prove Theorems 1.10 and 1.11, which extends the range of permissible

Finally, we examine a probabilistic heuristic that predicts r4,(n) vanishes infinitely often if

ran(n) = o(logn), providing insights into a conjecture of Erdés and Turan.

4.1. Probabilistic setup

Given a locally integrable, positive real function f(z) < x satisfying

T f(t
/ fi) dt = f(a), (4.1)
1
consider the probability space whose elements are subsets 0 € &/ C Z>( and

f(n)

Pr(1,(n)=1) =E(14(n)) := min {c , 1} (Vn € Z>4) (4.2)

for some constant ¢ > 0 to be chosen later, where the 1,(n)’s are mutually independent

1

boolean random variables." The purpose of this space is to have the counting function of

7 be of the same order of magnitude as f: by the strong law of large numbers, we have
7 N [La]| & 5, MeL0nel < f(z).

We work under stronger hypotheses to prove Theorems 1.8-1.10, but functions satisfying
(4.1) capture the “minimal assumptions” necessary to prescribe an order of growth using
(4.2), and will be used in Theorem 1.11.

lef. Chapter III of Halberstam-Roth [17] for a construction of the product measure.



Lemma 4.1 (Characterization). A positive, locally integrable real function f satisfies
f@ dt < f(z) if and only if:
(i) For any A > 0, we have f(A\x) =<\ f(z); and
(i) There is ¥ = Vs > 0 for which the following holds: there exists xo € Ry and M > 0
1) I

Y y?

such that, for every y > x > xy, we have

Proof. This is Corollary 2.6.2 of Bingham-Goldie-Teugels [2], to which we give a short

proof for the sake of completeness.
(=) Let g(x) := {”@dt. Then, g(z) < f(x), and ¢'(z) = f(x)/z, so
glz) _1
gla) ~ @
Taking A > 1, integrating from x to Az yields log(g(Ax)/g(z)) =< log A, so there are ¥, > 0
such that \g(z) < g(Az) < Ag(z). Hence,

rAf(z) < f(hx) < sATf(x) (4.3)

for some 7,5 > 0. For 0 < XA < 1, simply take z = A~'y in (4.3), concluding (i).
For (ii), taking A = y/z in (4.3) yields r(y/z)? f(z) < f(y), and so

J@) I W)

z? yY
for M =1/r.
(<) Given z € Ry, let J > 1 be the smallest integer such that 27 > . Since f(2z) < f(x),
by (i) we have f(277') < f(x) < f(27) (cf. Remark 4.2). Moreover,

/ffit)dt 2/2 dt+/ f dt = ZfQﬂ

By (i), f(29) < M2=U=0f(27) for £ > £, where {; is such that 2 > . Thus,

23—0—1

J J
1@< Y 1@ < M) Y sy < 2,
=Ly =Ly
SO t Ddt = f(27) =< f(x). O

Remark 4.2 (Uniform convergence). Let f : R.g — R.( be a measurable function satisfying
f(Ax) <\ f(z) for every A > 0. Then, for every real A > 1 we have

0 < liminf inf f(z) < limsup sup () < 00
z—=oo Ac[1,A] f(x) r—o0 aefa] S (T)

(cf. BGT [2, Theorem 2.0.8]). This implies, for instance, that for every fixed ¢ > 0,
f(k) <. f(n) uniformly for n > 1 and en < k < e~ 'n (i.e., the implied constant depends

only on ¢).
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4.1.1. Exact solutions

We say that a solution to byxy + - -+ + bpxy = n is exact if the x;’s are pairwise distinct.
Define the exact representation function

pre) = ply M m)y = N Ly(wr) - La(xe). (4.4)

T15e-Te€L>0
bizi+-+bpxy=n
x;’s distinct
This function is more amenable to probabilistic methods, since it is a sum of products of ¢
independent variables. If (z1,...,x) is a solution to byzy + - - - + byxy = n with x; = x5, but

Xo # -+ # xy, then (xq,...,x,) is an exact solution to the equation
(bl + bg)ﬂi’g + bgl'g + -+ bgl'e =n.

Similarly, every non-exact solution of length ¢ yields an exact solution to an equation of

smaller length. More precisely, we have

roe(n) = poe(n) + X (), (4.5)

(c1,.5Ct)
where the sum runs through the (ci,...,¢), t < ¢ that generate equations cjxy + -+ +
cxy = n which are produced by non-exact solutions to byx; + --- + byxy. Note that

Max,, . ¢)max{c;} < by +---+ by
Lemma 4.4 uses the strategy of dividing the sum over solutions to byzy + - - - + byxy into
dyadic intervals by Vu [39, Lemma 3.3].

Lemma 4.3. Let ¢ > 1. For every Py,...,P, > 0, the number of integer solutions
(21,..., @) € Z to

b11171+"'—|—bgl’g:n,
with each x; < Pj, is O&bl’,,_,bé(%ﬂ - By).

Proof. 1f P, < n/(max;<,b;)¢ for every i, then there are no solutions (xy,...,x,) € [1,P] X
-+« X [1,P], since the sum is < n, and the statement is true. So suppose there is some
1 < j < ¢ for which P; > n/(max;</ b;)Y.

There are at most P, - - - P;_1Pj_; - - - Py possible values bjxy + -+ b, 12,1 + bj 112,41 +
-++ + byxy can assume, and for each, there is at most one value of x; that makes bjz; +
-+ 4 bgxy = n. Thus, the number of solutions is O(P; ... Pj_1Pj4; - - - ), and since P;/n >
1/(max;<, b;)¢, this is Og,bh”_m(%Pl - Py). d

Lemma 4.4 (Main lemma). For every 1 < ¢ < h,

min{cf(n),n}¢

n

f(n)*
Led(br....o0)ln < E(raro(n)) < ¢f (n) Lgcd(by,...b0)n>
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where the implied constants do not depend on c.

Proof. Write f.(x) := min{cf(z),x}. Since there is only a finite number of equations of
smaller length that can be obtained from byxy + - -+ 4 byxy as in (4.5), in order to show the
statement of the theorem, it suffices to show that

fC(n)t Clyeeey c
Lyl < E(A55 7 (1) <

for every 1 <t </ and (c1,...,¢;) € {1,....b1 + -+ b}

We start with the lower bound. If ged(cy,...,c;) | n, then the total number of exact
solutions to c;x; + -+ + ¢y = n is > dnt~! for some § > 0 — this is the case because
non-exact solutions can be counted as solutions to equations of order < ¢, and hence are
bounded by O(n'~?). By Lemma 4.3, there is C' > 0 such that for any small € > 0, the
number of solution with z; < en is < CL(en)! = Ce'n'~!. Take e > 0 so that Ce’ < §/2.

By Remark 4.2, since f(k) > M f(n) for en < k < n and some M = M, > 0, we have
cf(k)/k > M f.(n)/n. Similarly, k > en, so 1 > ef.(n)/n, and hence f.(k)/k > Mf.(n)/n,
where M does not depend on c. It follows that

OIS DR LI AtD

T1 Tt €L>Q 1 Ly
c1x1+Ferre=n
x;’s distinct
xj>en, Vj

IO feln)
> nt 1( 1gcd(01 et)ln — n 1ng(Cl ~~~~~ ct)ln

o) lecdter
For the upper bound, let P be the set of all t-tuples p = (P,...,P) with P; €
{1,2,4,...,27}, where J is the smallest integer for which 27 > n, and write

R S (L B

I Tt

c1zi+-tew=n
x;’s distinct

P, .

- —5<z;<Pj, Vj

op is, by Lemma 4.3, O(2P; - - - P,), we have:

E(p; () <Y op

peP
< Z lpl Ny A fgl) fgft) Tgcd(er,er)in
peP ! !
< e (FO) 4 F@)+ F@) 4+ ) Ly
< =12 D gedtor.onin = th(:;)t Lgcd(er,...co)lns
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concluding the proof. O

Remark (Equations of smaller length). For 2 < ¢ < h, write

* — Cp. e P
Ty e(n) = 19121”&2{”9#{(:101, coxg) €0 | byxy 4 -+ b,z = n} (4.6)
for the maximum among a choice of b;, , . . . ,b;, of the number of solutions to b;, x1+- - -+b;, 2y =
n. Since there is only a finite number of choices of b;,,...,b;,, Lemma 4.4 implies that

E(riy ,(n)) < ' f(n)"/n.

4.1.2. Theorem 1.11: Case h =2

Theorem 1.11 (Case h = 2). If
(i) (Range) (zlogz)'? <« f(z) < =,

(ii) (Regularity) /j fit) dt < f(x);

then there exists A C Zso such that |AN [Lz]| < f(x) and ra2(n) <

Proof. Suppose that (rlogx)'/? < f(z) < x. Let 7.75(n) be the size of a maximal set of

disjoint solutions {z1,x2} to bizy + bazy = n, i.e. not sharing a x;, so that
T2(n) <ryp(n) <274 5(n).

In particular, E(72(n)) > min{cf(n),n}?/n > ¢*dlogn for some d > 0, by Lemma 4.4.
Since 7/ 2(n) is a sum of independent boolean random variables of the type 1, ()1 ﬂ(%),

we may apply Chernoft’s inequality [37, Theorem 1.8], obtaining
Pr ([7er 2(n) — E(Far 2(n))] > JE(Fur2(n))) < 2071650 2(n)
S 26—%c2d logn S TL_2

~ a.s.

for large enough c¢. By the Borel-Cantelli lemma, we conclude that ry 2(n) < 7y o(n) <

n)?/n, completing the proof. O
f(n)?/n, completing the p

o1



4.1.3. 6-small and d-normal solutions

As in Vu [39], in order to estimate . ,(n), we separate the solutions being counted into
small and normal, depending on a parameter 4, as follows: For 0 < § < 1, define

re ™ m) = S () La(xe),

b11‘1+~~~+b55€;=n
3j | zj<n®

ngz}ormal) (n) == > 1o (21) - 1o (e),

biz1+-+bexe=n
1,z >nd

(4.7)

so that ry (n) = rﬁjjjma“) (n) + ri‘f,:?ormal) (n). Both pgjmau)(n) and pEZi:?Ormal) (n) are defined

similarly. We show that d-small solution are, in average, few.

Lemma 4.5. Let ¥ = 0 be as in item (ii) of Lemma 4.1. Then, for every 0 < 6 < 1, we

have

h
E(rgjzmau)(n)) <l n_(l_‘s)ﬁf(:z) .

Proof. Let r* be as in (4.6). We have

E(rn™ () <30 3 E(ri i (n = biay)Lu(zy)

Using that

h—1 h(maxb;)

E (1l poi(n = bjz) [ 1y(x;) = 1) < ; ; E (1% jo(n — b))

we obtain by Lemma 4.4 that

E(rS3 () < (”gh_l > A0

k<nd k

= chf(n‘;)f(nghl.

Since there is ¥ = ¥; > 0 for which f(n°) = f(n=1=9 n) < n=(1=97 f(n) by Lemma 4.1, the

lemma follows. U

4.1.4. Disjoint families of representations

Let 7 4(n) denote the maximum size of a disjoint family (abbreviated disfam) of solu-

tions R = (21,...,2¢) € & of n. Thus, 7y e(n) = | M| for some maximal disjoint family
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(abbreviated maxdisfam) of representations. This means that for every solution R, there is
a solution S € M such that SN R # &. Hence, for r* as in (4.6),

4
rera(n) <D0 30 1iyea(n = bik) S €017 (n) - (Ikngg T:Zi,él(k:)> : (4.8)
j=1 keS =
Sem

Whenever we add a “ = ” to a representation function, we are taking the size a maximum
disfam of representations counted by that function: e.g., 7%, 4, pu s, ﬁf;;:imau). We state the

next lemma in sufficient generality to cover most use cases.

Lemma 4.6. For every 2 < ¢ < h, we have

R () < Ruro(n) (max (k) ) -+« (max ey o(h)).

k<n

where R =r, r*, p, p(5‘small).

Proof. Given that (4.8) applies to R, we keep applying the same bound to 77, , , (1 <t <
¢ — 2), obtaining
R el(n) <€ Ruga(n) (max () -+ (max ey (1) ) (maver o(h) )

Since 7%, 5(k) < 277, 5(k), the conclusion follows. O

Lemma 4.6 will be used together with the following lemma [10, Lemma 1]:

Lemma 4.7 (Disjointness lemma). Let & = {F1,E,, ...} be a family of events, and define
S =Y pes 1p. If E(S) < 00, then for every k € Z>, we have

. E(S)k
Pr(3D C & disfam |D| =k) < Z Pr /\ E| < o
JCé& disfam EeJg
|T|=k
Proof.
k
1 E(S)*
5 Pr( A E> | pr(E)gk!<zpr(E)> SR
J%iliifam EeJg J%?‘dzlzfam EeJg Ecé&

Remark. If there exists a maxdisfam of size greater than k, then in particular there exists

a disfam of size k. Thus, the form we will apply this lemma is as follows: Since k! > kFe=*,

[z]
E
Pr(dmaxdisfam of size > z) < (F]> (for real x > 1)
x
< <€E> (for real x > 1+ E).
x
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4.2. Asymptotic case

Recall that a real-valued function F' : R.g — Ry is called regularly varying if it
is measurable and lim,_,., F'(Az)/F(x) exists for every A > 0. Regularly varying func-
tions are of the form F(z) = z"¢(z), where k € R and ¢(z) is slowly varying, meaning
lim, 00 @(Az)/P(x) = 1 for every A > 0.

