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Résumé

Cette thèse étudie les problèmes de décision stratégiques abordés par un fournisseur
de services logistiques (FSL) souhaitant optimiser ses profits ou ses pertes, lorsque
l’information dont il dispose à propos de la demande de ses clients pour de nouveaux
services est incomplète. Nous adoptons l’hypothèse que la demande est issue de la
maximisation d’utilité par les clients. Puisque la connaissance des préférences des
clients par le FSL est incertaine, celles-ci sont décrites au moyen de modèles d’uti-
lité aléatoires. La thèse est constituée de trois articles dans lesquels les problèmes
traités par le FSL sont exprimés sous forme de programmes stochastiques bi-niveaux
où le FSL est le leader et les clients sont les suiveurs. Les articles proposent des
reformulations à un seul niveau fondées sur les propriétés duales des solutions opti-
males et faisant usage de la méthode d’approximation par moyenne échantillonnale
pour le calcul des utilités espérées. Ces reformulations sous-tendent la construction,
d’une part, de méthodes de résolution asymptotiquement exactes dont la vitesse est
supérieure à celle des méthodes de pointe actuelles et, d’autre part, de méthodes
heuristiques dont la vitesse et l’exactitude sont élevées.

Cette thèse est basée sur trois articles. Dans le premier article, le FSL offre aux
expéditeurs des combinaisons de prix et de niveau de service de sorte à maximiser
l’espérance des profits résultant de la fourniture des combinaisons sélectionnées par
les expéditeurs, à l’inclusion des coûts associés à l’installation des lieux de service. Le
programme du niveau inférieur concerne dans ce cas la sélection des combinaisons
de prix et de service par les expéditeurs. Dans le second article, le FSL désire
minimiser l’espérance du total de ses coûts de livraison et de fonctionnement en
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offrant à ses clients de substituer la visite de points de cueillette et livraison à la
livraison à domicile. Le programme du niveau inférieur concerne dans ce cas la
sélection des points de cueillette et livraison ou de la livraison à domicile par les
clients. Le troisième article introduit un procédé d’agrégation des scénarios dans
la reformulation développée dans le premier article, permettant ainsi d’accroître la
vitesse de calcul de plusieurs ordres de grandeur. En résumé, cette thèse fait avancer
l’état de l’art sur les formulations stochastiques bi-niveaux pour les problèmes de
localisation et de tarification. Ces problèmes sont difficiles à résoudre en raison
des objectifs de maximisation du profit, des structures de coût complexes et des
contraintes de capacité. D’un point de vue applicatif, la thèse fournit des perspectives
managériales essentielles pour les fournisseurs logistiques.

Mots-clefs: décision stratégique, modèle de choix, programmation bi-niveau,
programmation stochastique, logistique, emplacement des installations, tarification
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Abstract

This thesis examines strategic decision-making problems addressed by a profit-max-
imizing or cost-minimizing logistic provider (LP) faced with the demand of its cus-
tomers for new services, about which incomplete information is available. The de-
mand is driven by the utility-maximizing customers’ preferences and, from the LP’s
perspective, these preferences are surrounded by uncertainty. They are described
with random utility maximizing models. The thesis comprises three articles where
the LP’s problems are expressed by stochastic bilevel programming formulations in
which the LP is the leader and its customers are the followers. The articles propose
single-level reformulations leveraging the properties of the dual optimal solutions and
utilizing the method of sample average approximation to compute expected utilities.
These reformulations yield asymptotically exact and faster than the state-of-the-art
computation methods as well as heuristic, high-accuracy, high-speed computation
methods.

The thesis is based on three articles. In the first article, the LP offers combina-
tions of price and service level to the shippers and aims to maximize the expected
profits of supplying the selected combinations, including the costs related to facility
installation. The lower level concerns the selection of the combinations of price and
service level by the shippers. In the second article, the LP aims to minimize its
total expected delivery and operating costs by offering its customers to substitute
the use of collection-and-delivery points for home-delivery service. The lower level
concerns the selection of service points or home-delivery by the customers. The third
article introduces an aggregation procedure in the reformulation of the first article,
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thereby increasing the speed of computation by several orders of magnitude. To
summarize, the thesis advances the literature on stochastic bilevel formulations for
facility location and pricing problems. These problems are challenging to solve due
to profit-maximizing objectives, complex cost structures, and capacity constraints.
From an application perspective, the thesis offers managerial insights valuable to
LPs.

Keywords: strategic decision, choice model, bilevel programming, stochastic
programming, logistics, facility location, pricing.
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Introduction

Logistics providers (LP), the backbone of modern supply chains, are crucial in ensu-
ring that goods move efficiently from suppliers to consumers. They play a significant
role in the Canadian economy, with an expected contribution of around CAD 106.4
billion in 2024 to the GDP (Intelligence, 2024). The LPs – or third-party logistics
(3PL) – are essential for moving goods across vast areas. However, they must make
decisions in increasingly challenging environments, characterized by disruptions due
to global events, technological integration, increased and complex customer expecta-
tions, difficult capacity management (Chopra and Meindl, 2016). Natural disasters
and pandemics, such as COVID-19, expose supply chains’ vulnerabilities, leading to
increasing costs and delivery delays. Integrating new technologies, such as artificial
intelligence and blockchain, is essential for optimizing performance but also requires
significant investments. Customers with increased expectations demand that the
LPs provide higher service quality levels, such as flexible and faster deliveries, which
implies higher operational costs. However, not all these customers are willing to pay
higher price levels. These stringent requirements may lead to failed 3PL partnerships
(see, e.g., Logistics, 2022; Melvyn Peters and Randall, 1998). In this context, ma-
naging capacity is challenging as it requires strategic decisions involving significant
investments that, given the fluctuating and uncertain demand, can be overestima-
ted, resulting in a loss of efficiency and profitability. The combination of some or all
these factors contributes to creating a complex landscape and requires LPs to make
high-quality strategic decisions to remain competitive.



The LPs seek attractive solutions that improve their financial results and allow
them to adapt to constantly changing and more complex demand behaviors, espe-
cially those arising from individual choices. To this end, the LPs must determine (i)
what they offer, including, inter alia, the service and prices for their customers and
(ii) the logistical capacities they need to fulfill the customers’ requirements. It is
critical that the demand is sensitive to the LP’s offers. Therefore, the LPs must un-
derstand that the interplay between demand and supply is pivotal in accomplishing
their goals and set their decision-making approach accordingly.

Choice models are the primary methods for representing the demand behavior at
disaggregated levels (Ricard and Bierlaire, 2024), whereas mathematical program-
ming is used to model supply decisions. Several researchers have integrated choice
models in optimization frameworks (see e.g., Haase and Müller, 2014; Pacheco Pa-
neque et al., 2021; Mai and Lodi, 2020). This has been accomplished in applications
to facility location, transportation, and revenue management problems.

In this thesis, we study choice-based optimization problems for strategic deci-
sions involving capacitated facility locations, service levels, and pricing. Moreover,
we focus on problems where the choice (or preferences) of individuals or groups of
individuals with similar characteristics is not well-known and, hence, uncertain. For
this purpose, we study bilevel formulations that include random utility maximizing
followers.

The following outlines this thesis’ structure and specific contributions.
Chapter 1 introduces the main mathematical concepts and results underlying the

three articles comprised in the thesis. The first article, in Chapter 2, addresses a
problem of high practical relevance to LPs in general and to our industrial partner,
Purolator, in particular. This article proposes a high-quality heuristic addressing a
stochastic bilevel facility location and pricing problem. The heuristic approach is
based on a reduced, single-level, deterministic reformulation exploiting the proper-
ties of dual optimal solutions and utilizing the sample average approximation for the
calculation of expected utilities. The problem is challenging due to the complexities
resulting from the interplay between the LP, the shippers, and the shippers’ custo-
mers. We report an extensive experimental study where we analyze the impact of
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model parameters on solutions and computing times. The second article, in Chap-
ter 4, addresses a capacitated collection-and-delivery-point location problem where
there is uncertainty about customers’ locations and preferences. The problem pre-
sents two challenging aspects: (i) potentially conflicting objectives between the LP
and its customers, and (ii) strict assignments of customers to facilities. We introduce
formulations that can be efficiently solved using a standard Benders decomposition
method implemented with general-purpose solvers. These formulations are based on
closest assignment constraints (CAC) and scenario aggregation. We show that the
CAC reformulation corresponds to a single-level transformation of a bilevel program
where we use an alternative formulation for the follower’s subproblem. We present
an extensive computational study analyzing the computing times and the effects
of uncertainty on the solutions. We also demonstrate the practical applicability of
our work through a realistic case study about our industrial partner. The third ar-
ticle, in Chapter 3, proposes an asymptotically exact method based on the original
simulation-based formulation introduced in the first article. Through the aggrega-
tion of scenarios featuring similar agreement patterns, this reformulation leads to
sharp improvements in computing time. Finally, the general conclusion summarizes
the thesis and discusses limitations and directions for future research.

To summarize, the thesis advances the literature on stochastic bilevel formu-
lations for facility location and pricing problems. These problems are challenging
to solve due to profit-maximizing objectives, complex cost structures, and capacity
constraints. From an application perspective, the thesis offers managerial insights
valuable to LPs.
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Chapter 1

Background

This chapter provides a background of logistics and outlines the core mathematical
concepts and results used in the thesis. Section 1.1 briefly describes the logistic
market used as a reference in this work. Section 1.2 introduces continuous and
mixed integer linear programming. The latter are instrumental to the definition and
transformation of bilevel programs, overviewed in Section 1.3, into single-level for-
mulations. Section 1.4 presents the mathematical programming models that account
for the stochasticity resulting in our context from incomplete information about pref-
erences. These play a pivotal role in our work. Finally, Section 1.5 outlines the class
of choice-based optimization problems where our work is situated.

1.1. Logistics
Logistics involves processes related to planning, executing, and controlling the

movement of goods, services, and information from manufacturers to consumers (or
customers). It includes activities that streamline storage, transportation, inventory
management, and information flow, ensuring the right products reach customers
while respecting delivery times. In essence, it aims to deliver products effectively
while minimizing costs. The logistics market is valued at USD 3,794 billion in 2023
(Grand View Research, 2023). The sector encompasses three main stakeholders: LPs,
shippers, and customers. The dynamics of the market, driven by economic trends,



technological innovations, and regulatory obligations, impact the interactions among
these stakeholders.

This thesis focuses on specific problems faced by LPs. The LPs are responsible
for facilitating the movement, storage, and distribution of goods. They have evolved
over time increasing the range of services provided and the engagement in supply
chain management. They exist to help other companies (their clients) streamline
key processes of the supply chain. They aim to improve the quality of service and
profitability of their clients, while staying profitable themselves. This is challenging
because LPs operate within a highly competitive market where factors like cost-
efficiency, service quality, and technological innovation influence their success. As
examples of leading LPs, we can cite Fedex, DHL, UPS, Purolator.

Shippers are exporters, manufacturers, wholesalers, or retailers that need to
transport goods from their facilities to distribution centers or end customers. Many
shippers plan and operate their own logistics resources, such as delivery trucks and
warehouses. However, a great share of these shippers (see Placek, 2022) opts for out-
sourcing transportation and warehousing to reduce costs, improve customer service,
and increase efficiency. This allows shippers to concentrate on their core business
while more specialized firms (LPs) engage in outsourced activities (Abbasi et al.,
2024). In this context, shippers choose to outsource when they anticipate cost sav-
ings and/or enhanced service quality. Otherwise, they may forgo partnerships with
LPs. Service quality primarily refers to the experience and satisfaction of end cus-
tomers.

In the logistics sector, customers comprise both businesses and individual con-
sumers. They typically expect delivery services to be fast, cost-effective, and reli-
able. The surge in e-commerce has dramatically influenced these expectations, with
companies such as Amazon raising the bar for same-day or next-day delivery. Conse-
quently, LPs and shippers have been compelled to enhance their operations to fulfill
these complex and increasing requirements, sometimes by agreeing to work together.
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1.2. Mixed Integer Linear Programming
A linear program is an optimization problem where a decision vector x ∈ Rn must

minimize a linear objective function c⊺x while satisfying a set of linear constraints
Ax ≥ b, where A ∈ Rm×n and c ∈ Rn. In standard form, a linear program is stated
as:

min
x

c⊺x

s.t Ax = b (1.1)

x ≥ 0.

Program (1.1) can be viewed as the primal representation of a the continuous linear
program. The latter is associated with a corresponding dual representation, given
by:

max
y

b⊺y

s.t A⊺y ≤ c (1.2)

y ∈ Rm.

A fundamental property of linear programming lies in the close relation between
Programs (1.1) and (1.2) (Vanderbei, 2020). In particular, strong duality states that
if an optimal solution exists for Program (1.1), then the optimal objective values
of both programs are the same. More precisely, let x∗ and y∗ be the correspond-
ing optimal solutions for Programs (1.1) and (1.2), then c⊺x∗ = b⊺y∗. Therefore,
Program (1.1) can be written as the following set of constraints:
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c⊺x = b⊺y

Ax = b

A⊺y ≤ c (1.3)

x ≥ 0, y ∈ Rm.

Linear programming can be extended to handle mixed integer linear programming
(MILP) problems. In this case, x ∈ Rn−p × Zp. A particular class of such problems
is that where p = n. These are called integer linear programming (ILP) problems.
Linear programming is a special case of a broader class of optimization, that of
convex optimization. Problems of this class feature a convex objective function and
their constraints define a convex set. More precisely, min f(x) : x ∈ X is a convex
optimization problem if ∀x1, x2 ∈ X, θ ∈ [0,1] and α ∈ [0,1]:

f(αx1 + (1− α)x2) ≤ αf(x1) + (1− α)f(x2)

θx1 + (1− θ)x2 ∈ X.

Note that the objective function f must not necessarily be linear to be convex.
Also, the set X does not require that the associated constraints are all linear to be
convex. However, linearity is a sufficient condition for convexity.

Several pivotal optimization problems in operations research lie in the MILP
class and are therefore NP-hard. MILP problems are not convex as their sets of
feasible solutions are not convex. However, a desirable property of a number of
MILP problems, total unimodularity (TU) of the matrix A, allows the relaxation
of the integrality constraints (Wolsey, 1998). These particular MILP problems can
be treated as convex, continuous linear programming problems, thus making them
easier to solve using the well-known simplex or interior-point methods. Moreover,
when A satisfies TU, a MILP problem can benefit from the properties of strong
duality, which do not hold for general MILP problems. When the TU property does
not hold for P = {x ∈ Zn : Ax ≤ b}, it is customary to start from the linear
relaxation H = {x ∈ Rn : Ax ≤ b}, of the integer problem and to progressively
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explore restrictions of this domain until an optimal solution to the original problem
is found.

1.3. Bilevel Programming
A particular case, occurring in the problems addressed in this thesis, arises when

the set of feasible solutions includes an embedded optimization problem. Bilevel pro-
grams are a class of non-convex hierarchical optimization problems with two decision-
makers, a leader and a follower, who seek to optimize their objective functions. For
further details, readers are referred to the textbooks Bard (1998), Dempe (2002),
and Dempe and Zemkoho (2020). The decision-making process is not simultaneous,
as the follower reacts to the decision made by the leader in the first place. Bilevel
programs are generally described as follows:

min
x∈X,y∈Y

F (x,y) (1.4a)

s.t. G(x,y) ≥ 0 (1.4b)

y ∈ arg min
y∈Y
{f(x,y) : g(x,y) ≥ 0}. (1.4c)

In the bilevel Program (1.4), (1.4c) constitutes the follower’s problem. Decision
variables x and y are controlled by the leader and follower, respectively. The objective
function F (x,y) and the constraints G(x,y) ≥ 0 relate to the leader, whereas f(x,y)
and g(x,y) ≥ 0 relate to the follower.

It frequently occurs that the optimal solution set of the follower’s problem is not a
singleton. We distinguish two ensuing approaches in these circumstances: optimistic
and pessimistic. These respectively hinge on the postulates of presence and absence
of cooperation between the leader and the follower. In the optimistic approach,
the follower is assumed to cooperate by choosing among its optimal solutions the
one that maximizes the leader’s objective function. This approach is more tractable
than the pessimistic one, and most algorithms for solving bilevel problems adopt it.
Throughout this thesis, we also apply the optimistic approach.
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Bilevel problems are challenging to solve: even in the linear case, they belong to
the NP-hard class (Hansen et al., 1992). Yet, there have been advances in the meth-
ods proposed for their solution (Dempe and Zemkoho, 2020). This thesis follows the
single-level reformulation approach which is applicable when the follower’s problem
is a continuous or integer linear program satisfying the TU property. This approach
relies on the reformulation of the follower’s problem using the strong duality theo-
rem. Thus, for a mixed integer bilevel program given by (1.5), the corresponding
single-level reformulation using strong duality theory is expressed by (1.6). In Pro-
gram (1.6) π identifies the dual variables associated with constraints Cx + Dy ≥ e.
Also, Constraints (1.6c), (1.6e), (1.6d) correspond to the strong duality conditions
applied to the follower’s Problem (1.5c).

min
x

c⊺x+ f⊺y (1.5a)

s.t. Ax+By ≥ d (1.5b)

y ∈ arg min
y
{g⊺y : Cx+Dy ≥ e}. (1.5c)

min
x,y,π

c⊺x+ f⊺y (1.6a)

s.t. Ax+By ≥ d (1.6b)

g⊺y = (e− Cx)⊺π (1.6c)

Cx+Dy ≥ e (1.6d)

D⊺π ≤ g. (1.6e)

1.4. Stochastic Programming
The methods overviewed in the previous sections belong to the realm of deter-

ministic optimization. They postulate that perfect information is available to the
decision-makers. However, in real-world decision-making, limited or incomplete in-
formation leads to uncertainty about future events or conditions. This uncertainty
significantly limits the effectiveness of deterministic optimization approaches as it
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spreads through the entire decision-making process. For instance, uncertainty is
encountered in relation to demand, prices, and availability of resources.

To deal with uncertainty, we can structure optimization problems as single, two-
stage, and multi-stage model formulations (Birge and Louveaux, 2011). In single-
stage formulations, a decision is implemented without considering any recourse. In
contrast, in multi-stage formulations, decisions are made progressively: decisions
that occurred in previous stages impact the choices available in the current stage.
The two-stage approach lies between those polar cases. In this case, we distinguish
the first-stage decisions made before uncertainty has been resolved from the second-
stage decisions made after the uncertainty is fully resolved. This two-stage approach
is suitable for strategic problems where initial decisions are less prone to adjustments
and set the stage for future decisions that depend on uncertain outcomes.

The literature proposes several approaches for handling two-stage stochastic pro-
grams. These approaches include robust optimization, distributionally robust opti-
mization, and stochastic programming. Interested readers are referred to the text-
book Birge and Louveaux (2011) for a detailed presentation. Robust optimization
addresses the worst cases in a set of uncertain outcomes. It aims to find the solutions
protecting against the most adverse scenario(s). Distributionally robust optimiza-
tion can be viewed as a refinement of the previous approach. In this case, a family
of probability distributions describes the uncertainty and the aim is to find solutions
that perform well under the worst-case distribution of uncertain parameters.

Stochastic programming assumes that a probability distribution describing the
uncertainty surrounding certain parameters is known or can be estimated from his-
torical data. It aims to find the optimal solution to a program whose objective is
usually the expectation of a gain or a loss. In our case, it is reasonable to assume
that estimates of the relevant distributions can be calculated from historical data,
whence stochastic programming can be viewed as a tractable approach.

In the simplest linear case, two-stage stochastic programming problems can be
expressed as (1.7) where x and y(w) respectively denote the first-stage and second-
stage decision variables. Also, T,W , and h are respectively known as the recourse
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matrix, the technological or coupling matrix, and the resource vector:

min z = c⊺x+D(x) (1.7a)

s.t. Ax = b, (1.7b)

x ≥ 0. (1.7c)

where
D(x) = Eξ[Q(x,ξ(w))] (1.7d)

Q(x,ξ(w)) = min{q(w)⊺y(w) : T (w)x+Wy(w) = h(w), y(w) ≥ 0}. (1.7e)

In equation (1.7e), Q(x,ξ(w)) is the second stage value function, given x and a
realization w of the random vector ξ(w) = (q(w), h(w), T (w)).

In general, the main difficulty with two-stage stochastic programming lies in
the non-linearity associated with D, the recourse function. Monte Carlo simula-
tion methods constitute alternative approaches to address these stochastic programs
(Birge and Louveaux, 2011). The most widely applied and documented among the
latter is the external sampling approach known as sample average approximation
(SAA) (see Shapiro, 2003, for more details). Its main idea is to replace the recourse
function D(x) with a Monte Carlo estimate

D|S|(x) = 1
|S|
∑
s∈S

Q(x, ξs), (1.8)

where S is a finite sample set of observations s for the random vector ξ. There-
fore, Program (1.7) is approximated by a deterministic formulation given by Pro-
gram (1.9):

min ẑ = c⊺x+ 1
|S|
∑
s∈S

q⊺sys (1.9a)

s.t. Ax = b, (1.9b)

Tsx+Wys = hs, s ∈ S, (1.9c)

x ≥ 0, ys ≥ 0, s ∈ S. (1.9d)
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By using Program (1.9), it is possible to take advantage of existing optimization
techniques for MILP. One of the well-known approaches in this regard is an adapta-
tion of the Benders decomposition algorithm to stochastic programs, the L-shaped
method (Van Slyke and Wets, 1969; Birge and Louveaux, 2011). The L-shaped
method leverages the structure of Program (1.9) by decomposing it into a master
problem and |S| subproblems. This method assumes that the random vector ξ has
(or can be well-approximated by a) finite support and constructs a piecewise linear
approximation to the recourse function. The master problem is updated in each
iteration of the algorithm. Note that although L-shaped is an exact method, the
solution resulting from the introduction from the SAA and possibly also the approx-
imation through a finite support is approximate. However, as an application of the
law of large numbers, this approximate solution converges stochastically to the true
optimal value as |S| increases. Bazotte et al. (2024) focus on SAA for models with
endogenous uncertainty.

1.5. Choice-based Optimization Problems
Choice-based optimization problems address the necessity of integrating the inter-

actions between demand at the disaggregated level and the related decision-making
process on the supply side (Pacheco Paneque et al., 2021; Ricard and Bierlaire, 2024).
This framework embeds choice models, particularly those known as random utility
maximization (RUM) models, into optimization problems. Due to its simplicity and
convenience, and despite its limitations, the multinomial logit (MNL) model is among
the latter the most frequently used in the literature on choice-based optimization.
Other well-known choice models are the mixed MNL (also known as logit mixture)
and the nested logit. For details on discrete choice models, readers can refer to Train
(2009); Ben-Akiva and Lerman (1985).

One of the main challenges of incorporating choice models is the resulting complex
optimization model. However, some strategies have been devised to address this
issue. Linearization of the logit model (Haase and Müller, 2014) and simulation of
linear utilities relying on SAA (Pacheco Paneque et al., 2021) are the most common.
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Most of the applications of choice-based optimization problems are related to
facility location and urban transportation problems (Ricard and Bierlaire, 2024). A
vast literature in choice-based facility location problems has been developed (e.g.,
Mai and Lodi, 2020; Ljubić and Moreno, 2018; Legault and Frejinger, 2023). This
problem is, in general, formulated as

max
x∈X

z =
∑
i∈I

∑
j∈J

djP (i,j|i ∈ Ix), (1.10)

where P (i,j|i ∈ Ix) denotes the probability that customers located in j are captured
by the opened facility i ∈ Ix, and dj the demand of the corresponding customers. In
(1.10), Ix denotes the set of opened facilities, and x ∈ X, a set of feasible decisions
for the location of the facilities. To illustrate the intrinsic nonlinearity in (1.10), let
us assume a logit model holds. Then, P (i,j|i ∈ Ix) is computed with

max
x∈X

z =
∑
i∈I

∑
j∈J

dj

∑
i∈I

evijxi∑
i′∈I e

vi′jxi′
, (1.11)

where vij denotes the deterministic part of utility of location i for customers located
in j, and xi identifies the decision of open a facility in location i (xi = 1) or not
(xi = 0).

In this thesis, we examine choice-based optimization problems involving facility
location and pricing decisions. To solve these optimization problems, we approximate
the choice probabilities by simulating utilities, as proposed in Pacheco Paneque et al.
(2021). To account for the conflicting objectives of the decision-makers, we formulate
the overall optimization problem as a bilevel program.
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The main contributions of the authors for this article are as follows.

• David Pinzon proposed the model formulations, designed, implemented, ran
the experiments, and wrote the article.
• Bernard Gendron suggested the topic and to frame it as a choice-based opti-

mization problem.
• Emma Frejinger provided advice on the methodology and contributed to the

mathematical formulations and writing of the article.

Abstract. We introduce a strategic decision-making problem faced by logistics
providers (LPs) seeking facility location decisions that lead to profitable operations.
The profitability depends on the revenue generated through agreements with ship-
pers, and the costs arising when satisfying these agreements. The latter depends, in
turn, on the service levels and characteristics of the shippers’ customers. However,
at a strategic level, the LP has imperfect information thereof.

We propose a stochastic bilevel formulation where a given LP (leader) antici-
pates the decisions of shippers (followers) arising from a random utility maximiza-
tion model. Using a sample average approximation and properties of the associated
optimal solutions, we propose a heuristic that can compute high-quality solutions.
It is based on a reduced single-level mixed integer linear programming formula-
tion that can be solved by a general-purpose solver after a preprocessing phase.
Experimental results show that expected profit highly depends on shippers’ price
sensitivities. Underestimating price sensitivities can lead to an overestimation of
the expected profit.
Keywords: Facility location, logistics, pricing, bilevel programming, profit maxi-
mization, random utility maximization models

2.1. Introduction
Growth in online shopping and omni-channel distribution leads to logistical chal-

lenges, and outsourcing of logistics operations is a widely employed strategy (Langley
and Infosys, 2019). We focus on transportation services offered by a logistics provider
(LP), i.e., a carrier or third-party logistics provider, to its clients, shippers. The mar-
ket environment for LPs is challenging. It is highly competitive and demand patterns
change over time. There is also a need to reduce the negative environmental footprint
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which requires changes in infrastructure and fleet composition (e.g., by electrifica-
tion). LPs, therefore, face complex planning problems where it is key to consider
profitability at all stages.

This work addresses the situation faced by LPs seeking to make strategic facility
location decisions that lead to profitable operations. The profitability depends on
the revenue generated through agreements with shippers – demand for offered service
levels and associated prices – and the cost incurred when satisfying those agreements.
The latter depends, in turn, on service levels and customer characteristics, such as
location. Focusing on a given LP, we introduce a profit-maximizing facility location
problem where the decisions, in addition to locations, pertain to service levels and
prices. It is challenging to solve because of the interdependence between different
actors. Namely, while the LP makes agreements with shippers, the cost of operations
largely depends on the characteristics of the shippers’ customers. At a strategic
planning level, the LP has imperfect information thereof.

Our strategic profit maximization facility location problem has similarities with
facility location and pricing problems. Closest to our work are studies dealing with
both facility location and pricing decisions formulated as bilevel programs (e.g., Dan
et al., 2020). These are hierarchical decision-making problems where a leader first
makes decisions, anticipating the follower’s reactions (lower-level problem). In our
problem, a given LP is the leader, and shippers are the followers. A distinctive
and challenging aspect of our problem is the endogenous uncertainty associated with
the LP’s cost (leader objective function) arising from unknown characteristics of
both shippers and their customers. Unlike existing work (e.g., Dan et al., 2020), we
consider a more complex cost structure that depends on random-utility-maximizing
shippers and customers. Our work is complementary to studies on tactical trans-
portation service procurement problems (e.g., Lafkihi et al., 2019), as the strategic
facility location decisions we focus on are made before any procurement process takes
place.

This paper offers four main contributions. First, we address a problem of high
practical relevance to LPs in general, and to our industrial partner, Purolator, in
particular. This problem, to the best of our knowledge, has not been studied before.
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Second, we show that the problem can be naturally modeled with a stochastic bilevel
formulation where shippers make decisions according to a random utility maximiza-
tion (RUM) model (McFadden, 1981). Noteworthy is the intrinsic and endogenous
uncertainty in the LP’s costs due to imperfect knowledge of the shippers’ reactions
and their customers’ characteristics. Third, leveraging a simulation-based formula-
tion and properties of the associated solutions, we propose a heuristic that solves
the reduced single-level mixed-integer linear formulation after a preprocessing phase.
Fourth, we report an extensive experimental study where we analyze the impact of
model parameters on solutions and computing times. For most settings, we solve
instances of sizes relevant in practice within a reasonable computing time. Opti-
mal expected profit displays important variations depending on price sensitivity and
the level of uncertainty associated with shipper and customer reactions. Notably,
situations where there is no profitable solution are identified quickly (i.e., expected
costs exceed expected revenue). The occurrence of the latter depends on the level
of price sensitivity. Moreover, expected optimal profit increases with increasing level
of uncertainty. Underestimating price sensitivities can hence lead to overestimating
the optimal expected profit.

The remainder of the paper is structured as follows. Section 2.2 reviews re-
lated work and Section 2.3 offers a detailed description of the problem. Section 2.4
exposes the mathematical programming formulation. Section 2.5 describes the al-
gorithmic approach proposed, which comprises a single-level mixed integer linear
program (MILP) that can be solved effectively with a general-purpose solver. Sec-
tion 2.6 supplies an illustrative example, Section 2.7 reports detailed experimental
results, and Section 2.8 describes a case study of our industrial partner. Finally,
Section 2.9 concludes.

2.2. Related Work
There is a wealth of literature on bilevel problems with a deterministic (e.g.,

Colson et al., 2007) or stochastic followers (e.g., Xu et al., 2012; Sinha et al., 2016;
Beck et al., 2023) problem and a comprehensive review would exceed the scope of
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this paper. Hence, this section discusses related work on facility location and pricing,
and transportation service procurement in the objective of identifying similarities and
contrasts with our problem.

While extensive literature studies facility location and pricing problems sepa-
rately, that treating the joint problem is relatively scarce. We may therefore dis-
tinguish facility location problems in which customers show preferences for facilities
without taking pricing into account (e.g., Casas-Ramirez et al., 2018; Lee and Lee,
2012; Gutjahr and Dzubur, 2016; Mai and Lodi, 2020; Ljubić and Moreno, 2018;
Küçükaydin et al., 2011), from those that include pricing in the problem (e.g., Di-
akova and Kochetov, 2012; Alizadeh et al., 2013; Lüer-Villagra and Marianov, 2013;
Dan et al., 2020). Only a few of the latter (e.g., Dan et al., 2020) consider followers
showing preferences towards price levels in addition to the characteristics of the facil-
ities. A number of existing studies include objectives of cost minimization (see, e.g.,
Casas-Ramirez et al., 2018; Gutjahr and Dzubur, 2016), revenue maximization (see,
e.g., Alizadeh et al., 2013; Brotcorne et al., 2000) or captured-demand maximization
(see, e.g., Mai and Lodi, 2020; Ljubić and Moreno, 2018). Numerous works consider
a profit-maximizing objective (e.g., Suárez-Vega et al., 2004; Küçükaydin et al., 2011;
Saidani et al., 2012; Lüer-Villagra and Marianov, 2013; Panin et al., 2014; Kress and
Pesch, 2016; Dan et al., 2020). However, to the best of our knowledge, the literature
on bilevel pricing and facility location with a profit-maximizing leader is limited (e.g.,
Lüer-Villagra and Marianov, 2013; Panin et al., 2014; Kress and Pesch, 2016; Dan
et al., 2020), and scarce if random-utility-maximizing followers are also considered
(Lüer-Villagra and Marianov, 2013; Kress and Pesch, 2016).