For this section, fix h > 2, let F(x) = x"¢(x) for some slowly varying function ¢ and
some real 0 < k < h — 1, and define

F(@) 1= (@F(@) /" = s+ g () (1.9)
We choose and fix a constant ¢ > 0, and work with f satisfying

f(z)> (zlogz)/" and cf(z) < z.
4.2.1. Concentration of boolean polynomials

We will prove that r, ) strongly concentrates around its mean using the strategy of
Vu [39, 40]. Precisely, let n € Z>q, and take vy, ..., v, to be independent, not necessar-
ily identically distributed, {0,1}-random variables. A boolean polynomial is a multivariate
polynomial

Y(vi,...,0n) = Zcifi € Rlvy, ... v,

where the [;s are monomials: products of some of the vps. We say that f is

e positive if ¢; € Ry for every i;

simple if the largest exponent of v; in a monomial is 1 for every i;

homogeneous if every monomial has the same degree;

normal if 0 < ¢; < 1 for every ¢, and the free coefficient of Y is 0.
For a non-empty multiset S C {vy,...,v,}, define ds := [[,cg 0y, where 0, is the partial

derivative in v. For example: if S = {1,1,2}, then dg(v3vyvs + 3v]) = 6vyvs. Define

E;(Y):= ( max E(@sY),  E(Y)=maxE(Y).
multiset, |S|=j

We will need two concentration results:

Theorem 4.8 (Kim—Vu [21], 2000). Let d > 1, and Y (vy,...,v,) is a positive, simple
boolean polynomial of degree d. Write E' :=E'(Y') and E := max{E(Y), E'}. Then, for any

real A > 1, we have

Pr(|Y —E(Y)| > 8V X (E'E)/?) <gn e
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In applications, we will always take A = (d + 1)logn, so Kim—Vu’s inequality will be
useful when 1 < E' < E/(logn)??. To deal with the cases with small expectation, we will

use a corollary of another theorem of Vu [40, Theorem 1.4]:

Theorem 4.9 (Vu, 2000). Letd > 2, and Y (vy,...v,) = X, ¢;1; be a simple, homogeneous,
normal boolean polynomial of degree d. Then, for any o, € Rsg, there exists a constant
K = K(d,o,8) such that: If Ei(Y), ..., Eq—1(Y) < n~%, then for any real 0 < A < E(Y) we
have

Pr(|Y —E(Y)| > (AE(Y))Y?) < 2d e V16K 4 =0,

Remark. The random variable 7. ,(n) can be seen as a boolean polynomial

7(@77@(71) = Y(’Ul, e ,Un),

where the v;’s are independent {0,1}-random variables with Pr(v; = 1) = E(14(¢)). The

expectations of derivatives of r. ((n), thus, are bounded from above by
E(riyp(n—k), 1<k<n

for 1 <t <h.

4.2.2. Expectation of . ,(n)

In the space (4.2) defined by f as in (4.9), we can get more precise estimates for

E(rw¢(n)). Note that by the strong law of large numbers,

a.s. z t T 14w
o7 N [1,2]| Nc/l f(t)dt:c/l L)

B G T ) A WAy
_C</1/z“ 1<¢<x>> d“>x1+ o

h
N (14+)/h 1h _ ' 41
S ¢(z) 1@ (4.10)

The last line is obtained as follows: by Potter bounds (c¢f. BGT [2, Theorem 1.5.6 (i)]),

for every § > 0 there is C' = Cj such that, for large x > z5 and C/z < u < 1, we have

P(ux)/d(x) < 2u°. Choosing § < =, we split the integral fll/x = 1C/g/f+fcl/x. Since the

definition of slowly varying implies that

I <¢(U$)

¢(x)
the dominated convergence theorem yields that [, u%’l(%)w hdu — [lun " as z —

oo. On the other hand, since ¢(x) = z°") the term fl%x vanishes.

We are going to show that:

i T—00 1tk _ g
Lc/wy ——u ™ o,

%)



Lemma 4.10. We have
L F)
C(1+K) (by--by)

E(ron(n)) ~ ¢

The proof also works for F' = log, a fact which will be used in Section 4.5 (in fact, we

only use that F(x) — 0o as x — o0). We start with the following lemma:

Lemma 4.11. Let L > 1 and 0 < r < L be integers. For any real numbers o > 3 > 0 with
£ <1, we have
\_ T(@)r(B) no+s-!

S(n) = m®t(n —m)’t = Tlatd) T + Oapr(n® ).

Proof. Define

Yo(t) = (Lt + 7)Y (n —r — Lt)P7!, forte {O, n[—Jr} ,
so that
n—r— 1J

S(n) = kz_:’yn(k), where K := { 7

The function z — 271 (n—2z)?~! has at most one critical point in (0, n), since its logarithmic
derivative
d a—1 p-1

@log(xa_l(n—x)ﬂ_l): P

changes sign at most once. Thus, v,(t) is unimodal in (0,K), and can be well approximated

by the integral:

K K

Sn) =Y yu(k) = / Yo (t) dt + O< sup 'yn(t)>.

k=0 0 te[0,K]
The maximum of ~,(t) is either attained at the critical point (which can be shown to be of
the form t* ~ cn for some constant ¢ € (0,1)) or at the extremes of the [0,K], and so can be
bounded by O, . (n* ! +nF=2) = O, 5..(n*71), since B < 1.

To compute the integral, we first change variables: let x = Lt + r, so that t =

dt = dfm. Then

Tr—rT

7 and

]_ r+LK
S(n) = 7 / 2 (n — 2)P "V dz + O g (nY)

The integral ["T5* ... differs from the full interval [0, n] only near the endpoints, where the

integral is bounded by

T n L LB
(/ + )xa_l(n —2)tdr < n*? max{ }
0

r+LK o’ B
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Therefore:

L/ (n—2) "t dr + Onpp(n®)

aJrB 1
/ — )" du+ Oupr(n® )

()(6)‘”51
la+p) L

as claimed. O

+ Oaﬁ,L (nail)a

Lemma 4.12. For any real 1/h < w < 1, we have

- F(w)h nhw—l o

hpooo k) Tt = O(nh—Dw-1

(kl,...%)ezgl (i ) ['(hw) (by -+ bp)® +0(n )
byky+--+bpkp=n

Proof. We will show by induction that for 2 < ¢ < h, we have

Sg(n) = Z (k‘l e k’g)w_l

biki+--+beke=n
~ D(w)* ged(by, ... by)

Ew 11 (Z 1w—1 4.11
T(lw) (b ---by)* s ol + O ) (4.12)

For the case ¢ = 2, we have
n/blfl . b k w—1
52<n) _ Z (k?lka)wil _ Z /{wal (TL . 1 >
2

(k1 ,l<:2)€Z2Z 1
bi1ki1+boko=n

k=1
bik=n (mod b2)

1 = w—1 w—1
= me~H(n—m
(b1bo) ! mzzl ( )
m=0 (mod b1)
m=n (mod b2)
The system of congruences m = 0 (mod by), m = n (mod by) has a solution m =

r (mod lem(by,b9)) if and only if ged(by,b2) | n. Therefore, by Lemma 4.11,

F(W)Q ng(blvbQ) n2w—1 1
I'(2w) (byby)¥

Assume by induction that (4.11) holds for some ¢ > 2. Write G = ged(by, ... ,b¢). From

Lemma 4.11, we get

Sera(n) = T (it - - ké)ou(n — (biky + -+ bm)>“’1

b
(K1, ko) €ZE e+l

SQ(TL) = ged(bi,b2)|n + O(nw_l)‘

biky+--+beke<n
biki+-+bgke=n (mod byy1)
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m=1 b€+1
m=n (mod byi1)
I'(w)* G = fw—1 1
= - m* (n—m)“ "+
D(tw) (by -+~ be)bir) mzzl ( )
m=0 (mod G)

m=n (mod byy1)

n—1
+ O< Z m(éfl)wfl(n . m)wl)
m=1

_ D@ Ghyy et o
T((€+ Dw) (by - - bpy1)* lem (G bei1) ged(Gbgy1)|n .
Since m%% = ged(G,bpy1) = ged(by, . . . ,ber1), this concludes the proof. ]

Let ¢ be a slowly varying function. By uniform convergence (cf. BGT [2, Theorem

1.2.1]), given 0 < p < 1, for every € > 0 there exists z, . € R such that, for every z > z,, .,

p(Az)
-1 <e¢, VA€ [u,1].
= sl
Taking u = 1/j, j € Z>4, for large x we define €(z) := j for x € [w;g,x%’%). This defines

a non-decreasing function €(x) — oo such that

o(y)

—== — 1 uniformly for y €

¢ ()

We are now ready to prove Lemma 4.10.

e(x)’x) (4.12)

Proof of Lemma 4.10. By Lemma 4.4, non-exact solutions and solutions containing some

k; = 0 do not contribute more than Oc(%h_l), therefore

5 flk) (k) +Oc(f(n)h1>'

E =" :
(ron(n)) = ¢ o ko -

(k1. kh)GZ’gl
b1k1+---+bhkh=n

Let €(z) be as in (4.12). Start by separating the sum into

k k k k
B S OO RO I N ()
(k1. ) EZL 1 h (k1 ,..kn) €22, ! "
b1k1+---+b1kh_:n b1k1+"'+blkh_:n
3j | kj<n/e(n) Vi, kj=n/e(n)

We start with S;. We have S; < 2211 S10, where

Z f(kl) f(kh)

o= ka kn

b1k‘1+---+b1kh_=’n
kj<n/e(n)
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Let P be the set of all h-tuples p = (Pp,...,P,) with P, € {1,24...,2'} and P; €
{1,2,4,...,27} (2 < j < h), where L (resp. J) is the smallest integer for which 2% > n/e(n)
(resp. 27 > n), and write

ky kp,

(k1 ,..kn)€ZL
biki+---+b1kp=n

P.

%Sk]' <P]', Vj

We have Si; < Y ,cpop. The number of terms in op is O(2P;---P,) by Lemma

1+k

4.3. Moreover, since f(x) = z # ¢(x)"/" is regularly varying, we have ijo f(29) <.
fn) ¥ 27159 < f(n). Hence:

Sip < z;jap < ;}i(Pl...ph) f(]ﬁjl) ,,_f(]ih)
= Tll pr(Pl)"'f(Ph)
(&, 7\
<<n(,2f<2j>) (me)
< f(n/e(n?jf(n)h—l _ 0<f<nn)h>

The terms S; ; can be bounded similarly, so it follows that S; = o(f(n)"/n).

1+k

For Sy, since f(z) = 27 ¢(z)'/", by the definition of ¢(x) we have

1+r xq )10 xp)
Sy = ¢(n) Z (kl‘--kh)Tflgb( ) (b( )

1/h 1/h
(kb ) EZE, o(n)Y P(n)/

biki+--+bpkp=n
kj=n/e(n),Vj

~ ¢(n) > (K- kh)HTtl (4.13)
(k1,.okp ) EZY

b1k1 +~--+bhkh_:n
kj Zn/e(n)7 V]

Using the same methods used to calculate S, one can show that

Syi=¢n) Y (ke k)Tl = o<f(">h>.

n
(K1,...kp)EZY |

biki+--+bpkp=n
3j | kj<n/e(n)

Thus, since 1/h < HT“ < 1, we may apply Lemma 4.12, so (4.13) implies that

L5 n*¢(n)

C(1+K) (by---by) "

concluding the proof. O

Sy ~
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Remark 4.13 (Case ¢ = 1). In this case, F'(z) = z" for some k£ > 0. We have E(|«Z N
14k

[La]]) = c it "1 dt40c(1) = ega+9/h 4O (1), and | &/ N[1,n]| is a boolean polynomial
of degree 1. For d = 1, applying Theorem 4.8 taking A = 2logn then yields

Pr (|l N (L] ~ B/ 0 1]

> 16lognE(|«/ N [1,n][)/?) < n~2

By the Borel-Cantelli lemma, |7 N [1,z]] & e :E(H”)/h + O(z1+%)/20 Jog ).
Furthermore, redoing the calculations at the beginning of Lemma 4.10, using Lemma
4.12 we obtain

[(Hr)h n® (h=1)(14r)
h h 1
— 4+ O.(nn .
I'(1+ k) (bl...bhy% ( )
8

4.2.3. Proof of Theorem 1.

E(ron(n)) =c

Theorem 1.8 Let h > 2 be a given integer. Let I’ be a regularly varying function for which

F@) avooy o and F(sc)§(1+0<1))(h_11>!b1x~-bh'

log x
Then, there exists A C Zxo such that r4,(n) ~ F(n).

)hl

Proof. From (4.5) and Lemma 4.4, we have E(ry,(n)) = E(poa(n)) + O(L22) so
E(rs, (k) < ) (1 < ¢ < h—1) where r* is as in (4.6), and by Lemma 4.10,
E(pwn(n)) ~ cdy . F(n) for a certain dj, . So choose ¢ := d,;}i/h. Recall that

E;(Y)= max E(9sY), E'(Y) = max E;(Y).

SC{v1vn} =1
multiset, |S|=j

e Case k > 0: We have

/ max{0, (h=D)n DN —1}+o(1)
E(ran(n)) <1+ max maxE(ry (k) <n ,

therefore E = E(ry ,(n)) and E' = E'(ry n(n)) for large n. Taking A = (h + 1)logn in

Theorem 4.8, we have?

1/2
B\ YL e B (B)
)\h<> < (h+1)*(logn)" -
p) =+ 1)ilan) E(pur ()

e 1/2
nmax{o,%_uwu) P
< ( oD =n 2erax{O 1}+o( ) (: 0(1)>

2The o(1) term in the exponent of the error term comes from the fact that, unless we assume ¢ increasing,
the best general estimate for maxy.<,, ¢(k) is n°™).
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Thus,

Pr (\pﬂ,un)—E(p,w(n))\ > 8@ . E(pﬂ,hm») <n? (414)

TL2 maX{O }Jr (1)

which by the Borel-Cantelli lemma implies that p. (n) = E(pyn(n)).

To bound the non-exact solutions, note that by (4.5), ryn(n) — pwn(n) equals the
number of exact solutions to a finite number of linear equations of smaller length, with
coeflicients bounded by max;b;. So it suffices to show that py.(n) = sz/ ;'”’ct) (n) =
O(nmax{o’(l_%)“_l}“(l)) for every equation c;x; + --- + ¢y produced by non-exact solu-
tions to byxy + - - + bpxy, as in (4.5). Since t < h — 1, for p,; we have, in the notation of

Lemma 4.8,
B 0B o) (- Dr et
so it follows that
Pr (|pure(n) = E(pure(n))] > 8"Vl (log n)t < (0=is=1ho)) o p=2,

which by the Borel-Cantelli lemma implies that p(n) < nm®{0.0=5)x=1}+o(1),

e Case k = 0: For k = 0, we apply Theorem 4.9 to p(5 normal) )y after this, it will suffice to
(6-small

show that ,0 o h < normal) (n)

)( ) and 7. ,(n)—por.n(n) are almost surely O(1). The function p;,
is a homogeneous, simple boolean polynomial of degree h, with partial derlvatlves bounded
by, for 1 <j < h—1,

h—j .
(¢ (8-normal) * f(k —dL+o0(1)
Bj(pon(n)) < max By, ;(k) <. max <Lnoh
by Lemma 4.4. Each monomial of p. ;(n) appears at most h! times, so 7 Lo I,llormal)(n) is a

normal polynomial. Thus, taking 0 < a < h, p =2 K= K(a,3,h) in Theorem 4.9, since

E(pgjzormal)(n))/ logn — oo as © — oo (by Lemmas 4.4, 4.5 and our assumptions), we have

J-normal d-normal) (6-normal _
Pr (1ol 5 (n) — (5™ (n)] = (WAE(pS 3™ (0)))?) < ™2

by taking A\ = 32hK logn. Since (AE(p 3™ (n))V/? = o(E(p577™ (n))), the Borel-

Cantelli lemma implies that p¢ I;Lormal) (n) = E(pgﬁormal) (n)).

)(n), we use Lemma 4.6. By Lemma 4.4, we have E(r}, ,(n)) < n-wte
for 1 < ¢ < h—1, and by Lemma 4.5 we have E(p(;zmau)( ) < n~ = oM (since we can

take ¢ = 5- in Lemma 4.1 (ii)). By the disjointness lemma 4.7,

(6-small

To bound pd h

T
Pr(r ) > T) < () 70
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~(6-small

for large T' € R>0 — and similarly for p ng b )( ). Therefore, 7%, ,(n) Llfor1<l<h-1
and p ;Smaﬂ)( ) € 1 by the Borel-Cantelli lemma. For each 2 < ¢ < h — 1 it follows from
the union bound that

> Pr(i (n) =2 T) <n?,

k<n

so again by Borel-Cantelli we have max<, 77 ,(k) & 1. Plugging this into Lemma 4.6 yields
pi?imau)( ) < Y Zman)( ) € 1, as desired.

To bound 74 4(n) — pop(n), by (4.5) it suffices to bound pg4(n) = ,052{ 7;""c’f)(n) for
t < h-—1 1Ift = 2then pys(n) <1 trivially. For t > 2, we apply Lemma 4.6 again,

obtaining p ¢(n) < P +(0) & 1, concluding the proof. O

4.2.4. Proof of Corollary 1.9

Corollary 1.9 Let h > 2 be a given integer, and 0 < k < h — 1 a real number. Then, for
any C' € Rsy, there exists A C Zsq such that |AN[1,2]] = Ca(+9/h 4 O(x2(+8)/2 og 1) and

(14 k) D) n”
1+k O E K/
hh T(1+ k) (b"'bh)%—i— (i)

ran(n) = ch

where By, = n% (logn)?, Es, = n3tm0:5-3}(logn)®, and for h > 4,

n2 (logn)" if0 <k <25,
By, = n(=5)r—% zf 5 <k <h-=2

nt==r=z(logn)®  ifh—2<k<h-—1.

Proof. With Remark 4.13, we can redo the calculation in the case k > 0 of the proof of
(tr)

N1/2
Theorem 1.8, obtaining )\h(%> ? <« (logn)"n="2r . The equivalent to inequality (4.14)

together with the Borel-Cantelli lemma provides the almost sure estimate
per (1) 2 B oy (1)) + O(nf 05553 log ).

Since p,; “(n) & pmaxl0(=p)s=1}+o() for ¢ < h — 1, as shown in the proof of Theorem
1.8, it follows from (4.5) and

K (h—1r 1 1
2+max{0,2h—2} >max{0,<1—h>/{—1}

(h— l)n 1

that
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The result then follows from Remark 4.13, by simplifying the expression
5 (logn)")
O

(h—1)(14+k) K
O(n™—m 1)+ O(nstm=0

depending on x and h.

4.3. Order of magnitude case: Theorem 1.10

Since the case h = 2 of Theorem 1.11 contains the cases h = 2 and (4.15) of Theorem

1.10, assume h > 3. In this section, we will prove the following:
Theorem 1.10 Let h > 2 be a fized integer, and let F' be a positive, increasing, locally
integrable real function satisfying F(2x) < F(x). Suppose further that either
logr <« F(x) < wTT (4.15)
(4.16)

(log :L’)2h2 < F(z) < "t
= F(n).

or
Then, there exists A C Zsq such that |[AN [Lz]| < (2F(2))Y" and ran(n)

Let F' be a locally integrable increasing function that satisfies F'(2x) < F'(x) and lies in

the range
(log )" < F(z) < 2"
Take f(z) := (vF(z))"". Note that f satisfies the conditions of Lemma 4.1, for ¥ = 1/h.

f(n)

Since F(x)Y" = f(x)/z'/" is increasing, for 1 <k <nand 1 </ < h— 1 we have
h—t
h—t — 11—t/h
)t < 1 (n/)

Hence, by Lemma 4.4,
h—t
\ fR)"C 1 (f(n)
E(riy n_(k)) <c 2 < LE\ pi/h
11 f)"
=== (4.17)
kn (nl/h) n
Proof of case (4.16) of Theorem 1.10. Taking A\ = (h + 1)logn in Theorem 4.8, by
Lemma 4.4 and (4.17) we have
* 1/2
Ah<E>1/2 < (logn)" L i e P )
E E(pwn(n))
1 fm"

(lOg n)2h

<o (log ”)h< Fn)

< 1,
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SO
Pr (| n(n) = E(pon(n))| = CE(pn(n))) < n”?
for some C' = C,.. By Lemma 4.4 and the Borel-Cantelli lemma, p (n) e F(n).

As in the proof of Theorem 1.8, by (4.5), o n(n) — po.n(n) equals the number of exact
solutions to a finite number of equations of smaller length. Thus, in order to show that
ron(n) Z F(n), it suffices to show that p,(n) & F(n) for t < h—1. By Lemma 4.4 and
(4.17), since t < h — 1 we have
fn)"

h
f(n) max max E(r7, ,(k)) <. (logn)?h n

(logn)?h n = 1<t k<n

E(Pﬂ,t(n)) <

so again by Theorem 4.8, for A = (h + 1)logn

Pr <|Pd,t(n) — E(pwi(n))| > D (logln)h f(;i) ) <n?

for some D = D., which by the Borel-Cantelli lemma concludes the proof. OJ

4.4. Order of magnitude case: Theorem 1.11

The case h = 2 was already considered in Subsection 4.1.2, so suppose h > 3. We will

prove the following:

Theorem 1.11 (Case h > 3) Let h > 3 be a given integer, and let ¥ (xz) > logx be an

increasing slowly varying function. If

(i) (Range) (z ¢(l’2)1/}; < fla) < (zd(a) V0D,
(ii) (Regularity) /1 fi)dt = f(z);

then there exists A C Zsq such that |AN [Lz]| < f(z) and ran(n) <

rn)"

n

Let f be a positive locally integrable real function satisfying [;" @ dt < f(x) in the range

(np ()" < f(n) < (nyp(n))/ =0, (4.18)
where ¥ (x) > log  is some increasing slowly varying function, and choose some
1
1-— <0<, (4.19)

4h(1 — (h — 1) min{dy,3 })

where ¢ is as in Lemma 4.1 (ii).

Lemma 4.14. For § > 0 as in (4.19), and for ¢ > 1 sufficiently large, we have
fn)*

n

w

d-normal a.
i (n)

X
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Proof. Partition N = Z> this time into

N .= {n eN ‘ logn < E(p'Y normal)(n)) < nl/%},

N® .= {n eN ‘ E(p;i:l;lormal) (n)) > nl/%}.

Note that these partitions depend on c¢. By Lemmas 4.4, 4.5, we have
- h
mm{cf( ) } < E(p (6- normal)( )) < ch f(n) )

n n

We can bound the derivatives of p ; r,;ormal)(n) by

: k;)hfl f(n)hfl
E *(6-normal) k . f( (1-8)(1—(h—1)9) J\TV)"
(e 0 (k) < n?%%}én ? <«n .

<oy T (”2;_1 (4.20)

for 1 < ¢ < h—1, where ¥ = ¥; is as in Lemma 4.5. We study the partitions N and N®

separately.

e N : For n € N, by (4.20) we have

(6-normal) (1-9)(1—(h—1)9)—1/2h+0(1)
pg%gnE(wh L (k) <n

< n VA for ke [nn], n e N,

(8-normal

Since the expected values of the derivatives of h,pd h )(n) are all bounded from above

by O.(n™®) in N for some o > 0, we apply Theorem 4.9 choosing 8 = 2. In the nota-
tion of Theorem 4.9, for ¢ > 1 large enough we can guarantee that ]E(;, pg I,llormal)( ) >

min{cf(n),n}"/n > 32hK logn, therefore

d-normal d-normal) (8- normal —
Pr (|l (n) = E(p3™ ()] = (MAE(plg ™ (n)))/?) < n™2

taking A = 32hK logn. By the Borel-Cantelli lemma, p(5 normal) (n) & (Z)h in N

e N® : Taking A = (h + 1)logn in Theorem 4.8, by Lemma 4.4 and (4.20) we have
I+ max max E(r}, ,(k))\ /2
(logn) ( )

1<l<h—1 nd<k<n

(6-normal) <, n-¢ for n € N(Q)
E(Pw,h (n))

for some a > 0. Thus,
d-normal d-normal —a d-normal —
Pr (Jo53™ 0) ~ B 0)| > DB o)) < 7

for some D = D,., which by the Borel-Cantelli lemma implies the lemma. 0
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Proof of Theorem 1.11. It remains to bound pb(;;man) (n) and, by (4.5), po.(n) for t <
h —1. By the range of f and Lemma 4.4, we have E(r}, ,(k)) <. k= for some a > 0 for all
1 <0< h—2 and E(rl,;,_,(k)) <. ¥(k). By the disjointness lemma 4.7, we have

T
Pr(7y (k) > T) < <;> kel < k2 (1<¢<h-2),
and

o\ T
Pr (?z},hﬂ(k) > Tw(k;)) < <T> <k

both for large real T'= T, > 0. By Lemma 4.5, choosing T" large enough yields

h—1 EF fm)h

(8-small) c
~(6-small) h—1 T f(n)h eE(rd,h <n>> R
Pr (pd,h (n) Z ¢ S ch—1 T f(n)

Y(n) n

Thus, by the Borel-Cantelli lemma, we have for k < n:
Frk) 1 (1<0<h=2), 7y (k) < ok) <v(n),

~(8-small) as. 1 (n>h
p.;zi,h (’17,) < (n) n
By Lemma 4.6, it follows that pfzg:zman)(n) < f(z)h and p.(n) < ¥(n). O

4.5. What if F(z) < logx?

In this section, we will prove the following:

Theorem 1.12 Fiz 0 < e < % Define the random set &/ C Z>q by taking 0 € o/ and

(nlog(n))'/"

Pr(ne,fzf):min{c ,1} (n>1),

forc=(1—¢)'/h(b;--- bh)l/hQ/F(%). Then E(ryp(n)) ~ (1 —¢)logn as n — oo, but

Pr(ry n(n) = 0 infinitely often) = 1.