We address a facility location and pricing problem where the objective is to
maximize profit. Unlike existing work, the cost in the leader’s problem depends
on follower reactions that are imperfectly known. In other words, the endogenous
uncertainty surrounding costs and depending on leader decisions constitutes a key
challenge. In existing work (e.g., Lüer-Villagra and Marianov, 2013; Panin et al.,
2014; Kress and Pesch, 2016; Dan et al., 2020), the cost is easy to incorporate, whereas
in our problem, the relationship between price levels and costs is more complex. The
former is associated with service levels and shippers, and the latter are associated
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with the location of shippers’ customers that, in turn, only impact such costs if they
are included in the agreements. Our problem also differs because customers do not
choose a facility. Instead, they are captive of the shippers’ and LP’s decisions, and
their preferences, even when they are taken explicitly into account, are not related to
facilities. Heuristics are commonly used to solve bilevel facility location and pricing
problems with customer preferences (Lin and Tian, 2022). However, because of the
distinguishing features of our problem, existing heuristics used in related work do not
directly apply. For example, the genetic algorithm of Lüer-Villagra and Marianov
(2013) and the greedy heuristic of Kress and Pesch (2016).

Our strategic decision-making problem presents similarities with transportation
service procurement problems arising at the tactical level. This literature examines a
number of mechanisms defining short- or long-term agreements between shippers and
carriers (in our case LPs). Noteworthy are combinatorial auctions for transportation
procurement (e.g., Lafkihi et al., 2019). Typically the focus lies on single-level formu-
lations and first-price auctions assumptions (e.g., Lyu et al., 2021; Hammami et al.,
2022). However, there are also bilevel formulations where the leader is a carrier and
shippers are the followers (e.g., Yan et al., 2018). We are not aware of any work that
considers facility location decisions. Our work is complementary to the literature on
procurement as we focus on strategic facility location decisions and only take pricing
into account at a high level. Table 2.1 summarizes the key aspects of our work and
compares it with the related works.
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2.3. Problem Description
This section provides a detailed description of the problem and introduces the

relevant notation. Tables A.1 and A.2 in Appendix A.1 summarize the latter. We
start by describing the actors – LP, shippers and customers – and related concepts.
We then outline the decision-making problem of the LP and its link to shippers and
customers.

We consider an LP that offers logistics operations services to its clients, a set
of shippers N . In turn, each shipper n ∈ N needs to satisfy the demand dj of
its customers j ∈ J

′
n⊆ J , where J denotes the set of all customers, regardless the

shipper. Note that we distinguish the LP’s clients (i.e., the shippers) from the
customers of the shippers. The customers with the same profile and preferences are
grouped into categories k ∈ Kn according to known characteristics. We denote by
Jk⊆ J the set of customers who belong to the same category k ∈ Kn. They can be
end-consumers or businesses depending on the type of business the LP deals with –
business-to-consumer (B2C) or business-to-business (B2B). Note that in this case,
J ‘

n ∩ Jk identifies the subset of customers of shipper n and customers in category k;
therefore, if k /∈ Kn, J

′
n ∩ Jk = ∅.

The LP seeks to make strategic facility location decisions that will lead to prof-
itable operations in the future. The profitability depends, on the one hand, on
revenue-generating agreements with shippers that fix price and service levels and, on
the other hand, on the cost of serving the shippers’ customers. The strategic facility
location decisions take place before procurement processes that fix the agreements
and, consequently, before the operational planning of service to customers. The LP,
therefore, has to take into account the agreements and their links to the cost of
serving customers at a high level and under imperfect information. In this context,
we adopt a highly abstract perspective on the complex organization of this industry.
Whereas we recognize that shippers are profit-maximizing actors that procure ser-
vices from the LP and then sell them to their customers, we do not explicitly model
their respective profit maximization problem. Instead, we model shipper preferences
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under the assumption that their sensitivity to price is implicitly dominated by their
customers’ preferences.

Agreements with shippers fix service levels and related prices. Specifically, the
LP defines a subset Mnk ⊂M of offered service levels for each shipper and customer
category (denoted by binary variables zm

nk) as well as the associated prices tmn , for
each n ∈ N and m ∈ Mnk. Note that the prices tmn are not indexed by k as the LP
does not control the pricing shippers define to their customers. The cost of allocating
customer demand dj, j ∈ J, to facility i ∈ I at a variable cost cm

ij depends on the
service level m ∈ M as well as on the geographical location of the demand and the
facility. Associated with each facility is a fixed opening cost fi and capacity ui. We
denote by ri the binary decision variables related opened facilities, and by wm

ij the
decision variables related to the assignment of customers to facilities, which can be
strict (binary) or not (in [0,1]) depending on the problem setting. Note that the
service levels may lead to different capacity usage of the facilities. For example, a
higher service level may require more resources.

Each shipper decides to accept or reject the price and service level alternatives
offered by the LP. If the shipper accepts, then the demands from the corresponding
customers are included in the agreement. Shippers can also opt to drop some of
their customers from the agreement if, given the LP’s offer, they prefer insourcing
their own logistics operations or outsourcing them to other LPs. This option is
henceforth referred to as opt-out. Consequently, having chosen a given shipper, the
customers are captive to the shipper’s decisions and face the service levels fixed in
the agreement. Customers’ preferences determine their choice of shipper and choice
of service levels. Shippers, therefore, need to take their customers’ preferences into
account when concluding agreements with LPs. The decisions made by the shippers,
of accepting or rejecting offers made by the LP, denoted by binary variables xm

nk,
hence depend on the shippers as well as on their customers’ preferences. At this
strategic decision level, the LP has imperfect information about such preferences but
can have knowledge about certain customer attributes. Moreover, the LP makes
facility location decisions before the shipper and customer preferences are revealed.
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In summary, we consider a strategic decision-making problem faced by an LP
seeking to open facilities that lead to profitable operations. When making such
decisions, it takes into account the expected revenue generated by agreements, an-
ticipating the reactions of the shippers, and the costs arising when satisfying those
agreements (i.e., serving the shippers’ customers). Given this hierarchical decision-
making problem and conflicting objectives between the profit-maximizing LP and the
shippers’ cost-minimizing customers, the problem naturally lends itself to a bilevel
formulation that we delineate in Section 2.4.

2.4. Mathematical Programming Formulation
This section expounds the mathematical formulation of our problem. Its underly-

ing assumptions and a compact form of the formulation are outlined in Section 2.4.1.
The latter clearly shows the stochastic bilevel structure of our problem. Section 2.4.2
presents the detailed constraints and a simulation-based version of the formulation.

2.4.1. Preliminaries

We introduce the assumptions and the compact formulation on which we build our
subsequent developments. In our strategic setting, we consider the pricing problem
at a high level and therefore assume the existence of a finite set of prices and service
levels based on which the LP defines its offers to the shippers and their customers.

Assumption 1. The LP decides among a finite set of discrete price levels {qp:
p ∈ P}, where q1 < q2 < · · · < q|P |.

Assumption 2. For each shipper n ∈ N , and each service level m ∈Mn, there is a
subset of possible price levels {qmp

n : p ∈ Pm
n ⊆ P}.

Based on this assumption, the price tmn charged for service level m to shipper n
can only take discrete values. We introduce the binary decision variables ymp

n taking
value 1 if price qmp

n is selected, and 0 otherwise. Hence, we have
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tmn =
∑

p∈P m
n

qmp
n ymp

n . (2.1)

Assumption 3. Each service level m has a capacity usage proportional to a scale
factor γm ≥ 1.

Assumption 4. A minimum demand level lmp
n is required from shipper n to have

access to service level m at price level qmp
n .

Assumption 5. Alternatives from competitors are grouped into one unique alterna-
tive service level, called opt-out, denoted by 0.

Assumption 6. P 0
n = ∅, that is, there is no price available for opt-out alternative

m = 0.

Based on Assumption 6, customers in category k of a given shipper n can choose
an alternative from the set m ∈Mnk ∪ {0}, which is simply denoted as M0

nk.
We now introduce assumptions related to modeling shipper and customer pref-

erences with RUM models. We first focus on the deterministic (observable) part of
the utilities in Assumptions 7 and 8.

Assumption 7. The preference of each shipper n for a service level m is modeled
with a utility Um

n that is additive in customer-specific utilities, Um
nk, k ∈ Kn. That

is, Um
n =

∑
k∈Kn

Um
nk.

Consequently, maximizing customer-specific utilities leads to maximizing the cor-
responding shipper’s utility. Moreover, the price that the shipper accepts for the
corresponding service level m affects the utility of each customer category, as stated
in the following assumption.

Assumption 8. The deterministic utility for a given price level is Um
nk = αtmn +Lm

nk

where α is a parameter capturing price sensitivity, and Lm
nk is an exogenous variable

capturing customers’ preferences for the service level.
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Using (2.1), we write utilities Um
nk as

Um
nk(y) = α

( ∑
p∈P m

n

qmp
n ymp

n

)
+ Lm

nk. (2.2)

Moreover, based on Assumption 6, the utility of the opt-out alternative is U0
nk = L0

nk

since
∑

p∈P 0
n
q0p

n y
0p
n = 0.

To simplify the mathematical expressions, we henceforth use a shorthand notation
to designate vectors made up of individually indexed variables. Thus, y stands for
the vector made up of ymp

n ,∀n,m, p. Similarly, ε, z,x, r,w respectively stand for
εm

nk, z
m
nk, x

m
nk,∀m,n,k; ri,∀i ∈ I; wm

ij ,∀i, j,m.
Given our strategic setting and the inherited uncertainty surrounding the demand

distribution, we assume that utilities are not perfectly known. Adopting the additive
RUM hypothesis, we assume that utilities include additive noise.

Assumption 9. Um
nk(y; εm

nk) = α

(∑
p∈P m

n
qmp

n ymp
n

)
+Lm

nk + εm
nk, where εm

nk is a con-

tinuous random variable with support Ξ.

Note in Assumption 9 we distinguish in the notation, the deterministic (decision
vector y) from the stochastic (εm

nk) inputs, by separating them with a semicolon.
Finally, we make an assumption about the assignment of customers to facilities
reflecting the practice that multiple facilities can service a given customer.

Assumption 10. The assignment of customers to facilities is not strict, that is,
0 ≤ wm

ij ≤ 1.

Our problem can naturally be formalized as a bilevel program where the LP and
the shippers respectively play the roles of the leader and the followers. To clearly
show the structure of our problem, we introduce a compact form

max Eε[G(y,z,r,x,w) : (y,z,r,w) ∈ H(x); x ∈ F (y,z; ε)]. (2.3)

Although we have not provided details about the RUM model yet, stochasticity is
implicit. The LP’s objective function G(·) depends on decision variables y,z,r,x,w,
and constraints H(x) depend on the followers’ (i.e., shippers’) decision variables x.
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In turn, optimal decisions of shippers x ∈ F (y,z; ε) depend on the LP’s decision
variables y and z as well as on random variables ε. Two remarks are in order. First,
two vectors of the leader’s decision variables – r and w – do not impact the followers’
problem. Second, the objective function G(·) as well as the set H(x) are implicitly
affected by the random variables ε through shippers’ decisions x. This is one of the
challenging aspects that we focus on in subsequent sections.

The set of optimal solutions of the shippers is

F (y,z; ε) = arg max
x

∑
n∈N

∑
k∈Kn

∑
m∈M0

nk

Um
nk(y,εm

nk)xm
nk : x ∈ R(z)

 . (2.4)

We note that in our context the solution is unique, as we discuss when introducing
Proposition 1 in Section 2.5.1. The feasible set of shippers’ solutions for given LP’s
decisions is

R(z) =
{ ∑

m∈M0
nk

xm
nk = 1,∀n ∈ N, k ∈ Kn ; xm

nk ≤ zm
nk,∀n ∈ N, k ∈ Kn,m ∈Mnk

}
.

(2.5)
The first set of constraints imposes that the shipper can choose exactly one of the
service levels proposed by the LP, or the opt-out alternative. The second set of con-
straints requires that the shipper can choose the service level only if it was offered to
the shipper and the customer category. The random variables ε affect the objective
function of the shippers but not the set R(z). The shipper’s objective is to maximize
utility Um

nk(y; ε), and, assuming a negative perception of price (α < 0), this objective
is conflicting with the profit-maximizing objective of the LP. The demand allocation
decisions w do not affect the set of optimal decisions F (y,z; ε) as they do not impact
the service perceived by the shippers. Notice that the shipper’s problem can be de-
composed: The set F (y,z; ε) can be partitioned as F (y,z; ε) =

⋃
n∈N,k∈Kn

Fnk(y,z; ε)
where Fnk(y,z; ε) represents the set of optimal solutions for each shipper n and cus-
tomer category k.
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2.4.2. Simulation-based Formulation

This section presents a formulation based on the compact form (2.3) where the
constraints and the RUM model are described in detail.

Choice probabilities arising from RUM models are non-linear in the decision
variables. This is one of the challenges associated with their use in mathematical
programming formulations. Essentially, this has been dealt with in two different
ways in the literature: either through linearization of the well-known logit model
(e.g. Haase and Müller, 2014), or by using simulated linear utilities as opposed to
probabilities, and relying on sample average approximation (SAA) (Pacheco Paneque
et al., 2021). We adopt the latter approach as it allows to use any RUM model as
long as it is possible to simulate utilities. Accordingly, in this section we introduce
the SAA corresponding to (2.3). Since the shippers’ preferences are revealed only
after the LP’s strategic decisions, we use a two-stage stochastic bilevel structure. Our
first-stage decision variables are the prices ymp

n , the service level assignments zm
nk, and

the facility location decisions ri. The LP can only allocate demand to facilities once
shippers accept to include those customers in the agreements. Therefore, the second-
stage decision variables are shippers’ binary decisions to accept or reject service level
offers, xm

nk, and the LP’s demand allocation decisions, wm
ij .

Our first-stage problem is

max
r,z,y
−
∑
i∈I

firi +Q(r,z,y) (2.6a)

s.t.
∑

p∈P m
n

ymp
n ≤ 1, n ∈ N,m ∈Mn, (2.6b)

∑
m∈Mn

∑
p∈P m

n

ymp
n ≤ |Kn|, n ∈ N, (2.6c)

∑
m∈Mnk

zm
nk ≤ 1, n ∈ N, k ∈ Kn, (2.6d)

zm
nk ≤

∑
p∈P m

n

ymp
n , n ∈ N, k ∈ Kn,m ∈Mn, (2.6e)
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ri ∈ {0,1}, i ∈ I, (2.6f)

ymp
n ∈ {0,1}, n ∈ N,m ∈Mn, p ∈ Pm

n , (2.6g)

zm
nk ∈ {0,1}, n ∈ N, k ∈ Kn,m ∈Mn. (2.6h)

The objective function (2.6a) is the expected profit. Its first term captures the fixed
cost of opening facilities and the second term is equal to the expected value of the
second-stage problem Q(r,z,y) = Eε [ϕ(r,z,y; ε)]. Constraints (2.6b) impose that the
LP can choose at most one price for each shipper and service level. Constraints (2.6c)
ensure that the maximum number of price and service level combinations assigned to
a shipper does not exceed the number of its customer categories. Constraints (2.6d)
impose that the LP can choose at most one service level for each shipper and customer
category. Constraints (2.6e) ensure that a customer category can be assigned to a
service level only if the service level has been associated to a price level.

Next, we turn our attention to the second-stage problem which is a bilevel pro-
gram. Using the approach proposed in Pacheco Paneque et al. (2021), we estimate
Q(r,z,y) with an SAA,

Q̄(r,z,y) = 1
|S|
∑
s∈S

ϕs(r,z,y; εs), (2.7)

where εs is a realization of ε for scenario s ∈ S (S is the set of scenarios drawn
independently at random). For a given s, the second-stage, upper-level problem is

ϕs(r,z,y; εs) = max
w

∑
n∈N

∑
k∈Kn

∑
m∈Mk

∑
p∈P m

n

dkq
mp
n xm

nksy
mp
n −

∑
i∈I

∑
j∈J

∑
m∈Mj

cm
ijdjw

m
ijs (2.8a)

s.t.
∑
j∈J

∑
m∈Mj

wm
ijsγ

mdj ≤ uiri, i ∈ I, (2.8b)

∑
m∈Mj

wm
ijs ≤ ri, i ∈ I, j ∈ Ji, (2.8c)

∑
i∈I

wm
ijs = xm

nks, n ∈ N, k ∈ Kn, j ∈ Jk,m ∈Mj, (2.8d)
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∑
p∈P m

n

lmp
n ymp

n ≤
∑

k∈Kn

dkx
m
nks, n ∈ N,m ∈Mn, (2.8e)

xm
nks ∈ Fnks(y, z; εs), n ∈ N, k ∈ Kn,m ∈Mn, (2.8f)

0 ≤ wm
ijs ≤ 1, i ∈ I, j ∈ J,m ∈Mj. (2.8g)

The first term in the objective function in (2.8a) corresponds to the revenue gener-
ated in this scenario, and the second term to the variable costs. Note that the latter
depends on the assignment of specific customers to facilities. Constraints (2.8b) en-
sure that the demands assigned to facilities do not exceed the respective capacities.
Constraints (2.8c) impose that customers are assigned to open facilities only. Con-
straints (2.8d) require that only the demand of customers included in the agreements
is allocated to any facility. Constraints (2.8e) ensure that the required minimum de-
mand level for price p and service level m is respected.

In Constraints (2.8f), the set of optimal solutions for the followers’ (lower-level)
problem corresponding to a shipper and customer category is

Fnks(y,z; εs) = arg max
x

 ∑
m∈M0

nk

Um
nks(y; εm

nks)xm
nks :

∑
m∈M0

nk

xm
nks = 1;xm

nks ≤ zm
nk;xm

nks ∈ {0,1}

 ,
(2.9)

and it depends on the leader’s decisions y and z. Note that the simulated utility
Um

nks(y; εm
nks) = α

(∑
p∈P m

n
qmp

n ymp
n

)
+Lm

nk+εm
nks is linear in decision variables whereas

the objective function is bilinear. Moreover, when α < 0, the utility decreases as
price increases, in contrast to (2.8a), which increases with price.

This two-stage stochastic bilevel formulation cannot be solved with a general-
purpose MILP solver. In the following section, we describe the solution approaches
used in this work.

2.5. Solution Approaches
This section describes exact and heuristic solution approaches for the SAA bilevel

model introduced in Section 2.4. First, in Section 2.5.1, we show that we can com-
pute optimal solutions to the follower’s problem (2.9) by solving a continuous uncon-
strained relaxation. The overall problem can then be solved by a standard Benders
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decomposition method. Then, in Section 2.5.2, we introduce our heuristic that is
based on a preprocessing phase and solving a reduced single-level MILP formulation.

2.5.1. Continuous Relaxation of the Follower’s Problem

The following proposition establishes the foundation for a single-level MILP
model.

Proposition 1. Optimal solutions to the follower’s problem (2.9) can be computed
by solving, for a given m′ ∈Mnk, a continuous relaxation

arg max
[(
Um′

nks(y; εm′

nks)− U0
nks(ε0

nks)
)
xm′

nks : xm′

nks ∈ [0,1]
]
. (2.10)

Proof. By replacing x0
nks = 1−

∑
m∈Mnk

xm
nks in (2.9) and rearranging the correspond-

ing terms xm
nks,m ∈Mnk, we obtain

arg max
[ ∑

m∈Mnk

(
Um

nks(y; εm
nks)− U0

nks(ε0
nks)
)
xm

nks : xm
nks ≤ zm

nk;xm
nks ∈ {0,1},m ∈Mnk

]
.

(2.11)
Recall that (2.11) is solved for fixed zm

nk and ymp
n . Due to Constraints (2.6d), either

zm
nk = 0,∀m ∈ Mnk and as a consequence xm

nks = 0, or we solve the problem for a
given m′ where zm′

nk = 1. That is,

arg max
[(
Um′

nks(y; εm
nks)− U0

nks(ε0
nks)
)
xm′

nks : xm′

nks ≤ 1;xm′

nks ∈ {0,1}
]
. (2.12)

If we relax the binary restriction in (2.12), that is 0 ≤ xm′

nks ≤ 1, three cases can
be distinguished in regard to the objective function in (2.9). First, Um′

nks(y; εm′

nks) −
U0

nks(ε0
nks) > 0, in which case xm′

nks = 1 is optimal. Second, Um′

nks(y; εm′

nks)−U0
nks(ε0

nks) <
0, in which case xm′

nks = 0 is optimal. Third, Um′

nks(y; εm′

nks)−U0
nks(ε0

nks) = 0. However,
the probability that this occurs is zero as the samples are drawn from continuous
distributions. Hence, solving (2.10) yields the optimal solution to (2.9). □

Proposition 1 shows that the follower’s problem is a linear program. Using
the strong duality theorem and standard linearization techniques, we reformulate
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(2.8) as a single-level MILP model. The corresponding reformulation is shown in
Appendix A.2. We provide a few related notes. First, since the probability that
Um′

nks(y; εm′

nks) − U0
nks(ε0

nks) = 0 is zero, the solution to the follower problem (2.9) is
unique for a given y, z and ε. Second, for fixed y, z and r, the resulting single-level
reformulation of the second-stage problem (2.8) is also a linear program. Third, the
reformulation involves so-called big-M constants. Note that bilevel-correct big-M con-
stants can be obtained efficiently, as stated in Buchheim (2023). However, computing
the smallest one is still challenging in the general case when the single-level reformu-
lation is obtained using the Karush–Kuhn–Tucker conditions (e.g., Kleinert et al.,
2020). We obtain the single-level reformulation using strong duality. Nevertheless,
big-M constants arise when we linearize bilinear terms. We provide problem-specific
bounds for these constants that are valid for any leader decision (see Proposition 6 in
Appendix A.2). Hence, a standard Benders decomposition method can be applied,
with master problem defined by (2.6a) - (2.6h) and |S| subproblems to compute
ϕs(r,z,y; εs).

2.5.2. Single-level Reduced Formulation and Heuristic

In this section, we introduce a heuristic solution approach. The main idea is to
solve a formulation that has a reduced size because we only consider scenarios having
a non-zero effect on the objective function. We, therefore, start with a result that
allows us to identify first-stage solutions leading to second-stage decision variables
of zero value. We refer to them as trivial solutions.

Proposition 2. For a given s ∈ S, and for given n,k,m and p with zm
nk = 1 and

ymp
n = 1 leading to Um

nks(ymp
n ; εm

nks) < U0
nks(ε0

nks), we have(
Um

nks(ymp
n ; εm

nks)− U0
nks(ε0

nks)
)
xm

nks = 0,

dkq
mp
n xm

nksy
mp
n −

∑
i∈I

∑
j∈J ′

n∩Jk

cm
ijdjw

m
ijs = 0.

32



Proof. If Um
nks(ymp

n ; εm
nks) < U0

nks(ε0
nks) then, as explained in the proof of Proposition 1,

xm
nks = 0. Therefore, due to Constraints (2.8d), wm

ijs = 0,∀j ∈ J ′
n ∩ Jk, i ∈ I. □

We partition the set of scenarios S, distinguishing those that lead to trivial so-
lutions from those that do not. Specifically, for each n, k, m and p, Smp

nk = {s ∈
S : Um

nks(ymp
n ; εm

nks) − U0
nks(ε0

nks) > 0}, and (Smp
nk )c = {s ∈ S : Um

nks(ymp
n ; εm

nks) −
U0

nks(ε0
nks) ≤ 0}. For each zm

nk and ymp
n assignment, shipper n accepts the offer for

customers in category k, xm
nks = 1, in a share |Smp

nk |/|S| of the scenarios.
This share |Smp

nk |/|S| is the SAA of the probability

ρmp
nk = P

(
Um

nk(ymp
n = 1; εm

nk) > U0
nk(ε0

nk)|zm
nk = 1

)
= P

(
αqmp

n +Lm
nk+εm

nk > L0
nk+ε0

nk

)
,

(2.13)
and we have

lim
|S|→∞

|Smp
nk |
|S|

→ ρmp
nk . (2.14)

Probabilities ρmp
nk play a central role in our heuristic approach that is based on

precomputing these probabilities and then solving a reduced formulation that does
not explicitly depend on the scenarios. In the following, we describe how we derive
the reduced formulation, and then we discuss how we compute the probabilities ρmp

nk .
To introduce ρmp

nk , we rewrite the objective function (2.8a) of the leader in the
second-stage problem:

max
∑
n∈N

∑
k∈Kn

∑
m∈Mk

∑
p∈P m

n

dkq
mp
n xm

nksy
mp
n −
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∑
k∈Kn

∑
i∈I

∑
j∈J ′

n∩Jk

∑
m∈Mj

cm
ijdjw

m
ijs

∑
p∈P m

n

ymp
n .

(2.15)
In brief, the problem then consists in finding the combinations of prices and service
levels with ρmp

nk > 0 that provide the maximum profit to the LP. Rewriting the
objective in this way is straightforward for the revenue terms, whereas the cost terms
require introducing variables ymp

n (see Proposition 7 in Appendix A.4).
When a service level and price alternative (m,p) assigned to a shipper n leads to

a negative profit, the optimal solution for the leader is zm
nk = 0 and ymp

n = 0, and
hence, xm

nks = 0, and wm
ijs = 0. This implies that the impact on the objective function

is zero for all of the corresponding scenarios. On the contrary, when zm
nk = 1, and
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ymp
n = 1, for (m,p), it maximizes the utility of shipper n and customers in category
k for a fraction |Smp

nk |/|S| of the scenarios. Therefore, for each n, k,m and p, the
corresponding scenarios s ∈ (Smp

nk )c in the objective function can be discarded, as
they do not provide an optimal solution for the followers (the shippers) nor a profit
to the LP. In addition, because we are only considering the scenarios in which the
alternatives proposed by the leader maximize the utility of the followers, the decision
variables xm

nks can be replaced by the corresponding zm
nk as shown in the following

proposition.

Proposition 3. For a given assignment zm
nk and ymp

n , xm
nks = zm

nk for all s ∈ Smp
nk .

Proof. Recall xm
nks ≤ zm

nk as seen in (2.9). If zm
nk = 0, then xm

nks = 0, for all s ∈ Smp
nk .

If zm
nk = 1, then xm

nks = 1 for all s ∈ Smp
nk , as Ump

nks > U0
nks for s ∈ Smp

nk , otherwise
the solution would not be optimal for the follower and would therefore violate (2.8f).
Hence, xm

nks = zm
nk for s ∈ Smp

nk . □

This leads us to the following reduced single-level formulation that is an approx-
imation of (2.7):

max
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n (2.16a)

s.t.
∑
j∈J

∑
m∈Mj

wm
ij γ

mdj ≤ uiri, i ∈ I, (2.16b)

∑
m∈Mj

wm
ij ≤ ri, i ∈ I, j ∈ Ji, (2.16c)

∑
i∈I

wm
ij = zm

nk, n ∈ N, k ∈ Kn, j ∈ Jk,m ∈Mj , (2.16d)

∑
k∈Kn

dkz
m
nk ≥

∑
p∈P m

n

lmp
n ymp

n , n ∈ N,m ∈Mn, (2.16e)

0 ≤ wm
ij ≤ 1, i ∈ I, j ∈ J,m ∈Mj . (2.16f)
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Note that there are bilinear terms in (2.16a) the objective. We linearize them by
introducing a new set of variables πmp

nk :≡ ymp
n zm

nk, νm
nk :≡ wm

ij y
mp
n :

πmp
nk ≤ zm

nk, n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm
n , (2.17a)

πmp
nk ≤ ymp

n , n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm
n , (2.17b)

πmp
nk ≥ zm

nk + ymp
n − 1, n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm

n , (2.17c)

πmp
nk ≥ 0, n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm

n , (2.17d)

νmp
ij ≤ wm

ij , n ∈ N, j ∈ J ′

n, i ∈ I,m ∈Mj, (2.17e)

νmp
ij ≤ ymp

n , n ∈ N, j ∈ J ′

n, i ∈ I,m ∈Mj, (2.17f)

νmp
ij ≥ wm

ij + ymp
n − 1, n ∈ N, j ∈ J ′

n, i ∈ I,m ∈Mj, (2.17g)

νmp
ij ≥ 0, n ∈ N, j ∈ J ′

n, i ∈ I,m ∈Mj. (2.17h)

Finally, we obtain the reduced single-level formulation, an approximation of (2.6),

max −
∑
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firi +
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∑
m∈Mk
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p∈P m

n
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−
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n

|Smp
nk |
|S|

cm
ijdjν

mp
ij

s.t. (2.6b)− (2.6h), (2.16b)− (2.16f),(2.17a)− (2.17h),

that we solve as part of our heuristic. Note that, constraints (2.6b) - (2.6h) remain
unchanged as they correspond to the first-stage problem and, therefore, are not
affected by the scenarios.

Before solving the formulation, we compute ρmp
nk (using (2.13) and (2.14)) in

a preprocessing phase. More precisely, they can be computed by simulation (see
Algorithm 1 where the function RandomUtilityGenerator is tailored to the specific
RUM), or through a closed-form, if it exists.

To verify the accuracy of our proposed heuristic, we apply in Section 2.7 a stan-
dard Benders decomposition method to solve the original formulation introduced
in Section 2.5.1. There, we consider two variants of the heuristic: analytical or
scenario-based, depending on how we compute ρmp

nk in the preprocessing phase.
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Algorithm 1 Computing ρmp
nk by simulation

Require: qmp
n , Lm

nk, L
0
nk, S

sum← 0
for all s ∈ S do

Ump
nks ← RandomUtilityGenerator(qmp

n ,Lm
nk)

U0
nks ← RandomUtilityGenerator(L0

nk)
if
(
Ump

nks > U0
nks

)
then

sum← sum + 1
end if

end for
ρmp

nk ← sum/|S|

2.6. Illustrative Example
This section introduces a small example to illustrate the impact of the RUM. To

this aim, we consider three cases: The first case features a particular distribution
over offered alternatives and the opt-out. The second case is a perfect information
version in which the opt-out is not selected. The third case is a maximum uncertainty
version where it is equally likely that the shippers select the opt-out as one of the
offered alternatives. Before summarizing the findings for each of these cases, we
describe the core settings of the example.

There are two shippers, N = {0,1}, each having a set of two customers: J ′
0 =

{0,1} and J ′
1 = {2,3}. The demand levels for each customer of Shipper 0 are 50 and

100, whereas they are 20 for both customers of Shipper 1. Hence, the total demand
from Shipper 0 is 150, and it is 40 for Shipper 1. The LP has the option to open two
facilities, I = {A,B}, with a capacity of 150 and 50, respectively. The fixed cost of
opening facility A is 250, and that of facility B is 140. We depict the structure of the
facility location part of the problem in Figure 2.1(a). We show the values (ui,fi, γm)
below each facility node i. Note that we illustrate the two facilities – A and B –
twice to show that the assignment costs cm

ij are affected by the service levels. We use
sub-indexes when denoting the facilities to identify the corresponding service level.
We also report the demand of each customer above the corresponding node.
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The LP offers the same two service levels to both shippers, M = {0,1}, with
capacity usage rate of γ1 = 1 and γ2 = 1.15. Furthermore, they are both offered
with the same price levels, P 0 = {6.0, 6.5} and P 1 = {6.3, 7.0}, for services 0 and 1,
respectively. However, the lower prices are only available if a minimum demand level
is satisfied: 40 and 50 units for levels 0 and 1, respectively (i.e., l0,6.0

0 = l0,6.0
1 = 40

and l1,6.3
0 = l1,6.3

1 = 50). Since the total demand for Shipper 1 is 40, it cannot access
the cheaper price for service level 1.