Let 0 < e < 1, and define

Pr(n € &) := min {cf(nn) : 1}
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for each n € Zs,, where f(x) = (zlog(x))/" and

(1 eyl
L(1/h)
so that, by (4.10), |« N [1,z]| ~ he(xlogx)Y/". By Lemma 4.10, we have
logn .
E(rg.n(n)) ~ chI‘(l/h)hW <(1-35)logn (4.21)
for large n. To show that {r. ,(n) = 0} has high probability, the following inequality will
be used:

Lemma 4.15 (Correlation inequality). Let Q be a finite set, and R be a random subset
where the events {wy € R}, {wa € R} are independent for every wy # wy € Q. Let Sy, ...,
Sn C Q be distinct subsets, and suppose that the events E; = {S; C R} satisfy Pr(E;) < 1/2.
Then:

n

[[Pr(E <Pr</\E>§ (ﬁm(a))&ﬁ

i=1
where

1<i<j<n
EiﬂEj;ﬁZ
and E; is the complement of E;.
Proof. Boppana—Spencer [3]. O
Lemma 4.16. ) Pr(ry,(n) =0) =
n>1

Proof. Let

Sln] = {(x1,... kn) € Zhy | by + -+ byky = n}. (4.22)
Since for every solution R = (z1, ... ,k;) in S[n] there is some j for which k; > n/h(max; b;),

for large n we have Pr(R) < ¢/2, and hence

Pr(R) 2

1 —Pr(R) > e TP > e 5 Pr(R)

It follows from Lemma 4.15 and (4.21) that, for large n,

Pr(ryn(n) =0) = ( N R)> II @-Pr(R

ReS|n] ReS|n]
Pr(R)

> e_ﬁ ZRES[n]

50 >.,51 Pr(ro p(n) = 0) diverges. O
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To prove Theorem 1.12; we will use Lemma 4.16 together with the fact that the random
variables 7. ,(n) (n > 1) have low correlation. To this end, we apply a generalization of the
second Borel-Cantelli lemma due to Kochen and Stone:

Lemma 4.17 (Kochen—-Stone). Let {E,},>1 be a family of events in some probability space,
and suppose that 3-,~, Pr(E,) = co. Then,

. . . El<n m<N PI'(En> PI'(Em)
Pr(FE,, infinitely often) > lim su =" )
( Y ) N%oop Z1§n,m§N Pr(En A Em)

Proof. Cf. Lemma 2 of Yan [44]. O

In the notation of (4.22), our events of interest F, are of the form

{T,Qyﬁ(n) = 0} = /\ R

ReS|n|
By Lemma 4.15, we have, for any m >n > 1,
Pr(ryn(n)=0)> ] Pr(R) (4.23)
ReS|n]

and

Pr(ryn(n) =0 and ry(m) =0) < ( II Pr(R )( 11 Pr(S))eA("’m), (4.24)

ReS|n] SeS[m]
where
A(n,m) = ( do+2 > + > ) Pr(RAS).
R SeS[n] ReS[n],SeS[m]  R,SeS[m]
RNS# RNS#2 RNS#2
L 4.18. A(nm) < [ 1+ ! Lo, 1
mma 4.18.
e a n,m (m — n)%”(l) nito)  yito(l)

Proof. We start by estimating the sum over R,S € S[m] (the S[n] case is analogous). If
RN S =:1%# @, we have Pr(RAS) =Pr(I)Pr(R\ I)Pr(S\ I). Thus, from Lemma 4.4, as
f(n) = (nlog(n))"/", we have

S PHRAS) =Y Y Pr(])( 3 Pr(R\I)Pr(S\]))

R,S€S[m)| (=1 I1C{0,...,m} R,SeS[m]
RNS#@ |T|=¢ NS=I
h—1
2
< E(rl, o(k)E(ry, ,_o(m —k))
(=1 k<m
_ N
L S <f(m — k)" )
(=1 k<m k m—k
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< Z (f(m — k)

2
) < m-wte),
k<m m— k

Similarly, for R € S[n|, S € S[m| with m > n, we have

Y PRAS =Y T Pr([)( 3 r(R\I)Pr(S\[))

ReSn], Se8[m] (=1 1C{0,...,m)} RES[n], S€S[m]
RNAS#D |I|—é RAS=I
n— k)" [ f(m — k)Pt
< ,;L ( n—=k ) < m—k
h—1
e S (= B)
< (m—n)"7 kg% 2 —

< (n(m — n)) "o,
completing the proof. O

By Lemma 4.18, for every § > 0 there is K > 1 such that A(n,m) < § if m >n > K.
Write E,, := {ron(n) = 0}. By (4.23), (4.24) we have

= s mmn(z 1) (511

1<n<m<N n=1 ReS|[n] m<N SeS[m]
n<K

<K X 2i(En) = of ( X Pr(En) )j

m<N m<N

Thus, we have by Lemma 4.17 that

. . . Y K<n<m<n PT(En) Pr(Ey)
Pr(E,, infinitely often) > lim sup =
( ) Nooo  2oK<n<m<N Pr(E, A E,)

oz ) (3 ee)
> lim sup
e > ( 11 Pr(R))( 11 Pr(S))eA("’m)

K<n<m<N \ ReS[n]

> 6_5

for every 6 > 0. This concludes the proof of Theorem 1.12.
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Chapter 5

Waring and Waring—Goldbach subbases with

prescribed representation function

In this chapter, we explore the probabilistic construction of additive subbases for sets of
k-th powers N¥ and k-th powers of primes P*, focusing on their representation functions and
precise growth conditions they must satisfy. We begin by formulating general conditions
for sets B C N to have subbases with prescribed representation function, culminating in
Theorem 1.17. We then show that N¥ and P* satisfy these conditions in certain cases,

proving Theorems 1.14 and 1.16.

5.1. Random subsets

Recall that a real-valued function F' : R.g — Ry is called regularly varying if it
is measurable and lim, ,., F'(A\x)/F(x) exists for every A > 0. Regularly varying func-
tions are of the form F(x) = a"i(x), where k € R and () is slowly varying, meaning
lim, 00 ¥(Az) /90(x) = 1 for every A > 0.

Let B C N be a subset and F' be a regularly varying function satisfying the following
three conditions, as in Subsection 1.4.3:

(i) (Regular variation) There is 5 = G(B) > 0 such that, for every fixed A > 1,

B(\z) ~ \°B(z).

(ii) (Low additive energy) There exists Hy) € Z>1 such that, for every h > Hy),

Blzx 2h
Z Tth(n>2 < LSL’O(D.
n<x Z

(iii) (Counting solutions with weights) There exists H(;) € Zx; such that the following
holds: Let h > H), and suppose f(z) := (zF(z))"/" = 2¢(x) < (1 + o(1))B(x),



with 1/h < w < . Then:

Ty Th n)h
v @) @) o T

?
n
where Cp s € R is a constant, and &g (n) is some function of n satisfying

Spn(n) <1 for n €., for some subset . C Zs.

Let h > max{2H )+ 1, Hg) b be an integer. We introduce a constant ¢ > 0, to be chosen

later, and suppose that for the regularly varying function

f(z) = a¥¢(z) = (xF ()",
we have cf(z) < B(z). Now consider a probability space whose elements are subsets 0 €

o/ C B, where

f(n)
B(n)

and where the variables 1,(n) are mutually independent {0,1}-random variables. This

Pr(1,(n)=1)=E(1y(n)) =c

15(n) (Vn € Z>1), (5.1)

probability space has the feature that the counting function of &/ C B asymptotically
matches f with probability 1:

Lemma 5.1. |/ N[1,z]| < cif(x).

Proof. Since B(x) is regularly varying, the function b, := inf{y € Rxo | B(y) > |z]} is
also regularly varying, with bp(,) ~ . Using the fact that compositions of regularly varying
functions are also regularly varying, we can express f(b,) = 2*/%Y(z) for some slowly
varying function J(z). Notice that B(z)*/#9(B(z)) = f(bp) ~ f(z). By the strong law of

large numbers, we have

|l N1, 2] < CZ lé((z))lB(n) =c Z:( )fi)k)

n<x

B(z)
~ c/ /8719 (t) dt
1

~e (/;B(m) uwwlm du) f@)

By Potter bounds (cf. BGT [2, Theorem 1.5.6(i)]), for any § > 0 there exists C' = Cs > 0
such that, for large * > x5 and C/r < u < 1, we have Y(ux)/9(x) < 2u~°. Selecting
d < w/2B, we split the integral fll/B(x) = 10/2%(3‘;‘”) +fcl/3(x)- Since by the definition of slow

variation,

s DuB)

Lc/B@)1 muw/ﬁfllom
0(3(1,)) (C/B(z),1] (0,1]
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the dominated convergence theorem implies that

1 1
/ uw/ﬁ—lﬁ(U’B(‘r)) du — / uw/ﬁ—l du = é
C/B(z) ¥(B(x)) 0 w
as © — 0o. On the other hand, since ¥(x) = 2°1), the term flc/gig) vanishes, completing the
proof. O

5.1.1. Expectation of . ,(n)

We aim to compute the expectation of

rmh(n) = Z 1Q{($1)1£¢(l‘h)

Z1,.-, TR €EL>0
T1+trp=n

To facilitate this, we introduce auxiliary representation functions that lend themselves more
readily to probabilistic analysis. Let 1 < ¢ < h, and ¢y, ..., ¢, € Z>1. A solution (z1,...,xp)
to the equation cixy + -+ + oy = n is called ezact if the z;’s are pairwise distinct. The
corresponding ezact representation function (associated with ¢y, ..., ¢,) is defined as

Pfgt;l,é""cl)(”) 1= > Lo (w1) -+ 1oy (g).

171,.4.,17@6220
c1T1++cpxrp=n
x; distinct
For the special case where ¢; = - -+ = ¢, = 1, we denote this function simply by p. .(n).

By the same reasoning as in Subsection 4.1.1, we are led to the decomposition:

/ C1,..esCp
ron(n) = popn)+ > pD(n), (5.2)

(€15mcp)

where the summation runs over 1 < ¢ < h—1andall (¢q,...,¢) € ZE21 such that ¢i+- - -4¢, =
h. The following proposition provides a key estimate for bounding contributions from non-

exact solutions:

Proposition 5.2. Let h > 2Hgy + 1, and 1 <0 < h — 1. Let f(x) = 2¥¢(x) be a function
of reqular variation with w > 1/h. Let ¢y, ..., ¢; € Z>1 be such that ¢c;+---+c¢, < C. Then,
there exists n = n(h,f) > 0 such that

f(n)"

<Lon " ,
n

f(fl) f(xﬁ)
2 B Bl

T1,...,k¢EB
c1x1++cpxrp=n

The proof of Proposition 5.2 is given in Subsection 5.1.2. The following two lemmas show

that it suffices to consider exact solutions:
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Lemma 5.3. Forn € ., we have

f(n)"

)
n

E(pon(n)) ~ " Spp(n) Cppy

and E(ry p(n)) = (1 +O(n")E(pw.n(n)), where n is as in Proposition 5.2.