In the first case, the probabilities, shown next to the arcs in Figure 2.1(b), are
fixed such that they are higher for lower prices than for higher prices. Moreover, it
is more likely that the opt-out will be selected when prices are higher. Note that the
sum of the probabilities of selecting an alternative, and the opt-out (not shown in
the figure) equals one.

(a) Network structure (b) Probabilities according to the RUM

Fig. 2.1. Overview of the illustrative example setup

In this setting, the optimal solution with an expected profit of 125 consists in
opening Facility A and serve all demand from Shipper 0 at Service level 0 and at
price 6.0. Indeed, Shipper 0 then meets the minimum demand level. It is not optimal
to serve Shipper 1. In this case Facility B would be required and it is not profitable
as the expected revenue is less than the fixed cost of opening that facility. Note that
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only Service level 0 can be assigned to customers of Shipper 0. In case Service level 1
would be chosen, the demand would exceed the capacity of Facility A (1.5·150 > 150).

Turning to the second case, we assume perfect information and that the opt-out is
not selected. This yields an upper bound on the expected profit. In this example it is
324, almost 3 times larger than the one discussed previously. In contrast, asssuming
as a third case a uniform distribution (ρmp

nk = 0.5;∀n,k,m,p) results in zero expected
profit. Under such high uncertainty, it is not worth opening any of the facilities.

This small example illustrates that assumptions on shipper and customer pref-
erences can have an important impact on expected profit and should, therefore, be
taken into account when making strategic facility location decisions. In the follow-
ing section, we report computational results and analyze a variety of instances and
parameter settings.

2.7. Computational Results
This section reports on an extensive computational study. First, Section 2.7.1

describes the experimental setup in detail. Then, results are divided into two parts:
Section 2.7.2 compares the solution quality obtained with the heuristic to optimal
solutions computed with the Benders decomposition method. Section 2.7.3 assesses
the impact of key parameters on the solution quality and computing times of the
heuristic.

2.7.1. Experimental Setup

Since we introduce a new problem, we do not have access to existing benchmark
instances and, as explained in Section 2.2, we are unaware of existing solution ap-
proaches that we could use as baselines. However, we can use the capacitated facility
location problem (CFLP) structure of our problem to generate instances that are
close to those in the literature. We use two existing sets of benchmark instances for
this purpose. First, we generate test instances with the generator proposed by Klose
(2018) and utilized in Klose and Görtz (2007) and Görtz and Klose (2011). Second,
we use the set of CFLP instances found in the OR-Library of Beasley (1990).
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We proceed to delineate the main characteristics of our experimental setup. Since
the setup varies depending on the objective of the experiments, sections are divided
accordingly. Hence, sections and their focus are as follows: (i) Section 2.7.2: so-
lution quality compared to exact baseline, (ii) Section 2.7.3.1: impact of demand
model parameters, (iii) Section 2.7.3.2: impact of CFLP parameters, and (iv) Sec-
tion 2.7.3.3: impact of problem size (for the sake of readability, we omit some details
about Section 2.7.3.3).

Logistics provider. In Section 2.7.2, we fix the numbers of facility locations |I| = 2,
service levels |M | = 2 and price levels |P | = 5. We use P = {10, 12.5, 15, 17.5, 20}.
Note that we intentionally keep the size of the instances small so that they can
be solved to optimality even with a large number of scenarios. In Sections 2.7.3.1
and 2.7.3.2, we use |I| = 4, service levels |M | = 3 and price levels |P | = 5. We use
15 and 23 as lower and upper bounds for price levels, and equal price steps are given
by 23−15

|P |−1 . For |P | = 5, we therefore set P = {15,17,19,21,23}. In Section 2.7.3.3, we
vary |I| and |P | and we use |P | ∈ {3,4,5, 10, 15}, depending on the class of instances
tested. For two of the classes of instances we test in that section, we generate the
set of price levels as before.

For the sake of simplicity, we assume that the service levels do not impact capacity
utilization (i.e., γm = γ = 1, ∀m ∈ M) in any of the results. We fix the relative
costs of assigning customers to facilities for the three different service levels to be
c1

ij = cij, c2
ij = 1.05cij and c3

ij = 1.1cij. Note that cij, along with facility capacities
ui, fixed opening costs fi, and customer demands dj are fixed by the CFLP instance
generator, as we detail next.

CFLP generator. We use the instance generator of Klose (2018) with a random
seed equal to 963490972. The values of cij, ui, fi and dj are generated such that they
satisfy a ratio R =

∑
i∈I ui∑
j∈J dj

relating the capacity of the facilities and the total demand
of the customers. In Section 2.7.2, we fix this ratio to 1. In Section 2.7.3.1, we use 2 as
the ratio, whereas we allow it to vary in Section 2.7.3.2. Finally, in Section 2.7.3.3,
we use R = {5,10} to derive easy and hard instances. In this section, we also
use instances in OR-Library (Beasley, 1990) of the capacitated warehouse location
problem. Thus, we adapted the following instances to our problem: Problems IV,
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VI, VIII, IX, X, XI, XII, XII, and problem set A from the capacitated warehouse
location problem test data sets (used in Beasley, 1988). We refer to them as ORLib
instances. Note that instances in this class do not require a ratio R.

Shippers and customers. In Section 2.7.2, we fix the numbers of shippers |N | = 1,
customers |J | ∈ {15,30,45} and customer categories |K| = 3. In Sections 2.7.3.1
and 2.7.3.2, we use |N | = 2, |J | = 48 and |K| = 3. In Section 2.7.3.3, we use larger
J sets and |K| ∈ {1,3}, depending on the class of instance used.

RUM model. In all experiments, we consider a logit model, i.e., ε are independently
and identically distributed Extreme Value type I distribution with scale parameter
β. For the sake of simplicity, we assume that all shipper and customer categories
share a common utility specification

Ump
nk = Ump = αm

n q
mp + Lm

nk + ε = αqmp + 4.5 + ε. (2.18)

In Section 2.7.2, the utility of the opt-out alternative U0 takes one of the values
in {0,4.5}. We set these values to analyze two cases, one where the service levels
proposed by the LP are much better than the opt-out, and another where both are
perceived identically by the shippers. In all subsections of Section 2.7.3, U0 = 3 so
that the deterministic part of the utility for the opt-out and that of price q0 = 15
are equal. The value of parameter α represents the customers’ price sensitivity. We
fix α = −0.15 in Section 2.7.2. In Section 2.7.3.2, we set α = −0.10, whereas
in Section 2.7.3.3 we use two values, α = −0.10 and α = −0.15, to define easy
and difficult instances respectively. In Section 2.7.3.1, we vary the value of α (see
Appendix A.3 for details). Regarding the parameter β, in Sections 2.7.2 and 2.7.3.3,
we use 11 different values for β, as detailed in Appendix A.3. In Section 2.7.3.2,
we fix β = 1, whereas in Section 2.7.3.3 we use β ∈ {0.5, 1}, to distinguish easy
instances from difficult ones.

We compute the probabilities ρmp
nk in a preprocessing phase based on the utility

model previously introduced. Given that we assume a logit model, we do not need
to simulate the utilities as we can compute the theoretical probabilities. Moreover,
as shippers and customers share a common utility specification, the probability is
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computed as follows:

ρmp
nk = ρmp = e

1
β

(−0,1qmp+4,5)

e
1
β

(−0,1qmp+4,5) + e
1
β

3
= e

1
β

(−0,1qmp+1,5)

e
1
β

(−0,1qmp+1,5) + 1
.

Note, however, that we use simulated probabilities in Section 2.7.2 to allow for a fair
comparison with the exact baseline.

Performance metrics. We analyze expected profit (solution value) and computing
time. In Section 2.7.2, we report relative gaps measuring the relative differences
between exact and heuristic solution values (for the instances we focus on, this
corresponds to optimality gaps). On the contrary, gaps reported in Section 2.7.3
correspond to the usual gaps given by general-purpose solvers (relative differences
between lower and upper bounds) but here after solving the reduced formulation.
Hence, a zero gap does not imply an optimal solution to the original formulation.

Infrastructure and computing time budget. We perform computations on the
Linux version of ILOG CPLEX 12.10 running on an Intel Core i7-7800X CPU at 3.50
GHz. Given the strategic nature of our problem, we consider a 10-hour computing
time budget reasonable. We impose this time limit but note that all instances in
Sections 2.7.2, 2.7.3.1 and 2.7.3.2 are solved in less than two hours.

2.7.2. Comparison of Exact and Heuristic Solution Approaches

In this section, we compare the quality of solutions obtained with our heuristic
with optimal solutions computed with a standard Benders decomposition method
(Section 2.5.1). We refer to the exact method as BA, and to the two variants of our
heuristic as H-A (analytical) and H-S (scenario-based). We use the setup described in
Section 2.7.1 which results in 66 different model configurations. We pseudo-randomly
generate ten examples for each configuration.

The required number of scenarios for BA is assessed in a stability analysis (Kaut
and Wallace, 2003) using a computing time limit of two hours per instance. We use
the instances for which we obtain stable results with 5,000 scenarios (610 instances
out of a total of 660). Moreover, we focus on those that lead to non-trivial solutions
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(i.e., non-zero profits which corresponds to 350 instances). To allow for a fair com-
parison, we compute ρ parameters for H-S using the same set of scenarios as BA. We
report detailed results for |S| = 5000 in Table A.6 of Appendix A.5.

In Figure 2.2a, we show a histogram of the relative gap between objective values
obtained by BA and H-S. More than 200 instances (57% of total) show a relative
gap lower than 0.5% and 87 (24% of total) are solved to optimality. To shed further
light on these results, Figure 2.2b displays a scatter plot relating relative gap to the
entropy of each instance. We compute the latter as in Legault and Frejinger (2023),
defined as

∑
a∈A va log(va), where A identifies the set of possible agreements (shippers

and customer with the corresponding service levels and price assignments), and va,
the associated probabilities. The results clearly show that H-S achieves high-quality
solutions for all instances but the variance in relative gap is larger for instances with
higher entropy. As the heuristic is based on a reduced model that does not explicitly
take into account the scenarios, it is expected that the approximation is poorer for
higher entropy (in this case more scenarios are required for a high-quality SAA). We
note that the demand model approaches a uniform distribution for very high entropy
values (very large β values), whereas this uninformative distribution is not of interest
for our approach. Moreover, we note that the exact method does not reach stable
results for such cases, even for 5,000 scenarios (see results in Appendix A.5).

In terms of computing time we note that H-S solves each instance in less than one
second, a time that is negligible in comparison to the exact method (see Table A.7
in Appendix A.5 for details).

Finally, our computational results show negligible differences in both solution
quality and computing time between H-S and H-A (see detailed results in Tables A.7
and A.8 in Appendix A.5). We use H-A in the subsequent experiments as the ρ

parameters are computed analytically and hence are more accurate.

2.7.3. Impact of Model Parameters on Performance

This section analyzes the impact of key parameters on optimal expected profit and
computation time, and assesses the maximal size of instances that can be solved to
optimality. We proceed in three steps. First, we analyze how profit varies in response

42



(a) Histogram of relative gap (b) Scatter plot: Entropy vs relative gap

Fig. 2.2. Results on relative gap and entropy

to changes in the RUM parameters (Section 2.7.3.1). For the sake of interpretability,
we base this analysis on one example instance. Second, we capitalize on the CFLP
structure of our problem and generate multiple instances with varying characteristics
(Section 2.7.3.2). Third, we assess how computation time scales with problem size
(Section 2.7.3.3). More precisely, we solve instances from three broad classes defined
based on the demand model and CFLP parameters, and where instances differ in
size inside these classes.

2.7.3.1. Interpreting the Impact of the Demand Model Parameters. In this
section, we analyze the impact of (i) the price sensitivity parameter value α on the
optimal expected profit, and (ii) the level of uncertainty captured by the scale pa-
rameter β. We also report the computing times. For ease of interpretation, we focus
on a single instance. Hence, the results are for illustrative purposes. Appendix A.3
reports details about the choice of parameter values.

In Figure 2.3a, we show the optimal expected profit for α values ranging from high
price sensitivity of customers (α = −0.453) to price insensitivity (α = 0). Note that
β is fixed to 1. As expected, profit increases with decreasing price sensitivity. With
highly price sensitive customers (in these results α ≤ −0.226), the optimal expected
profit is zero. For this case, LP does not tender any service offer as the expected
costs exceed the expected revenue. These illustrative results highlight the importance
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(a) Optimal expected profit (b) Computing time

Fig. 2.3. Optimal expected profit and computing time according to α

of modeling price sensitivity as it can have a major impact on the expected profit.
Underestimating its value may lead to overestimating the expected profit, and in
turn, to strategic facility location decisions that do not lead to profitable operations.

In Figure 2.3b, we display a similar plot for the computing time. We observe
that a peak occurs for α close to −0.1. In this case, the problem becomes harder to
solve due to a symmetry issue that arises when ρmp

nk q
pdj in the objective function is

similar for all price levels p. The analysis of the computing time for larger instances
in Section 2.7.3.3 focuses on instances displaying such symmetry issues.

We now turn our attention to the impact of uncertainty. For this purpose, we
vary the scale parameter of the Extreme Value type I distributed random terms. In
Figure 2.4a, we report the optimal expected profit for different values, ranging from
β = 0.031, representing a close to degenerate distribution, to β = 8. Note that we
keep α fixed to −0.1. As uncertainty increases, we see a similar effect as that of
decreasing price sensitivity, namely an increase in optimal expected profit. At the
extreme, for large enough values of β, the distribution is close to uniform. It is then
equally likely to choose the opt-out option (i.e., as if it does not depend on price).
In other words, the deterministic part of the utility does not have an impact. We
conclude that there is a trade-off between the magnitude of the deterministic part of
the utility and the scale of the random term. We illustrate this in Figure 2.5 where
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we show how the optimal expected profit varies for different values of α and two
alternatives about β. When β = 32, there is very little variation in optimal expected
profit for all values of α (we note a slight decline as the magnitude of α increases).
On the contrary, when β = 1, the price sensitivity impacts the expected profit, albeit
less severely than in the degenerate (deterministic) case.

(a) Optimal expected profit (b) Computing time

Fig. 2.4. Optimal expected profit and computing time according to β

Fig. 2.5. Optimal profit according to α for β = 1, β = 32 and a deterministic utility
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Finally, in Figure 2.4b, we show how computing time varies as a function of β
values. We note a peak for β = 1. For the same reason that we explained in the
analysis of α values, this is due to symmetry issues arising around β = 1.

The preceding illustrative results highlight that the optimal expected profit can
display important variations depending on shippers’ price sensitivity and on uncer-
tainty in utilities. It is therefore important to take such considerations into account
when making strategic location decisions. The formulation we propose can model
settings ranging from full information (deterministic) to no information (uniform
distribution). These settings also impinge on computing times and tractability. The
following sections focus on computational aspects, starting with the impact of the
CFLP parameters.

2.7.3.2. Impact of CFLP Parameters. In this section, we vary the ratio param-
eter defined by Klose (2018) relating the total capacity of the facilities and the total
demand of the customers. Whereas it was fixed to 2 in the previous section, we now
let it vary from a highly constraining capacity (ratio equals 0.5, meaning that total
capacity is 50% of total demand) to a high excess capacity (ratio equals 5). We note
that Klose and Drexl (2005) and Cornuejols et al. (1991) also used some of the values
in this range in their numerical results.

In our experiments, we treat total demand as fixed and only let the capacity vary.
For each value of the ratio, we pseudo-randomly generate 20 examples.

We report the results in Figures 2.6a and 2.6b. We see that the average optimal
expected profit increases with the ratio. When the ratio increases, fewer facilities
are required, which affects the profits given the high impact of fixed costs. However,
we should expect a decrease in profits beyond some value of the ratio. In this case,
a single (the cheapest) facility captures all demand and subsequent increases in the
ratio value only make the cost of this single facility increase.

In Figure 2.6b, we observe that the model is harder to solve and shows more
variable computing times when the total potential capacity is 1.5 times the total
demand. Instances with very loose or very constrained capacities are easily solved.
We note that instances with ratio less than one are frequently the easiest to solve by
leading to trivial solutions where the LP earns zero expected profit.
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(a) Optimal expected profit (b) Computing time (seconds)

Fig. 2.6. Optimal expected profit and computing time according to ratio between
total capacity and total demand R

Our problem features similarities with CFLP and, for certain parameter settings,
we observe patterns in computing times that are similar to those reported about
CFLP. However, the profit maximization objective and the inner structure of our
problem make it quite distinct from CFLP. For instance, capacity / demand ratios
less than one are not considered in CFLP since there is typically a demand satisfac-
tion constraint. We also note that certain settings lead to trivial solutions requiring
negligible computing times. Consider for example instances where I and J have sim-
ilar cardinalities. If a tight ratio between total capacity and total demand holds, we
always obtain a trivial solution in our problem, while this is not the case for results
reported about CFLP.

2.7.3.3. Impact of Problem Size. To analyze the impact of problem size on a
diverse set of instances, we define three classes of instances based on the demand
model and CFLP parameters. Inside these classes, instances differ essentially with
respect to the number of customers, facilities, and price levels.

The first two classes comprise larger instances than in the previous sections.
Those are generated in the same way through pseudo-random sampling, using the
generator of Klose (2018). The first class, said hard, is created with parameter values
that are leading to large computing times in previous sections, that is α = −0.1,
β = 1, and R = 1. The second class is said easy. Although its instances are harder
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than those in the previous sections, they are created with parameter values leading
to computing times that are lower in comparison with those in the hard class, that
is α = −0.15, β = 0.5, and R ∈ {5, 10}. Moreover, for the latter instances we do not
impose a minimum demand level (i.e., lmp

n = 0), hence relaxing constraints (2.16e).
We pseudo-randomly generate samples of size 20 for each instance in the easy and
hard classes.

The third class, ORLib, contains instances that we create based on OR-Library
(Beasley, 1990). Specifically, we select problem set A and problems IV-XIII (we do
not include the smaller instances I-III). Since the instances in set A are very large, we
create an additional set named A-reduced containing instances identical to those in
A, except for their reduced size. In all of the instances, each service level is associated
with a different set of price levels (see Table A.5 in Appendix A.3 for details) and
there is only one customer category (i.e., |K| = 1). Each instance has parameters
dj, fi, ui, and cij already defined (see Appendix A.3) for the specific values).

We use α = −0.1 and β = 2, while the rest of parameters in the RUM model
remain as in previous sections. Moreover, we use lmp

n = 0 as in the easy class of
instances above.

Table 2.2 reports statistics about the performance of our formulation for each
set of instances in the hard and easy classes. We show the minimum, average, and
maximum computing times (in seconds) over the 20 generated examples in columns
Min., Avg. and Max., respectively. The number of cases out of 20 reaching a zero gap
within the allocated time is reported in column #Solved. As expected, computing
time increases with the size of the problems measured by the number of customers and
facilities. It does so linearly. On the contrary, computing time increases exponentially
with the number of price levels. This is very likely caused by the escalation in the
symmetry issues identified in Section 2.7.3.1 as the number of price levels increases.
We cannot solve three out of 20 generated examples of the largest hard instance
within the time limit. For those three instances, the average gap is 11.2%.

Noteworthy is the significant difference in computing times reported in Table 2.2
between the hard and easy classes. For example, the largest instance in the easy
class (i.e., |I| = 8, |J | = 200, |P | = 10, R = 5) is solved 3.5 times faster, on average,
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Computing Time (sec.)
|I| |J | |P | α β R Min. Avg. Max. # Solved
Hard Setting

4 80 3 -0.1 1 1 101.0 201.6 402.0 20
4 80 4 -0.1 1 1 941.0 1528.8 2340.0 20
4 80 5 -0.1 1 1 3170.0 5103.0 7970.0 20
5 80 5 -0.1 1 1 2470.0 5489.0 8690.0 20
6 80 5 -0.1 1 1 3080.0 6421.5 11500.0 20
5 100 5 -0.1 1 1 6460.0 9371.0 11900.0 20
5 120 5 -0.1 1 1 6550.0 9911.0 12400.0 20
4 140 5 -0.1 1 1 5580.0 9779.5 14700.0 20
5 140 5 -0.1 1 1 9080.0 13504.0 19000.0 20
6 140 5 -0.1 1 1 14000.0 22615.0 34700.0 20
7 140 5 -0.1 1 1 15200.0 26452.9 35500.0 17

Easy Setting
6 180 5 -0.15 0.5 5 386.0 751.8 1870.0 20
6 200 5 -0.15 0.5 5 239.0 375.0 535.0 20
6 200 10 -0.15 0.5 5 554.0 1137.1 1770.0 20
8 200 5 -0.15 0.5 5 132.0 1615.9 4790.0 20
8 200 10 -0.15 0.5 5 2100.0 7428.0 32900.0 20

10 300 5 -0.15 0.5 5 2560.0 8969.5 17900.0 20
6 180 5 -0.15 0.5 10 77.8 199.3 285.0 20
6 200 5 -0.15 0.5 10 202.0 333.7 554.0 20
6 200 10 -0.15 0.5 10 700.0 1284.0 3110.0 20
8 200 5 -0.15 0.5 10 556.0 940.0 1700.0 20
8 200 10 -0.15 0.5 10 1360.0 3422.5 8200.0 20

10 300 5 -0.15 0.5 10 4440.0 7923.2 13800.0 20

Table 2.2. Computing times for hard (α = −0.1, β = 1, R = 1) and easy (α =
−0.1, β = 0.5, R ∈ {5,10}) classes of instances

than the largest in the hard class (i.e., |I| = 7, |J | = 140, |P | = 5). We also note that
changing the value of parameter R from 5 to 10 makes the problem easier to solve,
as also seen in Section 2.7.3.2.

Next, we turn our attention to results for the ORLib class of instances. Table 2.3
reports the performance related to problems IV - XIII, and columns |P | = 5,|P | = 10,
and |P | = 15 show the computing times for the corresponding size of the price level
set. We do not report gaps as they are zero for all instances. As before, we observe
that computing time increases faster with the number of price levels than the number
of facilities.

Table 2.4 reports computing times and gaps for the hardest instances, namely
those of problem set A. We note that the original instances are too hard, as shown by
the large gaps at timeout. However, the relatively large instances in class A-reduced
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can be solved, even for 15 price levels. We note that the computing time varies with
the capacity of the facilities which is consistent with the other findings (computing
time varies with parameter R).

We conclude from this section that the performance of our heuristic depends on
parameter settings, chiefly those pertaining to CFLP and demand model. In view
of the intended strategic use of the model and the high-level representation of the
pricing problem, the number of price levels is bound to remain limited and we do
not expect this situation to cause prohibitive difficulties in practice.

2.8. Case Study
This section presents a realistic case study based on the parcel delivery operations

of our industrial partner – Purolator – in Montreal. We study the case when the LP,
Purolator, seeks to conclude agreements with two new shippers. Concluding such
agreements would require expanding the capacity of the existing facilities and our
model is used to assess profitability.

To ensure the confidentiality of sensitive information, we transform the problem
while preserving realism of the results. We do not distinguish shipper and customer
categories, and we assume that there is a single customer category and that demand
in each zone is uniformly distributed over the two shippers. Price levels offered to
final customers differ from actual values.

We assume that a logit model holds and that its utilities, Um
n =

∑
p∈P m

n
αm

n q
mp
n ,

only depend on the price associated with the service level. Also, we assume that the
utility of the opt-out alternative is U0

n = 0. This is not a strong assumption as only
differences in utilities matter.

We consider a set of 71 demand zones and a possible capacity expansion of two
terminals – A and B. The location of the demand zones and the two terminals are
illustrated in Figure 2.7. The size of the demand points (depicted with circles) is
proportional to the amount of demand in the corresponding zone. For both terminals,
the LP can add capacity of five million parcels per year.
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Computing Time (sec.)
Problem Set |I| |J | ui fi |P | = 5 |P | = 10 |P | = 15
IV 16 50 5000 7500 5.6 12.1 25.9
IV 16 50 5000 12500 5.3 11.9 24.6
IV 16 50 5000 17500 5.1 12.5 18.3
IV 16 50 5000 25000 5.0 13.0 22.6
VI 16 50 15000 7500 4.5 9.9 22.5
VI 16 50 15000 12500 4.4 10.3 18.8
VI 16 50 15000 17500 5.3 10.4 23.3
VI 16 50 15000 25000 6.3 11.0 22.7
VII 16 50 58268 7500 6.1 16.5 35.6
VII 16 50 58268 12500 6.1 15.2 30.2
VII 16 50 58268 17500 6.6 18.1 33.6
VII 16 50 58268 25000 5.6 13.2 30.5
VIII 25 50 5000 7500 12.9 31.8 54.8
VIII 25 50 5000 12500 13.9 34.7 55.4
VIII 25 50 5000 17500 13.0 32.5 50.1
VIII 25 50 5000 25000 13.6 28.7 58.7
IX 25 50 15000 7500 13.3 21.2 49.6
IX 25 50 15000 12500 10.7 25.4 50.8
IX 25 50 15000 17500 19.4 26.6 46.7
IX 25 50 15000 25000 21.4 27.3 40.5
X 25 50 58268 7500 13.2 44.1 91.3
X 25 50 58268 12500 11.7 41.0 107.0
X 25 50 58268 17500 21.8 51.9 141.0
X 25 50 58268 25000 14.5 46.4 101.0
XI 50 50 5000 7500 31.0 72.5 164.0
XI 50 50 5000 12500 36.2 206.0 157.0
XI 50 50 5000 17500 40.2 82.8 160.0
XI 50 50 5000 25000 39.7 74.3 131.0
XII 50 50 15000 7500 29.7 83.5 162.0
XII 50 50 15000 12500 39.1 98.3 149.0
XII 50 50 15000 17500 58.7 72.0 186.0
XII 50 50 15000 25000 57.8 68.6 145.0
XIII 50 50 58268 7500 86.8 434.0 729.0
XIII 50 50 58268 12500 87.5 371.0 687.0
XIII 50 50 58268 17500 91.7 371.0 1060.0
XIII 50 50 58268 25000 93.1 287.0 530.0

Table 2.3. Computing times for ORLib class instances adapted from problems IV
to XIII in Beasley (1988)

The total demand of the two shippers represents 60% of this total additional
capacity. However, the fixed cost of implementing such an expansion in terminal B
is 3.3 times higher compared to terminal A.

As reported in Table 2.5, we consider four service levels and seven price levels
each. This results in 28 alternatives. The service levels are defined based on lead
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Problem Set |I| |J | ui |P | Time (sec.) Gap
A 100 1000 8000 5 36000 27%
A 100 1000 10000 5 36000 80%
A 100 1000 12000 5 36000 69%
A 100 1000 14000 5 36000 73%
A-reduced 25 500 8000 5 2370 0%
A-reduced 25 500 10000 5 1890 0%
A-reduced 25 500 12000 5 2400 0%
A-reduced 25 500 14000 5 2560 0%
A-reduced 25 500 8000 10 12000 0%
A-reduced 25 500 10000 10 9800 0%
A-reduced 25 500 12000 10 11400 0%
A-reduced 25 500 14000 10 9610 0%
A-reduced 25 500 8000 15 23600 0%
A-reduced 25 500 10000 15 18500 0%
A-reduced 25 500 12000 15 24300 0%
A-reduced 25 500 14000 15 22900 0%

Table 2.4. Computing times and gaps for large instances in ORLib class, adapted
from problem sets A and A-reduced

Fig. 2.7. Demand zones and terminals in the case study
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times. Lower lead times yield a higher impact on operating costs as reflected by the
Cost Scale Factor parameter. In the table, we report one price sensitivity parameter
– αmp

0 , αmp
1 – for each shipper. All price and service level alternatives are available

regardless of the demand level of the shippers, thus lmp
n = 0.

Service Level Set of Price Levels Cost
Scale Factor {αmp

0 , αmp
1 }

Next two days - before 21pm {18, 24, 33, 37, 41, 51, 52} 1.0 {−0.11,−0.13}
Next day - before 21pm {19, 24, 33, 37, 42, 52, 55} 1.25 {−0.0825,−0.13}
Next day - before 12 pm {21, 27, 37, 42, 47, 59, 65} 1.5 {−0.055,−0.13}
Next day - before 9:00 am {52, 56, 68, 73, 79, 91, 97} 1.6 {−0.055,−0.13}

Table 2.5. Price and service level data in the case study

In this setting, the LP concludes agreements with both shippers. To satisfy the
agreements, the LP adds a capacity of five million parcels to each terminal. The LP
and Shipper 0 agree on Next day - before 12 pm deliveries at $47 per parcel, whereas
with Shipper 1, the agreement is on Next two days - before 21pm at $24 per parcel.

The solution and the expected optimal profit depend on the value of the price
sensitivity parameters. For example, if Shipper 1 becomes 10% more price sensitive,
the expected optimal profit decreases by approximately 3%. If Shipper 1 is 3.4 times
more price sensitive, it is not profitable for the LP to conclude an agreement with
that shipper, as the additional costs surpass the revenues. In that case, the LP would
only require to expand the capacity of Terminal A to serve the additional demand
coming from Shipper 0. Terminal B remains with the same capacity level and is not
used to service any of the shippers in this problem.

Through the agreements, the optimal profit also depends on the capacity of the
facilities. On the one hand, consider the original example, if the LP can only add 50%
of the planned expansion (with a proportional reduction in the fixed cost), the LP
prioritizes an agreement with Shipper 0, with the same deal as before. In this case,
there is no agreement with Shipper 1, as there is insufficient capacity. Therefore,
the optimal expected profit reduces by 27% compared to the previous value. On the
other hand, consider the example with Shipper 1 being more price sensitive. Then,
if Terminal A had enough capacity to serve demand from both shippers (6 million
parcels per year), then an agreement with Shipper 1 is still possible. However, due to
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the higher price sensitivity of Shipper 1, an agreement is reached at the same service
level but at the lowest price.

In summary, increased price sensitivity decreases expected profits, but not pro-
portionally. Moreover, capacity impacts agreements and hence expected profitability.
Finally, we note that it takes less than one second to solve the instances related to
this case study.

2.9. Conclusion and Perspectives
We addressed a strategic decision-making problem for an LP seeking facility loca-

tion decisions that lead to profitable operations. In this context, we model at a high
level the decisions related to price and service levels, in addition to facility locations.
In this strategic setting, the LP has imperfect knowledge of the preferences of the
shippers and their customers that impact its profit.

Offering a first attempt to address this problem that, to the best of our knowledge,
has not been studied before, we proposed a reduced single-level MILP formulation
for a bilevel stochastic formulation. We grounded this formulation in a simulation-
based model, and three key results arose from the analysis of its structure: First,
we found that the problem of the follower can be formulated as a continuous, un-
constrained optimization model. Second, we defined conditions to discover trivial
solutions. Third, we reduced the size of the problem by including a parameter that
approximately condenses the information of all scenarios. We can easily compute
this parameter outside of the model in a preprocessing phase. This resulted in a
model that can be solved by a general purpose solver for instances of sizes that are
relevant in practice.

In addition to optimizing facility location decisions, our methodology allows the
LP to anticipate the impact of its decisions about price and quality of service. For
instance, solutions can prepare an LP for a transportation procurement process by
providing tailored prices and service levels depending on the shippers’ profiles. Our
extensive experimental results showed that some facility location decisions lead to
zero expected profit for the LP, as the resulting costs would exceed revenues.
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We also observed that the expected profit is highly dependent on the demand
model parameters. Finally, achieved computing times were relatively large for some
parameter configurations due to symmetry issues. Such issues worsen when the
number of price levels increases.