Proof. By condition (iii) and Proposition 5.2, we have

)= B, ey o

_ b f(Il)”_f(l’h) _ N ! f(xl)_“f(xé)
B 2 B(x1)  Blan) O( 2 2 B(x1) B(xz))

r1,...,chLEB 1 (c1,-.,Ce) T1,...,k¢EDB
T1+Fxp=n 11+ +cpxe=n
h
n
= (1 +o(1))c" Spn(n) CB,h,ff(n) ;

proving the first part. For the second part, by (5.2) we have

E(ryn(n) =E(psn(n) + 3 E(pS(n)),

and for each (cq,...,c/) we have, by Proposition 5.2,

ClyeeesC f(ml) f(xf) — f(n)h

E(plyy ™ (n) < e BT
o 0 ml,.%EB B(xy) B(xy) n
c1x1+-tcpre=n
completing the proof. O
Lemma 5.4. We have .
f(n)

Proof. As in (5.2), we have

E(ron1(n) =E(pwni(n) + 3 B (n)),

where the sum runs over 1 < /¢ < h — 2 and the (cq,...,¢) € Zgl such that ¢; + -+ ¢, =
h — 1. As in the proof of Lemma 5.3, by Proposition 5.2 it follows that E(r. ,-1(n)) <
n="f(n)"/n. O

5.1.2. Proof of Proposition 5.2

Since

3 flan) Sl - 3 G(z1) - Glay)

T1,...,k0EB T1,...,k0EB
c1T1+tcpTp=n Cc1Z1++cpre=n
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for every G(x) < f(x)/B(z), we may substitute f by some function asymptotic to f before
proceeding with the calculations. Write f(x) = 2“¢(x) and f(x)/B(x) = 2*~#9(x).
o If w < B, substitute f by f(z) ~ B(z)sup,s, f(y)/B(y) (cf. BGT [2, Theorem
1.5.3]), so that f(z)/B(x) is non-increasing.
o If w = 3, substitute f by f(x) ~ f(x)d(x)/&(x), where
()= sup I(y).

27 <y<2J+1

I=lizs)

Since ¥ is of slow variation, we have lim, . SUp g1 o Y(Az)/9(x) = 1 by uniform
convergence, therefore ¥(z) ~ &(z).

For f like described above, we have the following:

3 fin) _fn+ 1| _ =)

B(n) _ B(m+1)| S B

Lemma 5.5.
rz<n<2z

Proof. If w < 3, then f(z)/B(x) is non-increasing, so the result follows since f(z)/B(z) <
f(2z)/B(2z). If w = 3, then we have a sum of the form

> 1€(n) —&n+1)

r<n<2x

where £ is constant in the intervals [27,277!) J € Z>¢. This implies that for n € [z,2x],

&(n) =&(n+ 1) for all except possibly one n. Therefore

Yo &) —&n+1) < sup [€(y) — &y + D] < &(a) =

w<n<2c w<y<2z B(x)

Now, for o € [0,1), € R, let

T(o;z) =Y f(n) 15(n)e(an), T(ozx) = > W 15(n)e(an).

B(’I’L) xz/2C<n<z

n<x

Since every solution to ¢;z1 + -+ - + ¢x, = n has some z; > n/2C, we have
v S S

x1,...,LyEB B(:El) B(J}g) IC{1,....0} x1,...,.LyEB

c1x1++cpxre=n [#g c1x1++cpxre=n
viel,z;>n/2C

IN

(]

(]
—
B
—
g

By the orthogonality of the e(na) and Hoélder’s inequality, we have

F@) @) M (T Feam [ TT Tream el na) da
Z B(xl)”‘B(iEZ)_/O (HT(Z ) ))(':17—’(] ) )) ( )d

T1yeeey zy€EB i€l J
c1T1+tepxzp=n jér
viel,z;>n/2C
1 1/¢ 1 1/¢
<IT( [ ITeasmiaa) T1( [ 17l as)
iel \/0 j=1 \ "0
j¢l
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- e, 1|11/
<c (/ |T<a;n)\’fda> </ yT(a;n)vda)
0 0
therefore

v @) @)

..... z¢€EB B(‘rl) B(Ig)
c1T1++cpxre=n

(5.3)
l 1 Jlt 1 1-34/¢
<y ( / \T(a;n)yfda> ( / yT(a;n)Vda)
=\ Jo 0
every 1 <0< h-—1

Lemma 5.6. Let h > 2Hy be an integer. There exists 6 = §(B,h,w) > 0 such that, for

/ |T(a,n)\£ da < nmax{hw 1-6,0}+0(1)
0
and

/ | A;(O(; n)|£ da < nmax{hw_l 0}—540(1)
0
Proof. Let g(«; x)

= Y.<z 1p(n)e(na). Since f(2x)/B(2x) < f(x)/B(x) by condition (i),
by partial summation we have

1p(n)e(na)
j< %ogz x/23+1<n<a:/2J B(n)

f(277z
< z( e (45554 ¥
j<loss x /20 <y<a /29 (277z)

x /27t <n<x /27 B
By Lemma 5.5, we have -, i1 p<q /05 ]’;(

f(n+1)
B(n+1)

)) ‘<< f(277z)/B(277x). Tt follows that
T(a;z) < logx max (

f(2 9
sup _\g(a;y)|>< : ) :
w201 <y<u/2

log x

log 2

So, for £* := max{/, 2H )}, we have

) L ) 0/er
/ T (c;n)|* dar < (/ 1T (a;m)|* doz)
0 0
0/t
< (logn)* max << sup / lg(a; )| da)
IS 1e2

n/2i+l<y<n/2i

f27n)
B(2-in)t )’
By Parseval’s identity and condition (ii), for n/2/"! <y < n/27 we have

[Nlot@ipl da= [

é*
do

> 1p(m

m<y

1
< By |

2H )
0

Z<: 1z(m)e(ma)

do
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S B(y)z*iﬂi(n) Z TB’H(ii) (m)2

m<H iy
Byf*o B(27in)" . o
< BW ot (2_jn><2 p)ott)
and thus, as f(z) = a2«
1 f(27 n)z+o( ) ¢
T(c:n)|*da < (logn max | —o—— = prax{lo—zz,0k+o(1) 5.4
) 7@ da < (togn) x ( VRO (5.4)

By a similar argument to the one above used to bound 7', we obtain

1 1 0/0*
/0 |T(c;n)|" da < (/0 |T(a;n)|fda>

! 7 fm)y
< su Q; “da
(n/zcg%gn 0 l9(e:y)] ) B(n)*
. /e
< (B® )" 1)
n B(n)*
f(n)é o(1 Zw—— o(1
Tt n? = o, (5:5)

Using (5.4), (5.5), to finish the proof, it suffices to show that for every 1 < ¢ < h — 1, if
lw— £ >0 then lw — £ < hw — 1. This is trivial for ¢ > 2H (since 0* = 1), so suppose

(< 2H Gi)- We have lw — ;- = l(w — T()) so we must have w > W thus,
‘ L) < emg - 1) ! 211 ! 1
W= o i) — W — = W — | W — -
QH(ii) - (i) QH(H) (i) 2H(ii)
< hw —1,
the last line following since h > 2H ;) + 1. O

Applying Lemma 5.6 to (5.3), we obtain

f T f r max{hw— —d+o 1/¢ max{hw—1— o 1-1/¢
3 B( ) B< ) <o (n {hw—1,0}—5+ (1)) (n {hw—1-6,0}+ (1))
T1,...,2¢EB (.271) (l’g)

c1x1+-+cprp=n

< nmax{hw— 1,0}—46/¢40(1)

Since w > 1/h and f(n)"/n = "1+ we have

S, weyaeg <o

L1 yeny CC@EB
11+ tcpxg=n

concluding the proof of Proposition 5.2. U
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5.2. Proof of Theorem 1.17

In this section, we will prove the following:

Theorem 1.17 Let B C Zxo be a subset and F' be a reqularly varying function satisfying
conditions (i)-(iii) at the beginning of Chapter 5. Let h > max{2Hy) + 1, Huy} be an
integer. If F\(n)/logn — oo as n — oo, then there exists A C B such that

ran(n) ~Spp(n)F(n) for ne.?.
If F(n) > logn, then there exists A C B such that

ran(n) < F(n) for ne.?.

For the remainder of this section, fix h > max{2H, ay + 1, H (iii)}, and assume
ne.”, n— oo,

where . is as in condition (iii). Consider the function F(x) = z"i(x), where 1(x) is a

slowly varying function, and x is a real number satisfying 0 < x < h — 1. Define
fla) = (@ F ()" = 2 () V0,

Let ¢ > 0 be a constant to be chosen later, and suppose that f(x) satisfies
f(xz) > (zlogz)", and cf(z) <.

Using Lemma 5.3, the proof of Theorem 1.17 reduces to showing that, in the probability

space defined in Section 5.1, we have

T n(n) X E(ryn(n)).
Since an event of probability 1 is non-empty, this implies the existence of a subset A C B
such that 74 ,(n) ~ E(ry n(n)).

5.2.1. Theorem 1.17: Case x > 0

Set ¢ := C’;lh/f} We will now apply Kim-Vu’s inequality to the function p. n(n). Recall

that, in the notation of Theorem 4.8, we have

B o, BOSTL B = B
multiset, |S|=j

We can estimate F and E’ using Lemmas 5.3 and 5.4. Since

El(pﬂ,h(”)) <1+ 1%?213(—1 rilgzc E(T(%!(k)) <1+ Iilgaii E(r@/,h—l(kﬁ)) < nmax{O,n—n}-&-o(l)’
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rk+o(1
1) we have

and E(pan(n)) =n
E =E(psn(n)), and E' « pmax{0r—n}i+o(1)

Setting A = (h + 1) logn, we find

2\ /2
A2 (E'E)Y? < (h+1)"(log n)h<E) E

1/2
max{0,x—n}+o(1) 1 h
W n (logn)
< (10g n) ( nrto(1) ) E pin{k,n}/2+o(1) "
This leads to the bound:
8"v/h!

nmin{x,n}/2+0

Pr (’th(n) - E(Pm,h(n))‘ > D E(th(n))) <n7 (5.6)

Thus, the Borel-Cantelli lemma implies that p. ,(n) < E(pyn(n)) ~ Spp(n)F(n).
To handle the contribution of non-exact solutions, observe that by (5.2), it suffices to

show
p(cl’épé)(n) a:S O(F(n))7

for every 1 < ¢ < h — 1 and for equations cyxy + -+ + cpxy = n with ¢y +--- 4+ ¢, < h.

h
E, £ < 1l4+n" f(n) — nmax{(),nfn}+o(1)'
n

From this, we deduce

p0 (n) L B(ply (n)) + niaxOs=nk+o) = o F(n)).

This completes the proof. O
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5.2.2. /-small and d-normal solutions

As in Subsection 4.1.3, to estimate r. ,(n), we divide the solutions being counted into

ron(n) = r,ﬁj;ma1‘>(n) + regi‘;‘“mal) (n), with

POy = ST () L(x),

biz1+-+beze=n
3j | zj<n®

POy = ST L) - Ly (a).

bizi++bezg=n
T1yeeny ZDgZTLa

We aim to show that d-small solution contribute negligibly, on average.

Lemma 5.7. Let n be as in Proposition 5.2. For every 0 < § < n, we have

R
E (0-small) h . Bé—n+o(1) f(n) )
(ryn (n)<c'n o

Proof. We begin by bounding the expectation:

E(r5" ™ () < 3 E(rypoi(n — k)1, (k)

k<nd

< ckgé é((l/?) 15(E)E(ro ps(n — k) | 1 (k) = 1).

For k < n’, we apply Lemma 5.4 to bound the conditional expectation:

h—1

E(Tpﬁh_l(n — k)) | 1@{(]{:) = 1) S ; E(’f’p/’h_[(n — gl{?))

h
< chipn 7f(n) )

Substituting this back, we find

BiSm ) < -l 00 5 S0

k<nd

Since f(k) and B(k) are regularly varying, the sum is asymptotically proportional to f(n°)
(by the same argument used in Lemma 5.1). Therefore, we obtain

h h
]E(Tg;';ma“) (n)) < c"n " f(n%) fn)? — M pfo—mtol) f(n) . O
’ n n

5.2.3. Theorem 1.17: Case k =0

Define c := C';h/}} In this case, we have f(mi)h = F(z) = 2°V. Choose 0 < § < 1, where
n is as given in Proposition 5.2. We will apply Theorem 4.9 to pgﬁormal)(n). After that, by
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(5.2) and Lemma 5.7, it will remain to show that pg}jij“a“) (n) and 7 5,_1(n) are almost surely

O(1).

The function pr(;zormal) (n) is a homogeneous, simple boolean polynomial of degree h.
Using the notation of Theorem 4.9, the partial derivatives of pgﬁormal) (n) are, for 1 < j <
h — 1, bounded by

Ei(pggormal)(”)) < max E(ry, (k) <. max k715 < p 0o,

nd<k<n nd<k<n
where the second step uses Lemma 5.4. Since each monomial of p. ,(n) appears at most
(6-normal)

h! times, the function %Pm,h (n) is a normal boolean polynomial. Taking 0 < a < 74,
v =2, and K = K(h,a,7) in Theorem 4.9, we get:

d-normal d-normal d-normal —
Pr (o5 () = E(pig ™™ () = (WAE(L5™ () ?) < 72,

where we set A := 32hK logn. If F(n)/logn — oo as * — oo, then Lemma 5.7 implies
(/\E(pgf,iormal) (n))Y? = O(E(pgﬁormal) (n))). Thus, by the Borel-Cantelli lemma, we have
pgﬁormal)(n) * E(pgjf,;‘“m” (n)). For F > log, we can choose ¢ > 1 sufficiently large to
ensure that E(py n(n)) > "F(n) > 32hK logn, so that it follows that pé(;';ormal)(n) % F(n).

To bound p{(g—;man) (n), we apply Lemma 4.6. By Lemma 5.4, we have:

E(ro(n)) < n W 1<0<h—1,

and by Lemma 5.7 we have E(pijimau) (n)) < n~A%*e() By the disjointness lemma 4.7,

T
Pr(fﬂ7€(n> > T) < <;> n—TTH'O(l) < n—2

for large T > 0. A similar bound holds for ﬁg;iman) (n), since —n + B0 > 0. Thus, by the

Borel-Cantelli lemma, we have 7,y ¢(n) < 1for 1 < ¢ < h—1 and ﬁg;';man) (n) € 1. For each
2 < ¢ < h—1,it follows that maxy<, T ¢(k) <1 Substituting this into Lemma 4.6, we
conclude:

Pl () < B ) < 1.

Finally, to bound 7. ,_1(n), if h = 2 then ry ,_1(n) < 1 trivially. For h > 3, we apply
Lemma 4.6 again to obtain 7. 5_1(n) < T n—1(n) % 1. This completes the proof. O

5.3. Waring subbases

In this section, we prove Theorem 1.14 by showing that N* satisfies conditions (i)—(iii)

of the beginning of Chapter 5.

Theorem 1.14 Let k > 2 be an integer.

81



(i) There exists hy < k*(log k+loglog k+O(1)) such that the following holds: Let h > hy,
and 0 < k < h/k — 1. Then, for every c > 0, there exists a subset A C P* such that

ran(n) ~ Skp(n)cen”.

The same holds for k = h/k — 1 but with 0 < ¢ < F(%z;bl//k’;)h.

(ii) There exists h}, < 8*k* such that the following holds: Let h > hl,, and F be a reqularly
varying function satisfying
F
im 28 o F@) < (14 0(1)

T—00 log €T

CA+1/K)" e
I'(h/k)

Then, there exists a subset A C N¥ such that
T'A,h(n) ~ kah(n)F(n)

In both cases, Sy p(n) is the singular series for Waring’s problem, given by

S(a.q) == ie<‘”k> Gin(n) =3 i S(‘;}f’)he< - ”“) (5.7)

q >1 a=1 q
(a,q)=1

Clearly N* satisfies condition (i), with 8 = 1/k. As noted by Wooley [43, Equation
(1.2)], N¥ satisfies condition (ii) for Hy) < $k*(log k + loglog k + O(1)). More precisely,

/01 > e(an”)

1<n<zx
for every £ > %kz(log k + loglogk + O(1)). By Parseval’s identity, we have

20
do < x%—k—i—o(l) (58)

2h
day < g2!/F= o))

Z e(an®)

ngxl/f

Z TNk,z(n)z < /1

n<x 0

which is the shape of condition (ii).

5.3.1. Waring satisfies condition (iii)

The first result we need, due to Wooley, is equivalent to condition (iii) restricted to
functions of the form x*; that is, an estimate for the number of solutions to 2% +---+af =n
counted with weight (x;---x,)¥ for some w > 0. By Theorem 1.17, this directly implies
Theorem 1.14 (i).
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Lemma 5.8 (Wooley [43, Theorem 1.1]). There exists an integer Hy, < k*(log k+loglog k+
O(1)) such that the following holds: Let h > Hy,. For any w > 1/h,

1 [(w)"
K T (heo)

nwhfl 4 O(nwhflfT)

S (- L) = Gpp(n)

for some T = 7(k,h) > 0.

To prove Theorem 1.14 (ii), we need a second result, due to Vu, on an upper bound to

the number of solutions 2§ + - -+ + 2 = n for z,’s restricted to some box.

Lemma 5.9 (Vu [39, Lemma 2.1]). There exists an integer Hy < 8Fk* such that the
following holds: Let h > Hy . Given Py, ..., P, > 1, the number of solutions to

T+t xp=n

with x; € NP N [1,P;] (1 < j < h) is

for some § = §(k,h) > 0.

Let ¢ be a slowly varying function. By uniform convergence (cf. BGT [2, Theorem
1.2.1]), given 0 < p < 1, for every € > 0 there exists z, . € R such that, for every z > z,, .,
‘Qﬁ(M’)
o(z)
Taking u = 1/j, j € Z>,, for large = we define €(z) := j for x € [z1 1,2 1
J’i

1
T+

—1

<e, VA € [u,1].

). This defines
a non-decreasing function €(x) — oo such that

o(y)

—=<% — 1 uniformly for y €

¢()
Lemma 5.10. Let h > max{Hy ,Hw}. We have:

fl)  flan) 1 T(w)"
2 A x}/]z ~ B () )

E(x),x) (5.9)

Fn)"

Proof. Let €(x) be as in (5.9). Start by separating the sum into

Sy = Z f(z) f(zn) S, = Z f(z1) f(xn)

1/k 1/k > 1/k 1/k °
21, apeNF L1 T z1,.apeNF L1 T
x1+-t+rp=n T1+-txp=n
Jj |zj<n/e(n) Vi, zj>n/e(n)
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We start with S;. Let P be the set of all h-tuples p = (Py,...,P,) with P, €
{1,24...,2%}, and P; € {1,2,4,...,27} (2 < j < h), where L (resp. J) is the smallest
integer for which 2% > n/e(n) (resp. 27 > n), and write

f(x1) f(xn)
Op = Z ik LL/E
n

x1,..., e, ENF Ly

(where “f(0)/0 = 1”). We have S; < Y cp0p. Since the number of terms in oy, is, by
Lemma 5.9, O(£ (P - P)E + (P P)i 579, we have:

peP
<Y <(p1 "Ph)%+(P1 Ph)}c—}l—(s) f(Pll)_“f(Plh)
pEP Plk Phk
ORI Wen s S
peP pcP P, h Phh
L J h—1 L j J y h—1
< i(% f(2j)) (;)f(zj)) " (go (; %jé) (ZO (; ﬁié) C510)
Since f(z) = 2¥¢(x), we have Y7_ f(27) <. f(n) £/ 277“™) <« f(n), hence

n

i(if <2j>> (if(zf‘)) o e ) 0<f(;l)h>‘

For the other term, if w > 1/h then

zJ: f(QJ) f(n) Z]:(Q—j)w—(%—‘rﬁ)—s f(n)

< <

j=0 (2])%+6 n%JrJ §=0 nl/h ’
and if w = 1/h then Zﬁ] (zf()zj = < Z‘] 2770-2) <« 1 = o(f(n)"/n). Therefore, it follows
J h
from (5.10) that S; = 0( (n)h/n)
For Sy, since f(z) = 2¥¢(x), by the definition of €(x) we have

w1 b)) bl

Sero(n)! 3 (o) d(n) P(n)

~ ¢(n>h Z (21 - 'ﬁCh)w*% (5.11)

r1+-+xThr=n
z;>n/e(n),Vj
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Using the same methods used to calculate Si, one can show that

Syi=¢(n) D (e TE = 0<f(n)h>~

T1+-t+xp=n
3j|zj<n/e(n)

Thus, from Lemma 5.8, (5.11) implies that

1 ['(w)"
kM T (hw)
concluding the proof. 0

()"

So Gk,h(n) n

Lemma 5.10 implies that N* satisfies condition (iii) for every admissible regularly varying
F with Hgiy < max{Hy, Hy} < 8%k2. Therefore, since max{2Hu) + 1,Hmy} < 8kK2,
Theorem 1.14 (ii) follows from Theorem 1.17.

5.4. Proof of Theorem 1.15

For the next two sections, we will deal with P*. In this section we will prove the following:
Theorem 1.15 Let k > 1 be an integer, and

2k +1 if 1<k <11,
h>hi = (5.12)
[2k%(2logk + loglogk +2.5)]  if k > 12.

For every w > 1/h, we have

w—31 o * F(w>h hw—1 th_l
S () Flog ey --log ) = S (N) iy 5 N7+ On| (o vym

for every R > 1. Here, &} ,(N) is the singular series associated to Waring—Goldbach’s
problem, defined as

q

S(a) =3 e<a;k> &L (N =Y 3 S;E’SZ%( _ Nq”) (5.13)
s

Fix h > hj an integer, let w > 1/h be a real number, and N be a large integer. Define

T(z)=> nwm e(an), T(a;x) = > an e(an), (5.14)

= nl/k/logn o/hnss ni/k/logn

so that, by the orthogonality of the e(Na),
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If 21+ -4+ 2, = N, then x; > N/h for at least one z;. Hence,
1 -
/ (T(c; N) — T(a; N))* e(—Na) dav = 0.
0
Therefore,

Z (1 -- -a:h)w_%(log xy1---logxp)

1 (T(e; N)" = (T(a; N) = T(a; N))") e(~Na) da

I
S—

0

Z:(—l)jH (?) /01 T(a; NY T(o; N)'™ e(—Na) dov. (5.15)

By (5.15), Theorem 1.15 will follow from a combination of Propositions 5.11 and 5.19 below.

5.4.1. Major arcs

Let N be a large integer. As is standard in the circle method, we divide [0,1] into major

arcs 9 and minor arcs m, where the major arcs 2 = My are defined as
)
34

for a parameter Q = Q(N) := (log N)¢, where C' > 1 is a large fixed constant. The minor

a
o — —

m:= | | |j| M(q,a), M(g,a):= {a € [0,1] .

=1
= s

arcs are defined as the complement, m = my := [0,1] \ 9. Splitting the integral in (5.15)
as fol = o+ [, We anticipate that the contribution from the minor arcs is negligible (see

subsection 5.4.2). The goal of this subsection is to prove the following:

Proposition 5.11 (Major arcs). We have
h - (h - . ,
Z(—l)]+1< ) / T(a;N) T(a; N)" 7 e(—Na) do
=1 g/ Im
T h Nhw—1
= S5 (V) s N+ On o )

I'(hw) log N)f
where &, (N) is as in (5.13), and R(C) — oo as C' — oo.

5.4.1.1. Lemmas. Given ¢ > 1, 1 < a < ¢, define

m(x;q,a) == Z 1p(n).

n<x
n=a(q)

We start with the classical estimate for primes in arithmetic progressions due to Siegel and
Walfisz (cf. Montgomery—Vaughan [25, Corollary 11.21]).
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Lemma 5.12 (Siegel-Walfisz). Uniformly for ¢ < Q, 1 < a < q with (a,q) = 1, we have

o= 1)

for every R > 1, where li(z) = [;-(logt)~" dt.

Corollary 5.13. Uniformly for ¢ < Q, 1 < a < q with (a,q) = 1, we have

o e L ke

n=a(q)

for every R > 1, where Py(q,a) :==[{1 <r <q | r*=a (mod q)}|.

Proof. Write P = Py(q,a), and let 1 < rq,...,rp < ¢ be such that ¥ = a (mod ¢). Since
{n<z|nePn=a(modq)} =3, n(x"* qr;), we have

1Pk
Wi dr(t/F- :
nZSIn n'/k [logn Z/1&1/’“/10ng (% ari)
n=a(q)

li(t/%)
i kg — )
( w Z/f tl/k/logt < (% ar) ©(q)
By partial summation, Lemma 5.12 implies that

T Lk (/%)
/27 tl/k/logtd< (5 i) - ©(q) )

B Uk, _li(xl/k) x¥

_< (@) v(q) )l’”’“/logx
li(t!/k)
©(q)

T

- < (tl/kaQ7 Z)

29—

) £ (1 + (w — 1) logt) dt
(log )"’
which, since P < k, concludes the proof. O

<¢R

Next, we prove a lemma ensures that the singular series &}, ,(N) converges absolutely
and is bounded away from 0 and oo for N = h (mod K (k)), where K (k) is as in (5.22).

Lemma 5.14 (Singular series). For N = h (mod K(k)), we have &} ,(N) < 1. Moreover,
let

e,V =Yy Slal <_N“>,

< a=1 q
= Q( 4)=1
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where S(q,a) be as in (5.7). Then, for every e > 0,

Ql/kfe

Proof. By Lemmas 8.10 and 8.12 in Hua [19], we have &} ,(N) > 1 for N = h (mod K (k))
whenever ¢ > 3 for k =1, ¢ > 5 for k =2, and ¢ > 3k for k > 3. In all cases, this holds true
for h > hj.