We envisage pursuing research along three directions. The first direction con-
cerns extensions to our model. Instead of setting a service level and a price for each
shipper independently, the LP’s policy might address the aggregated demand of sev-
eral shippers. Also, service levels could be more finely defined. Thus, given a set of
attributes and the preferences of the customers towards them, a decision would be
made on the optimal level of each attribute in a service level offered to a shipper.
The second direction pertains to the estimation of the demand model. In view of the
high dependency of the solutions on the latter (in our case a RUM model), parame-
ter estimation might gainfully account for partial availability of data, as important
attributes may be latent. This would also make it possible to test the methodology
on real data. Finally, additional work should be dedicated to improving the algo-
rithmic performance. Some parameter configurations lead to symmetry issues, and a
column generation approach would seem appropriate in these circumstances as well
as enhancements to the model to include symmetry-breaking inequalities. Another
potentially promising avenue is the use of an appropriate metaheuristic to solve in-
stances of very large size. Camacho-Vallejo et al. (2024) provide a comprehensive
review of metaheuristics for bilevel optimization. The most popular approach con-
sists in solving the leader problem and then evaluating the follower problem. In our
case, however, we believe that it is more promising to solve the single-level refor-
mulation as it exploits the optimal solution structure of the followers’ problem. An
important challenge resides in designing the local search which is not straightforward
due to the complex cost structure of our problem.
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Abstract. We propose a reformulation of a logistics provider’s (LP) profit-maxi-
mizing facility location problem with random utility-maximizing followers. This
reformulation aggregates scenarios displaying computationally similar preference
patterns. These patterns are defined by combinations of price and service level
assignments to shippers and customers that lead to the same agreements with
the logistics provider. This reformulation (BA-R) achieves good performance in
instances with low levels of uncertainty. The BA-R’s computing time is smaller by
several orders of magnitude than that of the exact approach presented in Pinzon
Ulloa et al. (2024). Moreover, thanks to the reduced computing time, we can
extend the set of instances used for benchmarking the performance of the heuristics
proposed in the latter paper.
Keywords: Facility location, logistics, pricing, pattern reformulation, profit max-
imization, random utility maximization models

3.1. Introduction
The continuous growth of online shopping, urbanization, traffic congestion, and

customer requirements impose challenging conditions for logistic operations. These
conditions have stimulated shippers to outsource non-core business operations, such
as transportation, to specialized logistics providers (LP) (Langley and Infosys, 2019).
The shippers aim to offer higher customer service levels and reduce logistics costs.
LPs aim to secure their own maximal profits when they offer their services to ship-
pers—their clients. In turn, these profits are affected by the services promised in the
agreements with their clients.

This work addresses an LP’s strategic decision-making problem of ensuring profit-
maximizing operations through facility location and price-service level decisions.
Profits depend on the revenues and costs resulting from the agreements with the
shippers. These revenues depend in turn on the demand captured from the shippers
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and the price and service level specified in the agreements. The costs result from
the logistic decisions to fulfill those agreements. They depend on the service levels
agreed upon with the shippers and on the locations of their customers. This problem
is challenging due to the interdependence between the LP, the shippers, and their
customers. While the agreements are concluded between the LP and the shippers,
the costs are related to the characteristics of the shippers’ customers. However, the
LP has incomplete information about this at the strategic level.

Relations with Existing Literature. Pinzon Ulloa et al. (2024) present a choice-
based optimization problem, more precisely, a two-stage stochastic bilevel facility
location and pricing problem including random utility-maximizing shippers and a
profit-maximizing LP. The utility of the shippers accounts for their own preferences
in regard to the combinations of price and service level offered by the LP and for
the preferences of their customers in regard to the service levels. Compared to other
works, they allow for a complex relationship between price and costs, as well as for
endogenous uncertainty around the costs resulting from customer behavior.

Pinzon Ulloa et al. (2024) propose an exact and a heuristic approach to solve
the model they present. The two approaches are rooted in a sample average approx-
imation (SAA) formulation using a sample of pseudo-randomly simulated utilities
(scenarios) to approximate the required choice probabilities (see Pacheco Paneque
et al., 2021, for details). The exact approach, denoted by BA, relies on Benders
decomposition to solve the SAA formulation for a given set of scenarios, whereas
the heuristic approach solves an approximate reduced, single-level formulation. Note
that they distinguish two variants of the heuristic: H-A, which uses analytical prob-
abilities resulting from the assumption of a logit choice model, and H-S, which uses
the information from the simulated utilities. Both approaches, the exact and the
heuristic, are established on the foundation of a simulation-based reformulation. The
experimental results show that the heuristics can achieve optimality gaps lower than
5%. Yet, the accuracy of H-A was only evaluated on a set of small instances, due
to BA requiring large computing times, especially when large sets of scenarios are
needed to obtain stable optimal solutions. The main difficulty experienced with the
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BA approach relates to the increases in computing time associated with increasing
numbers of scenarios.

Benati and Hansen (2002), Haase (2009), and Zhang et al. (2012) present, in
connection with choice-based optimization problems, linear reformulations of a non-
linear maximum capture problem. Haase and Müller (2014) concludes that Haase
(2009) offers the most promising proposition. However, the latter is tied to logit
models and the use of analytical choice-probabilities. Other authors propose ap-
proximations to the original nonlinear choice-based optimization problems based on
samples of observations of the stochastic terms. Those are not restricted to specific
choice models and use simulated utilities to approximate the choice probabilities.
See, e.g., Haase and Müller (2013); Pacheco Paneque et al. (2021); Legault and Fre-
jinger (2023); Pinzon Ulloa et al. (2024). These approaches asymptotically converge
to the true solution when the size of the sample increases. An alternative approach
consists in reducing the number of scenarios needed (see e.g., Chen, 2019; Bertsimas
and Mundru, 2023; Emelogu et al., 2016) instead of reformulating existing models.

Among the publications addressing the choice-based facility location problems,
Legault and Frejinger (2023) and the research work in Chapter 4 are our closest
neighbors. Legault and Frejinger (2023) propose a strategy that identifies scenarios
with identical preference profiles and aggregate them into patterns. In contrast to
this paper, they do not address capacitated facility location problems and assume
a submodular objective function. Our work in Chapter 4 proposes a reformulation
that applies a preference profile aggregation method similar to that of Legault and
Frejinger (2023) but does so to the capacitated facility location problems. However,
the model formulations in Chapter 4 do not impose capacity constraints in each
scenario or pattern, as we do here. Instead, they force the expected captured demands
to respect capacities.

Contributions. Summing up, we seek to reformulate the simulation-based model
introduced in Pinzon Ulloa et al. (2024) to obtain an exact solution approach with
an improved computational performance allowing to solve larger instances. Our re-
formulation is inspired by the preference profile aggregation strategy introduced in
Legault and Frejinger (2023). The reformulation based on aggregation of scenarios
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with similar preference profiles outperforms the computing time of BA by approxi-
mately 2-3 orders of magnitude. The former makes it possible to provide additional
evidence on the accuracy of H-A and H-S in comparison with exact solutions.

Content. The remainder of the paper is structured as follows: Section 3.2 introduces
the reformulation based on the patterns identified from the scenarios. Section 3.3
reports on the experimental results collected on this reformulation and provides new
evidence on the accuracy of the H-A and H-S approaches developed in Pinzon Ulloa
et al. (2024). Finally, Section 3.4 concludes.

3.2. Pattern-based Reformulation
This section presents the reformulation aggregating scenarios to reduce the num-

ber of decision variables and constraints. We start by recalling some concepts from
Pinzon Ulloa et al. (2024) and defining new ones. Then, we explain the process
leading to the pattern-based reformulation.

Let us recall that in Pinzon Ulloa et al. (2024), an LP seeks profitable agreements
with shippers by proposing a set of alternatives given by the combinations of price
(p ∈ P ) and service levels (m ∈M). There, ymp

n denotes the price level p associated
with service level m offered to shipper n ∈ N , zm

nk the service level m offered to
customers in category k ∈ Kn of shipper n. In addition, ri denotes the decision
whether to open or not a facility in location i within a set of facility locations I.
Each facility has an associated capacity ui and a fixed cost of use fi. Also, xm

nks

identifies the decision of shipper n to accept the service level m for its customer
category k in a given scenario s ∈ S. Note that this decision depends on the utility
that service level m and price p provide to the customers in category k of a shipper
n, for the scenario s, denoted by Ump

nks. The utility of the opt-out alternative, for
a given scenario s, is denoted by U0

nks. Moreover, recall that each scenario s ∈ S

corresponds to a realization of the random utilities Um
nk(y), ∀n ∈ N,m ∈ M0 and

k ∈ Kn, given price level decisions y. In this case, M0 denotes the set of available
service levels including the opt-out alternative.
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The key step in introducing the reformulation is defining the underlying patterns.
We seek patterns identifying a subset of similar feasible agreements. An agreement
between the LP and the shippers is feasible if it satisfies the shippers and their
customers. More precisely, an agreement with a shipper is feasible if the utility
associated with the price and service level offered by the LP is superior to the utility
of the opt-out. Formally, let δs ∈ {0,1}|T |, s ∈ S be a 0-1 vector of dimension |T | =
|N ||K||M ||P | representing potential service level and price assignments included
in the agreements between the LP and the shippers for a scenario s (or simply,
potential agreements). Recall that an assignment can result in an agreement if, for
the corresponding scenario s, Ump

nks > U0
nks. Hence, each element δst = 1(Ump

nks > U0
nks),

where the position t ∈ {1,...,|T |} is computed as follows: t = n× (|K|× |M |× |P |) +
k × (|M | × |P |) + m× |P | + p, for given indices n, k,m and p. Table 3.1 shows the
profile of potential agreements for four scenarios, in an instance with N = {0,1},
K = {0,1}, M = {0}, and P = {0,1} (hence, |T | = 8). For example, δ0 shows that
in scenario s = 0, it is only possible to reach an agreement with shipper n = 0 where
the shipper accepts a service level m = 0 for its customers in category k = 0 with a
price level p = 0 (hence δ00 = 1, δ0t = 0 for t ̸= 0 ). Note that a potential agreement
profile in a scenario s includes all the combinations of price service level for which
Ump

nks > U0
nks for a shipper n and customers in category k. In other words, all price

and service level combinations for which shipper n includes customers in category k
in an agreement with the LP. As an example, in scenario s = 2 of Table 3.1, both
price levels p = {0,1} are candidates for shipper n = 0 and customers in category 0
(δst = 1, t = {0,1}).

δs
s 0 1 2 3 4 5 6 7
0 1 0 0 0 0 0 0 0
1 0 0 1 0 1 0 0 0
2 1 1 0 0 1 0 1 0
3 1 0 0 0 0 0 0 0

Table 3.1. Example of potential agreements

The BA approach in Pinzon Ulloa et al. (2024) solves |S| subproblems each
involving a capacitated facility location problem. However, inspired by Legault and
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Frejinger (2023), we note that we can group scenarios s ∈ S sharing a common set
of potential agreements. More precisely, two scenarios s1, s2 ∈ S are included in the
same pattern a (or agreement pattern) if and only if δs1 = δs2 . Thus, according to
the potential agreements given in Table 3.1, s = 0 and s = 3 belong to the same
pattern. Crucially, a subset of scenarios assigned to the same pattern will result in
the same optimal solution for decision variables xm

nks. Let A denote the resulting
partition of S containing the patterns a. A positive scalar 0 < v̂a < 1 is associated
with each pattern a ∈ A and represents the fraction of scenarios s ∈ S sharing
the same agreement pattern a and a vector ba ∈ {0,1}|T |. This vector ba is defined
analogously to δs, and encodes the common agreement pattern. That is, bat = 1 if
the utility of pattern a in the resulting position t (as defined previously) is greater
than the opt-out alternative. In this case, we denote by xm

nka the decision to accept,
or not, the service level m assigned to customers k of shipper n in pattern a.

Using patterns we rewrite the SAA bilevel formulation (4.6) in Pinzon Ulloa et al.
(2024) (note that we follow the notation introduced in Chapter 2) as an adaptation
of the maximum covering problem:

max
∑
a∈A

(∑
n∈N

∑
k∈Kn

∑
m∈Mnk

∑
p∈P m

n

v̂adkq
mp
n xm

nkay
mp
n −

∑
m∈M

∑
i∈I

∑
j∈J

v̂ac
m
ijdjw

m
ija

)
−
∑
i∈I

firi

(3.1a)

s.t.
∑

p∈P m
n

ymp
n ≤ 1, n ∈ N,m ∈Mn, (3.1b)

zm
nk ≤

∑
p∈P m

n

ymp
n , n ∈ N, k ∈ Kn,m ∈Mnk, (3.1c)

∑
m∈Mnk

zm
nk ≤ 1, n ∈ N, k ∈ Kn, (3.1d)

∑
m∈Mn

∑
p∈P m

n

ymp
n ≤ |Kn|, n ∈ N, (3.1e)

63



∑
j

∑
m∈Mj

djw
m
ijaγ

m ≤ uiri, a ∈ A, i ∈ I, (3.1f)

xm
nka ≥

∑
p∈P m

n

ba
nkmpπ

mp
nk , a ∈ A,n ∈ N, k ∈ Kn,m ∈Mnk, (3.1g)

xm
nka ≤ zm

nk, a ∈ A,n ∈ N, k ∈ Kn,m ∈Mnk, (3.1h)∑
i∈I

wm
ija = xm

nka, a ∈ A,n ∈ N, k ∈ Kn, j ∈ Jk,m ∈Mnk, (3.1i)

∑
m∈Mj

wm
ija ≤ ri, a ∈ A, j ∈ J, i ∈ I, (3.1j)

∑
k∈Kn

dkx
m
nka ≥

∑
p∈P m

n

lmp
n ymp

n , a ∈ A,n ∈ N,m ∈Mn, (3.1k)

πmp
nk ≤ z

m
nk, n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm

n , (3.1l)

πmp
nk ≤ y

mp
n , n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm

n , (3.1m)

πmp
nk ≥ z

m
nk + ymp

n − 1, n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm
n , (3.1n)

ymp
n ∈ {0,1}, n ∈ N,m ∈Mn, p ∈ Pm

n , (3.1o)

zm
nk ∈ {0,1}, n ∈ N, k ∈ Kn,m ∈Mnk, (3.1p)

xm
nka ∈ {0,1}, a ∈ A,n ∈ N, k ∈ Kn,m ∈Mnk, (3.1q)

πmp
nk ≥ 0, n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm

n . (3.1r)

Objective (3.1a) maximizes the total expected profits. It encompasses the total
revenues resulting from the accepted price and the demand captured in the agree-
ments, the total costs from attending to the demand with the agreed-upon service
level, and the fixed cost of opening the facilities to support the required operations.
For complementary details on the formulation, see Section 2.5.2 in Chapter 2. The
constraints serve the following purposes:

• Constraints (3.1b) ensure that at most one price level is assigned to a shipper
and service level.
• Constraints (3.1c) ensure that only the service level associated with a price

level can be offered to the shippers.
• Constraints (3.1d) ensure that customers are assigned no more than one ser-

vice level.
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• Constraints (3.1e) ensure that the number of price and service levels alterna-
tives offered to a shipper cannot exceed the number of its customer categories.
• Constraints (3.1f) ensure that the assignment of customers respects the ca-

pacity of the facilities.
• Constraints (3.1g) link the patterns associated with combinations of price

and service level with the customers. Intuitively, if customers in category k

of shipper n are assigned to service level m in pattern a, then there must be
a price p associated with service level m to the corresponding shipper and
customer category such that Ump

nka > U0
nka.

• Constraints (3.1h) ensure that shippers cannot choose a price and service
level not offered in the agreements.
• Constraints (3.1i) ensure that customers cannot be assigned to any facility if

they were not included in the agreements.
• Constraints (3.1j) ensure that customers are only assigned to open facilities.
• Constraints (3.1k) ensure that the demand associated with a combination of

price and service level satisfies the minimum demand requirements.
• Constraints (3.1l), (3.1m) and (3.1n) allow to linearize zm

nky
mp
n .