For the second part, let ¢ > 1, 1 < a < g with (a,q) = 1. By [19, Theorem 1], we have
S(q,a) <. ¢'~Y/**+ uniformly in ¢. Thus, since ¢(q) >. ¢*~° and h > h} > 2k + 1, we have

Q) = (140 g ) J 81 05 @ oc

. ) & 1S(g.a)
|6k,h(N>_ k,h(N7Q)| < Z Z ‘ R
=0 o | ela)
(a,9)=1
< (g M) g
>Q
<. Z q—l—l/k+€ — Q—l/k—l—e' 0
>Q

5.4.1.2. Integral over major arcs. In order to calculate the integral in Proposition 5.11,

we will approximate 7' and 7T in terms of, respectively,

u(W;z) =Y nte(nd), u(v;x) == > n“"e(nv). (5.16)

n<x n<x

Lemma 5.15. Let ¢ < Q, and 1 < a < q with (a,q) = 1. For a € M(q,a), write ) := a— 7.
Then, for every R > 1, we have

. Slga) o N
T(a;N) = 20) u(; N) + OR((logN)R>’
~ . Slga)_ N«

uniformly in ¢ < Q).

Proof. We prove the lemma for T the argument for T is analogous. By Lemma 5.13, we

T(Z; x) = ”wm(f(?)
n1<n>) () +0(Q)

have

I
M-
N

= = nk/logn q
(ra)=1 "n=r(q)
kK ra 1 ¥ v
; (@) q))¢lq)w (log z)"
(rg)=1
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st o () 617

p(g) w log )
(Note that T'(%;x) = T(%;2) — T(%; # — 1).) We have
_ _S(Q,a) w_1e(m) (na\ S(qa) 1)
M =200 ; ( ni/k/logn (q) #(q) ) )
= D(n)

By (5.17), and the fact that 3°,.,n*™* = £ + O(1), we have 3, D(n) = Og(t/(logt)").
By using partial summation we conclude, since |[J| < Q/N = (log N)¢ /N, that

T(a;N)—S(q’&)u(ﬁ;N):<Z D(n )) (N9) —27rm9/ (ZD >

©(q)

n<N n<t
> D(n)| + N || max (Z D(n))
n<N SN\ o<
N
=0 gy -
Lemma 5.16. For —% <9< %, ¥ # 0, we have
[u(@; N)| < min{N“ 3]}, [a(d; N)| < N o],

Proof. We have [u(9; N)| < u(0; N) = ZN“ + O(1). On the other hand, let M := [|9]7],
so that

an ‘<<Mw

n=M+1

> n“le(nﬁ)‘. (5.18)

n=M+1

<> e
n<M

Let E(z) := Y ,<, e(n?d). Since |1 —e(V)| = |e(=v/2) — e(¥/2)| = 2|sin | > 2|V| for ¥ in
the range considered, we have

|E(z)] =

By using that F(x) < |9]|~!, we obtain from partial summation that

Z n® = N“'E(N) - M“E(M) — (w— 1)/N BE(t)t“ 2 dt

n=M+1 M
< (NP MY |t < MY < |97

so the result follows from (5.18).

Similarly, for @, we have

a(W;N)= > n“e(nv)

N/h<n<N
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N w—1 N
— N*"LE(N) — () E(N/R) — (w — 1) / E() 2 dt
h N/h
< NY7Hy|
Lemma 5.17. For 1 < j < h, we have, for every e > 0,
/ T(o; N T(o; N)" e(—Na) do
m

_ (1 +OE<W>>6,’;7,1(N) / La(9; NY u(9: NY e(—N9) dd

th—l
o ( (log N)CWW)‘

Proof. Since |u(d; N)| < u(0; N) = LN“ + O(1), Lemma 5.15 implies that

()" (log N)*#
and similarly for T, @. Using that fzm(q,a) da = 2@Q)/N, this leads to the estimate

T(a; NYh = 2 (q’a)huw; N+ Op (th>

/mf(a; NY T(o; N)'" 7 e(—Na) do

— zq: /zm T(o; N) T(o; N)" 7 e(—=Na) dav

(a,9)=1
QNwhfl
*OR(aogw
q h Q/N ) )
_ 3 S(‘Laz e( _ Na)/ u(0; N u(9; N9 e(—N9) dv
qSQ(a=)1 v(q) q —Q/N
a,q)=1
=6,(N,Q)
Nwh—l
y O(aw)
_(1+0 ; S* (N) /Q/N ~(19.N)j (ﬁ'N)h_j (_Nﬁ)dﬁ
B “\ (log N)C/k—< ko g ’
Nwh—l
+OR(W)7

where the last line follows from Lemma 5.14. By Lemma 5.16, we have

‘ /[—éﬁ—%u[%

| a(¥; N u(9; N)'"Je(—No) dd

</ (05 NP (v )| av
(=3~ IR 3]

1
2
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Niw (1/2 ,
<« — Yy~ h=w 49
Q7 Jo/N
thfl thfl
< <

Qhw—l—i—j(l—w) Q(h—l)w ’
Since & ;,(N) =< 1, this finishes the proof. O

5.4.1.3. The singular integral. Lemma 5.17 reduces Proposition 5.11 to the calculation of

the integral in u, u that appears in its statement, which is done in the following lemma:
Lemma 5.18. We have

SO(—1)i+ @ /0 L0 NY w(9; NY' e(—N9) do = (1 + O(Nw))l%wl

j=1

Proof. By the same argument used to obtain (5.15), we deduce from (5.16) that

S (-1p*! (h>

=1 J

/ C(9: NY w0 NV e(—N9) di) = / " u(9: N)P e(—N9) dv

0 0

- S e

T1ye @R €L>1
T+ trp=N

For £ > 2 and n € Z>,, we claim that

w—1 F(W)Z tw—1 (e—1w—1
Se(n) = > (X1 20) = =<0 +0(n ) (5.19)
T1 4o Te€L>1
T1++xTe=n

which will finish the proof. The case ¢ = 2 is a consequence of Lemma 2.9 of Vaughan [38],
which says that

ni_l ma71<n o m)bfl — 1;((6;)—1;(2))) na+b71 + Oa’b(nafl) (520)

for any real numbers a > b > 0. Assuming by induction that (5.19) holds for some ¢ > 2,
we obtain from (5.20) that

Sepi(n) = > (z1-- -xg)“’_l(n — (1 4+ $4))

w—1

n—1
Z méw—l(n . m)w—l + O( Z m(Z—l)w—l(n . m)w—l)
m=1

1
_ n(éJrl)wfl + O(n&ufl)’
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concluding the proof. O

Proof of Proposition 5.11. Since both C/2F"1—& — oo and C(h—1)w — oo as C' — oo,
by Lemmas 5.17 and 5.18, we have

ﬁj<—1)j+l <h> /m T(a: NY T(a; N)" e(—Na) da

=1 J

_ <1+OR<(log1N)R)> Z,h(N)jiH)j“(h) / L0 NY (s NY'I e(—No) dd

J
pvhw—l
* O((log N)R)
Do)

- (l § O((loglN)R>> R A O<<lNgN>R>

where R = R(C) — oo as C' — oo. Since &}, (N) < 1 by Lemma 5.14, rearranging the
error terms concludes the proof. 0

5.4.2. Minor arcs

We now turn our attention to the minor arcs m, as defined in the beginning of the
last subsection. Together with (5.15) and Proposition 5.11, the next result directly implies
Theorem 1.15.

Proposition 5.19 (Minor arcs). We have
h
=1

where R = R(C) — o0 as C' — 0.

hw—1

J T(@s NP T(0s NY' e(=Nay do| < o

5.4.2.1. Lemmas. Define the function

g(e;z) =) 1pe(n)e(na).

n<x
The first lemma we need is equivalent to showing that P* satisfies condition (ii) of Theorem
1.17 with Hgy < 2hj — 1.

Lemma 5.20 (Mean-value estimate). There exists £ € R such that, for every

k-1 if 1 <k <11,
g;z hoﬁz
[k*(2logk + loglogk +2.5)] —2  if k > 12,

we have
> e p(n)? < 2/ (log 2)°.

n<x

92



Proof. By Parseval’s identity, we have
3 roe(n)? < [ lg(as )P da < Y o (n)?
n<z 0 n<tz
where the middle term, by the orthogonality of the e(an), counts the number of solutions to
the equation
ny+---+ng=my+---+my (5.21)
with n;;m; < x and n;,m; € P
For 1 < k < 11, by Hua’s inequality (cf. Hua [19, Theorem 4]), there exists ¢(k) € R
such that
1
)

for every ¢ > 2F1. In other words, the number of solutions to (5.21) with n;m; < =,

20

da < 227K(

log )®).

Z e(omk)

1<n<zx

ni,m; € N¥ is O(z%'/%~1(log z)°®)), which is an upper bound to the number of solutions with

n;,m; € P¥. Therefore, since |g(a; )| < g(0;2) =< 2% /log z, for £ > 2¥~1 we have

1 1
[ lgtas)* da < o) [ lg(a;a) da

,I'l/k 20—2F

< <1 > :L,Zk/kfl(log Z‘)C(k)
ogx

< LU%/k_l(lOg ZL’)C(k)

For k > 12, by [19, Lemma 7.13] we have

/01 > e(an®)

1<n<zx
for every £ > k*(2logk + loglogk + 2.5) — 2, so the lemma follows by the same argument as

2
da < %7*

above. O

Next, we bound the value of g(a;x) for « € m. To this end, we employ a lemma due to
Harman, in the form stated by Kumchev—Tolev [22, Lemma 3.3].

Lemma 5.21 (Harman [18]). Let a € [0,1] be such that |a — ¢| < q 2, where a, q are
integers with 1 < ¢ < x and (a,q) = 1. Then, there exists a constant G = G(k) > 0 such
that L

g(a;z) < (q_l + V% 4 ql/Qx_1>4 V¥ (log )¢

pJUk

(log N)#~re-G~

Corollary 5.22. sup|g(a; N)| <
acm
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Proof. By Dirichlet’s theorem (cf. Nathanson [27, Theorem 4.1]), for any a € [0,1] there
exists 1 < ¢ < N/Q and 0 < a < ¢ such that

a—fgggmin Q,i
q| ~ gN N'¢
Since av € m, we must have ¢ > @ (otherwise, a € My (q,a) by definition), so Q < g < N/Q.

a

Hence, by Lemma 5.21,

1-k

A\ 2 4
gla; N) < (Q_l + N~V 4 (Q) N_1> NY*(log N)©

Nl/k Nl/k
< = — 0
QUog N)=¢  (log N)*7¢=¢

5.4.2.2. Integral over minor arcs. In order to prove Proposition 5.19, we first need two

auxiliary lemmas concerning the integral of T.

Lemma 5.23. Let hg, & be as in Lemma 5.20. For £ > 2hg, we have

1
/ 1T (a; )| da < 2%~ (log x)5T2o,
0

Proof. The integral [} |T(a;z)|* da counts the number of solutions to the Diophantine

equation (5.21) with weights

(ny...ngmy - 'mg)“’%(log ny) - (logng)(logmy) - - -(log my)

N 20
P
(xl/k/logx> ’

for x/h < mn;;m; < x. Thus, by considering this underlying equation, Lemma 5.20 yields the
upper bound

20w

1
T(a;2) do € 77—
| 1) e < S g o

1
/0 lg(c; 2)|** da < 2*% 7 (log 2)* 2.
Using the trivial estimate

T(c;2)| < T(0;2) < 2 % (log z) > 1p(n) < 2¥,

z/2<n<z
for £ > 2hy we get
/01 1T (a; )| dov < 2(=2ho)w /01 T (a; 2) " do < 2%~ (log z)5+2h0. C
Lemma 5.24. We have )
LT do < o

where r(C') — o0 as C' — 00.
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Proof. By Corollary 5.22, for a € m, partial summation yields
T(o; N)
N (N/h)~ N v
= ————g(asN) — i N/h —/ ) d|l ———
Nl/’“/logNg(a’ ) (N/h)l/k/(logN/h)g(a’ /h) N/hg<a’ ) (tl/k/logt>
o1 Nl/k N
K N“7%(log N) (log N)# *C—C = (log N)¥ Fc=G-1-

Since h > hj, > 2hg + 1, where hg is as in Lemma 5.20, it follows from Lemma 5.23 that

/ IT(c; N)|* da < (fﬁén’i T (c; N 2ho> / IT(c; N[ da
th—l
~ (log )@
where 7(C) = (h — ho)(47*C — G — 1) — £ — 2hy. O

h—2hgo
) N2h0w71(10g N)§+2h0

Proof of Proposition 5.19. The series T'(«; N) can be written as

T(a;N)= Y. T'(a;h7’N).

._log N
< log h

where T"(a; ) == > e hen<a N nll/{’“/(f;;n e(an). Clearly, both Lemmas 5.23 and 5.24 apply to

T' as well. Therefore, by Holder’s inequality’ and Lemma 5.23, it follows that

/ IT(c; N)|* dav < (log N)'— 1/;( S 7o h‘jN)|h> da

. log N
S logh

< (log N)" max / 1T (a; hIN)|" dex

i<log N Ji
— logh
< (log N)h+§+2ho th—l‘

By Lemma 5.24, another application of Holder’s inequality yields
h

>

i=1

/ T(o; N) T(o; N)" 7 e(—=Na) dav

<3 ([ e |hda) (/ T(a |hda)1_j/h

J=1
h hw—1 ]/h }
= Z ((IJV.N)T(C)> ((10g N)h+§+2h0th_1)1 j/h
j=1 og

1W1th up _ h”, uq _ h/(h . 1)77.
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th,1
(logN) r(C)/h—(h+£+2ho)(h—1)/h "

Writing R = R(C) :=r(C)/h — (h+ &+ 2ho)(h — 1) /h, we see that choosing C' large, R can
be taken to be as large as desired, concluding the proof. U

5.5. Waring—Goldbach subbases

We are now in shape to prove Theorem 1.16. Given a prime p, let § = 6(k,p) be the
unique integer such that p’ | k but p?+1 { k. Define
0+2 ifp=22|k,

v =(k,p) = _ K(k):= II »" (5.22)
f+1 otherwise, (p—1)|k

Theorem 1.16 Let k > 1 be an integer, h > h}, where h is as in (5.12), and suppose that
n=h (mod K(k)), where K(k) is as in (5.22).
(i) For every 0 < k < h/k —1 and ¢ > 0, there exists a subset A C P* such that

ran(n) ~ & (n) en”,
where &} ,(n) is the singular series for Waring—Goldbach’s problem (5.13).

(ii) Let0 < k < h/k—1, ¢ be a measurable positive real function satisfying 1 (x) <y ¥ (x?)
for every X > 0, and write F(x) = " (x). Iflogr < F(x) < 2"/*~'/(logz)", then
there exists a subset A C P* such that

ran(n) =< F(n).

By the prime number theorem, |P* N [1,2]| ~ kz'/*/(log z), which is a regularly varying
function, so P* satisfies condition (i) of Theorem 1.17. By Lemma 5.20, P* also satisfies
condition (ii), with Hy) < $hj — 1.

For condition (iii), we claim that H;) < hj for the functions considered in Theorem
1.16. Let h > hj, and F(x) = " (x) be a regularly varying function with
D(1/k)h zh/k-1

P = U oG k) (log )
Note that the upper bound for F' comes from the total number of representations of n as a
sum of h k-th powers of primes (cf. Hua [19, Theorem 11]). Define f(x) := (zF(z))'/", so
that f(z) < (1 + o(1))7(2'/*) < 2'/*/(logx). For the n = n(f,k,h) of Proposition 5.2, we

have

1/k 1/k\ — 1/k 1/k 1/k
Xyeeny CEhG]P)k W(xl/ ) T((xh/ ) mSn"l/Q Tr(m/ ) T1yeeny Qﬁhflepk (xl/ ) ( h/ 1)
r1+-F+Tp=n T1+-+xp_1=n—m
Ji | xi<n/?
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therefore

1/k 1/k 1/k 1/k
o (@) w1y L e (@) w(ab)

..........

f(ml) f(l’h) - Z f(xl) f<$h) + O<n—77/2F(n))

T1+-tTp=n T1+t+rp=n
Vi, z;>n/2
[z [ (@ _
=(14o0(1)7 > (1/}3 e (l/k) (logxy - --logxy) + O(n~"2F(n))  (5.23)
X1yeeny $h€Pk 'Tl xh
T1+-t+Tp=n
i,z >n/2

Choosing F(x) := cz® with 0 < k < h/k —1 and ¢ > 0, we get f(x) = c/"2* with
w= (14+k)/h, so 1/h < w < 1/k. Therefore, Theorem 1.15 together with (5.23) implies
that for such F, P* satisfies condition (iii).

Choose F(z) := z"(z) for some 0 < x < h/k — 1 and some measurable positive real
function v satisfying (z) <, (z?) for every A\ > 0. Suppose that logn < F(n) <
2"k =1 /(logn)P. We have f(x) = 2F9/hp ()" where 1/h < (1+x)/h < 1/k. By uniform
convergence,? it follows that v(z;) =< 9 (n) for n"? < x; < n, so Theorem 1.15 implies that
the sum in (5.23) is < n"(n) for n = h (mod K (k)). Using the fact that ¢ < ¢ for some
¢ of regular variation (see Remark 5.25), we can apply Theorem 1.17 to x"¢(x) instead, so
that this fits into condition (iii) (with “Gp(n)” different from &}, (n), but still < 1).

Since max{2H ;) + 1,Hiy} < i, the conclusion of Theorem 1.16 follows.

Remark 5.25. In order to apply Theorem 1.17 to F(x) = x®(z) with ¢(z) <y ¥(z?),
we need the fact that ¢ (z) =< ¢(x) for some ¢(x) of slow variation. We are assuming that
P(e®) <y ¥(e*?), that is, that ¢ (e”) is of O-regular variation. By the representation theorem
for O-regular varying functions [2, Theorem 2.2.7], there exist measurable bounded functions
a, £ Roy — R such that

b(e") = exp (a(m) n /1 i’”dt).

Writing y = e®, we have

= [ 20

Writing e(u) := £(logu)/logu, since £ is bounded, €(u) — 0 as u — oo. Therefore 1 (z) <
o(z) = exp([i €(t)/tdt), which is a slowly varying function (cf. [2, Theorem 1.3.1}).

22, Theorem 2.0.8] applied to g(z) := ¥(e*), so that g(\z) =y g(z).
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Appendix A

(hA)Y is always structured if |A| =3

Let A={0=ays < a < - < a < a1 = m} C Z be a finite set of integers with
ged(A) =1, and let t > 1 be a fixed integer. For h > 1, write

RAﬁ(n) = {(kﬁo, . ,k?g.H) - Z?(_)Q | k?()a() + -+ k’g.HGJg_H =n, fié ]{?Z = h}

for the number of ways to write n as a sum of h elements of A, and (hA)® = {n €
Zso | Ran(n) > t}. Recall that (hA)® is said to be structured if

(hA)® = [hm] \ (E:(A) U (hm — &(m — A)),

where &(A) = {n € Zso | Ra(n) < t} is the t-exceptional set of A, with Ra(n) =
limp, 00 Ran(n).

In comparison, Nathanson’s original definition of structure in [26, 30] is as follows: there
exist ¢, d € Zso and subsets C' C [0,c — 2], D C [0,d — 2], all depending on A and ¢, such
that

(hA)Y = C U e, hm — d] U (hm — D). (A1)
If one requires that ¢ < hm —d in order for the interval to be non-empty, then (A.1) becomes
equivalent to having (hA)® = [hm]\ (&(A) U (hm —&(m — A))) and h > (Fry(A) +Fry(m —
A) 4 1)/m, where Fr,(A) = max,cg,4)n.! For instance, Yang-Zhou’s [45] “h > Y1) (ta; —
1) — 17 is sharp in the sense that, for every m > 4 and t > 1, the set A = {0,m — 1,m} is
such that (hA)® satisfies (A.1) with a non-empty interval only for A > tm — 2. At the same
time, in this appendix we will show that if |[A| = 3, then (RA)® is structured for every h,
t > 1, and Fr;(A) = tam — a — m. The case t = 1 is Theorem 4 of Granville-Shakan [13].

Let m > 2 be an integer, and A = {0 < a < m} with ged(a,m) = 1. The first lemma is
Theorem 4.4.1 of Ramirez-Alfonsin [33], written as in Austin [1].

f {n +1,...,n +m} C Py(A), then since m + P;(A) C P;(A), we have {n + 1,n+2,...} C Pi(A). So
if {(n+1,....n+m} C [hm]\ (&(A) U (hm — E(m — A))), then we must have n > Fr;(A) and n +m <
hm — Fry(m — A) — 1.



Lemma A.1. Write {z} :=a — |x|. For any n € Z>o, we have

w25}

(resp. m™1) is an inverse of a (mod m) (resp. m (mod a)).

where a1

Proof. Let ug be the unique 0 < ug < m such that n = aug (mod m). Then, as ged(a,m) =
1, there is vg € Z~_, for which n = aug + mvy. If vg > 0, then the set of solutions to

n = au+ mv (u,v € Zxq) is described by
U =1up +im, v =1y — ia for 0 < i < |wp/al, (A.2)

while if vy < 0, there are no solutions u,v € Zsq. Therefore, if R4(n) =t for some t > 0, we
have |vg/a| =t — 1, and thus

vo=(t—1a+ {UO} a. (A.3)
a
This implies that
n = aug +am(t — 1) + {vo/a}am, (A.4)

SO

Corollary A.2. We have:
(i) P(A) = (t — )am + P(A);
(i) &(A) = [(t = Dam — 1] U ((t = am + E£(A)).

Proof. By Lemma A.1, note that for N > 1 and 0 < k < am, we have R4(k) < 1 and

ko (ka™ femn =
RA(Nam+k):N+—{ - }—{ o }+1

am m a

= N+ Ra(k).

SO Minyep,(4yn = (t — 1)am, corresponding to N =t —1 and k = 0. For n > (t — 1)am, it
follows that Ra(n — (t — 1)am) > 1 (i.e., n — (t — 1)am € P(A)) if and only if Rs(n) >t
(i.e., n € Py(A)), concluding part (i). For part (ii),

Ei(A) = L0 \ Pi(A) = Lz \ ((t — 1am + P(A))
= [(t = Dam — 1] U ((t — Dam + £(A)). O

Corollary A.3. We have:
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(i) Fri(A) =tam —a —m;
(i) #&(A) = (t —1)am + 3(a —1)(m —1).

Proof. By Corollary A.2, it suffices to show the result for ¢t = 1; that is, Fr(A) = am—a—m
and #E(A) = 3(a —1)(m — 1). These are Theorems 2.1.1 and 5.1.1 in Ramirez-Alfonsin
[33], respectively, to which we provide a short proof.

First, using Lemma A.1 one checks that R4(am —a—m) = 0, while R4(n) > 0 whenever
n > am —a —m, thus proving (i). For (ii), we claim that R4(n)+ Ra(am —n) =1 for every
0 <n < am such that a{n, m{n. Indeed,

RA(am_n):am—n_{(am—n)a1}_{(am—n)m1}+1

am m a

-1 -1
:1_n_{_na }_{_nm }+1
am m a
-1 -1
S A I B
am m a

So, for n such that a { n, m { n, we have n € [am]\ £(A) if and only if am —n € £(A) This,

together with the fact that multiples of a or m are representable, yields

#E(A) = #lam] — #(am — E(A)) —##{n € [am] ; a|n orm|n}
= (am +1) = #E(A) = (a +m) = (a = 1)(m — 1) = #E(A),
therefore #&£(A) = $(a —1)(m — 1). O

Theorem A.4. For every h, t > 1,

(hA) = [hm] \ (£:(A) U (hm — E(m — A)));
i.e., (hA)Y is always structured.
Proof. Let h > 1, and take n € [hm] with n ¢ &(A) U (hm — E(m — A)) — ie., Ra(n),
Rp—a(hm —n) > t. We want to show that this implies that n € (RA)®. As in (A.2), since
1 can go up to at least ¢ — 1, we have at least t representations n = au + mv with u, v
satisfying, by (A.3),

u+v=1uy+ vy +i(m—a)

<wuy+vg+({t—1)m—(t—1)a

v
=y + (t — 1)m+{0}a.
a
Now we apply the same argument to m — A. Let u; be the unique 0 < uj < m such

that hm —n = (m — a)uy (mod m), and v} such that hm —n = (m — a)uy + mv,. But
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0=hm=n+ (hm—n) = aug + (m — a)uy = a(ug — uy) (mod m), implying that uy = uj.
Thus, applying (A.4) to n (with respect to A) and to hm — n (with respect to m — A), we
get

hm =n+ (hm —n) = (auo + (t—1)am + {Uo}am>

a

+ ((m—a)u6+ (t— 1)(m—a)m—|—{ % }(m— a)m)

m—a

= a(ug — ) +m<ug+ (t—1)m+ {Uao}a+ {mvéa}(m—a)>
> m<u0+ (t—1m+ {?}a)

and so u + v < h, implying that R4 ,(n) > t. O
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