• Constraints (3.1o), (3.1p), (3.1q) and (3.1r) define the domain of each set of
variables.

We proceed to show that the revenues (i.e., first term) in Objective (3.1a) can be
formulated similarly to those in the reduced and single-level MILPs on which H-A
and H-S are grounded (see Section 2.5.2 in Chapter 2). Accordingly, we write the
revenues as ∑

n∈N

∑
k∈Kn

∑
m∈Mnk

∑
p∈P m

n

|Smp
nk |
|S|

dkq
mp
n πmp

nk . (3.2)

Let us recall that Smp
nk denotes the subset of scenarios S, in which Ump

nks > U0
nks, for

each n, k,m and p. More concisely, Smp
nk = {s ∈ S : δst = 1}, and let (Smp

nk )c be the
corresponding complement. Hence,
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∑
n

∑
k

∑
m

∑
p

|Smp
nk |
|S|

dkq
mp
n πmp

nk =
∑

n

∑
k

∑
m

∑
p

∑
s∈S

1
|S|

1
(
δst = 1

)
dkq

mp
n πmp

nk (3.3)

=
∑

n

∑
k

∑
m

∑
p

∑
a∈A

1
|S|

1
(
ba

nkmp = 1
)
v̂a|S|dkq

mp
n πmp

nk (3.4)

=
∑

n

∑
k

∑
m

∑
p

∑
a∈A

v̂adkq
mp
n xm

nkay
mp
n . (3.5)

Equation (3.3) uses the definition of Smp
nk . Equation (3.4) aggregates the number of

cases where 1
(
δst = 1

)
in each pattern a where δst = ba

nkmp. This leads to v̂a|S|
scenarios. Equation (3.5) results from the equivalence between 1

(
ba

nkmp = 1
)
πmp

nk and
xa

nkmy
mp
n as expressed in Constraints (3.1g). To show this, we distinguish two cases:

(i) ba
nkmp = 0 and (ii) ba

nkmp = 1. In case (i), 1
(
ba

nkmp = 1
)
πmp

nk = 0, whence there is
no impact on the revenues. Moreover, xm

nka = 0. Otherwise, the assignment would
lead to a situation with costs but no revenues and therefore suboptimal. Hence,
1
(
ba

nkmp = 1
)
πmp

nk = xm
nkay

mp
n = 0. In case (ii), whenever πmp

nk = 0, we conclude
similarly as in case (i). However, if πmp

nk = 1, 1
(
ba

nkmp = 1
)
πmp

nk = 1. Also, xm
nka = 1,

due to Constraints (3.1g), and ymp
n = 1, due to Constraints (3.1m). Hence, 1

(
ba

nkmp =
1
)
πmp

nk = xm
nkay

mp
n . Unfortunately, a similar reformulation of the total assignment

costs (i.e., second term) in Objective (3.1a) is not possible. In this case, we cannot
aggregate patterns due to the capacity constraints, as we do with the revenues. This
is what distinguishes BA-R from H-A and H-S, as in the latter, they do aggregate
scenarios.

Finally, the whole reformulation, called BA-R, can be written as

max
∑
n∈N

∑
k∈Kn

∑
m∈Mnk

∑
p∈P m

n

|Smp
nk |
|S|

dkq
mp
n πmp

nk −
∑
a∈A

∑
m∈M

∑
i∈I

∑
j∈J

v̂ac
m
ijdjw

m
ija −

∑
i∈I

firi

(3.6)

s.t.(3.1b)− (3.1r).

3.3. Computational Results
This section presents a computational study based on Formulation (3.6). We

accomplish two main tasks: First, we compare the computing times resulting from
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the solution of (3.1) using Formulation (3.6) with those obtained under the BA
approach of Pinzon Ulloa et al. (2024). Second, we supply additional evidence re-
garding the performance of the solutions produced by H-A and H-S. The section is
organized as follows: Section 3.3.1 describes the experimental setup, that is, chiefly,
the configurations of the instances involved in each one of the two tasks and the
performance metrics. Section 3.3.2 compares the performance of BA-R with that of
BA. Section 3.3.3 examines the accuracy of H-A and H-S in comparison with the
asymptotically exact BA-R method.

3.3.1. Experimental Setup

This section delineates the main characteristics of our experimental setup. We
distinguish two sets of configurations that are aligned with each one of the two tasks
at hand. The first comprises instances for which an optimal solution can be computed
using the BA method (we call them the BA-instances). The second set comprises
instances that can be solved with the H-A and H-S methods (we call them the H-
instances). We define small and large instances. In all experiments, the underlying
RUM model is specialized to be a logit. That is, the stochastic elements denoted ε

are independently and identically distributed according to the Extreme Value type
I distribution with scale parameter β.

Small Instances. The parameter configurations we use for the generation of the
small instances are those specified in Section 2.7.2 in Chapter 2, as the instances they
yield can be solved with the BA approach. These instances are intentionally small
so that they can be solved to optimality even when they are adjoined with large
numbers of scenarios. This class of instances features number of facilities |I| = 2,
number of service levels |M | = 2, price level set P = {10, 12.5, 15, 17.5, 20}, number
of shippers |N | = 1, number of customers |J | ∈ {15, 30, 45} and number of customer
categories |K| = 3. Regarding the RUM model, the utility of the opt-out alternative
is either one of the values in U0 = {0,4.5}. We set α = −0.15 and consider 11 values
for β, thus leading to three classes of instances according to the level of uncertainty.
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We use the instance generator from Klose (2018) for ui, cij, fi and dj, setting the
ratio between capacity and demand to

∑
i∈I ui∑
j∈J dj

= 1.

Large Instances. The large instances are those described in Section 2.7.3.3 of
Chapter 2. These feature |N | = 2, |K| = 1, |M | = 3 and |P | ∈ {5, 10}, whereas
each service level is associated with a different set of price levels. We refer to Ap-
pendix A.3, Table A.5 for further details. In addition, for the CFLP parameters ui,
cij, fi and dj, we use the ORLib instances presented in Section 7.3.3 of Pinzon Ulloa
et al. (2024).

We use the following instances from ORlib: Problems IV, VI, VIII, IX, X. Recall
that this set of CFLP instances corresponds to the capacitated warehouse location
problem test data sets (used in Beasley, 1988). The RUM parameters are set as
follows: α = −0.1, β = 1, U0 = 3 and L = 4.5.

Instances and Scenarios. Optimal solutions can be calculated with BA-R for the
small instances and |S| ∈ {100, 500, 1000, 5000} and these combinations define the
set of B-instances that are examined in Section 3.3.2. The H-instances examined
in Section 3.3.3 include the small instances with |S| = 20,000 as well as the large
instances with |S| ∈ {500, 1000, 2000, 4000}.

Performance Metrics. Section 3.3.2 reports the ratio between the computing
times of BA-R and BA. It also reports the measure of entropy introduced in Legault
and Frejinger (2023) so as to evaluate the uncertainty associated with the demand
model. It is defined as

∑
a∈A v̂a log(v̂a). Section 3.3.3 reports the absolute relative

gap between the optimal expected profits yielded by methods H-A and BA-R. It is
denoted by GAP , and defined as |EPBA−R − EPH−A|/EPBA−R, where EPH−A and
EPBA−R denote the expected optimal profits respectively obtained with H-A and
BA-R.

Computational Setup and Time Budget. We performed the experiments on the
Linux version of ILOG CPLEX 12.10 running on an Intel Core i7-7800X CPU at 3.50
GHz. We allocated a 10-hour computing time budget, which is deemed reasonable
for the instances examined Section 3.3.3.
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3.3.2. Comparison with BA

This section compares the computing times resulting from our proposed BA-R
approach with those of the existing BA approach. We only account for the occur-
rences where the B-instances yield non-zero optimal expected profits in Pinzon Ulloa
et al. (2024), since zero expected profits arises from the trivial solution.

Figure 3.1 reports the ratio of the computing time achieved by BA-R in compar-
ison with that of BA when |S| = 5,000. Figure 3.2 compares ratios for several values
of |S|. BA-R significantly outperforms BA: on average, the computing time for BA-R
is less than 1% of the time required by BA. Whereas the advantage is more noticeable
for instances featuring lower entropy values (≤ 2), it is still significant for instances
with higher entropy. These results are consistent with the findings of Legault and
Frejinger (2023), where instances with low entropy benefit from increased room for
aggregation. We also observe that the improvement in computing time with BA-R
increases with |S|. By using BA-R, we can solve instances with |S| = 20,000 in less
than three minutes whereas an optimal solution could not be calculated with BA in
Pinzon Ulloa et al. (2024).

As a further benefit of the speedup afforded by the BA-R reformulation while
computing asymptotically exact solutions, it becomes possible to draw additional
evidence regarding the accuracies of the heuristic methods H-A and H-S. The next
section reports on this.

3.3.3. Comparison with H-A and H-S

This section provides additional information about the accuracies achieved by the
H-A and H-S heuristics. It is made possible by the increase in computation speed
achieved by the BA-R reformulation in comparison with BA. The use of the consid-
erably slower BA in Pinzon Ulloa et al. (2024) limited the scope of the comparisons
with H-A and H-S to simpler instances.

3.3.3.1. Accuracy. Table 3.2 reports the average gaps between BA-R and H-A,
and between BA-R and H-S, for the small instances adjoined with the large number
of scenarios |S| = 20,000. It also shows the average gaps between BA and the two
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Fig. 3.1. Ratio of computing times with BA-R and BA, given |I|, |J | and entropy
in [a,b)

Fig. 3.2. Ratio of computing times with BA-R and BA, given |I|, |J | and |S|
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heuristics to showcase the gain in accuracy with a larger set of scenarios. Similar
results were reported in Pinzon Ulloa et al. (2024), but with |S| = 5,000. We do
not account for occurrences where the average gap was zero for both BA-R and BA.
Table 3.3 reports the minimum (min GAP) and maximum (max GAP) gaps between
the optimal objective function values obtained by BA-R and H-A for the four sample
sizes 500, 1,000, 2,000 and 4,000.

Average |GAP |
U0 |I|-|J | β BA-R vs H-S BA-R vs H-A BA vs H-S BA vs H-A
0 2-15 0.5 0.2 0.2 0.1 0.1
0 2-15 1 0.5 0.6 0.6 1.2
0 2-15 2 0.8 1.5 1.5 2.6
0 2-15 4 2.0 3.6 3.0 6.1
0 2-30 0.5 0.1 0.1 0.1 0.1
0 2-30 1 0.4 0.4 0.3 0.6
0 2-30 2 0.6 0.7 0.6 1.2
0 2-30 4 0.8 1.2 0.8 2.1
0 2-30 8 0.8 1.3 1.1 3.3
0 2-30 16 1.0 1.5 1.2 3.9
0 2-30 32 1.0 1.5 1.4 3.9
0 2-45 0.5 0.1 0.1 0.0 0.0
0 2-45 1 0.4 0.4 0.1 0.4
0 2-45 2 0.5 0.5 0.1 0.6
0 2-45 4 0.7 0.7 0.2 1.2
0 2-45 8 0.6 0.6 0.2 1.8
0 2-45 16 0.7 0.7 0.2 2.0
0 2-45 32 0.7 0.7 0.2 2.0
4.5 2-30 16 2.1 2.9 2.5 7.1
4.5 2-30 32 1.5 2.2 1.9 5.2
4.5 2-45 8 1.8 1.8 0.4 4.0
4.5 2-45 16 1.0 1.0 0.3 2.7
4.5 2-45 32 0.8 0.8 0.3 2.3

Table 3.2. Comparison of average GAP obtained with BA-R and BA

Using BA-R, we can solve B-instances with a much larger set of scenarios, in
this case we use |S| =20,000. Hence, we can verify that H-A and H-S provide high-
quality solutions for these instances, as the average gap with BA-R is significantly
reduced in most cases in comparison to BA with |S| = 5,000. Recall that the BA-R
or BA optimal solution asymptotically approximates the optimal solution, whence
the average gaps obtained with a larger set of scenarios are more reliable.

Also, using BA-R makes it possible to solve larger problems, such as those of
H-instances. As expected, the gap decreases with the larger sets of scenarios due
to the closer proximity of the solutions to their asymptotic limits (see Table C.1 in
Appendix C.1).

As in in Pinzon Ulloa et al. (2024), the gap between the optimal objective function
values obtained by BA-R and H-A is larger when the BA-R optimal solutions are
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not stable. We observe that the largest gap obtained for |S| = 4,000 is lower than
5% for all the cases, and even for instances with |P | = 10, where we have not yet
attained the desired stability levels with BA-R.

[min |Gap|, max |Gap|]
Problem set |I|-|J |-|P | ui fi |S| = 500 |S| = 1,000 |S| = 2,000 |S| = 4,000
IV 16-50-5 5000 7500 [0.9%, 11.1%] [0.1%, 7.9%] [0.1%, 4.8%] [0.6%, 3.2%]
IV 16-50-5 5000 12500 [0.9%, 11.1%] [0.1%, 7.9%] [0.1%, 4.8%] [0.6%, 3.2%]
IV 16-50-5 5000 17500 [0.9%, 11.2%] [0.1%, 7.9%] [0.1%, 4.8%] [0.6%, 3.2%]
IV 16-50-5 5000 25000 [0.9%, 11.2%] [0.1%, 7.9%] [0.1%, 4.8%] [0.6%, 3.2%]
VI 16-50-5 15000 7500 [0.8%, 11.1%] [0.1%, 7.9%] [0.1%, 4.8%] [0.7%, 3.2%]
VI 16-50-5 15000 12500 [0.8%, 11.1%] [0.1%, 7.9%] [0.1%, 4.8%] [0.7%, 3.2%]
VI 16-50-5 15000 17500 [0.8%, 11.2%] [0.1%, 7.9%] [0.1%, 4.8%] [0.7%, 3.2%]
VI 16-50-5 15000 25000 [0.8%, 11.2%] [0.1%, 7.9%] [0.1%, 4.8%] [1.5%, 2.4%]
VII 16-50-5 58268 7500 [0.8%, 11.1%] [0.1%, 7.9%] [0.1%, 4.8%] [0.7%, 3.2%]
VII 16-50-5 58268 12500 [0.8%, 11.1%] [0.1%, 7.9%] [0.1%, 4.8%] [0.7%, 3.2%]
VII 16-50-5 58268 17500 [0.8%, 11.2%] [0.1%, 7.9%] [0.1%, 4.8%] [0.7%, 3.2%]
VII 16-50-5 58268 25000 [0.8%, 11.2%] [0.1%, 7.9%] [0.1%, 4.8%] [0.7%, 3.2%]
IV 16-50-10 5000 7500 [0.6%, 12.3%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
IV 16-50-10 5000 12500 [0.6%, 12.3%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
IV 16-50-10 5000 17500 [0.6%, 12.3%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
IV 16-50-10 5000 25000 [0.6%, 12.3%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
VI 16-50-10 15000 7500 [0.6%, 12.4%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
VI 16-50-10 15000 12500 [0.6%, 12.4%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
VI 16-50-10 15000 17500 [0.6%, 12.4%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
VI 16-50-10 15000 25000 [0.6%, 12.4%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
VII 16-50-10 58268 7500 [0.6%, 12.4%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
VII 16-50-10 58268 12500 [0.6%, 12.4%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
VII 16-50-10 58268 17500 [0.6%, 12.4%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
VII 16-50-10 58268 25000 [0.6%, 12.4%] [0.1%, 4.5%] [1.3%, 5.7%] [0.3%, 3.9%]
VIII 25-50-5 5000 7500 [0.8%, 11.1%] [0.0%, 7.9%] [0.2%, 4.8%] [0.7%, 3.2%]
VIII 25-50-5 5000 12500 [0.8%, 11.1%] [0.0%, 7.9%] [0.2%, 4.8%] [0.7%, 3.2%]
VIII 25-50-5 5000 17500 [0.8%, 11.2%] [0.0%, 7.9%] [0.2%, 4.8%] [0.7%, 3.2%]
VIII 25-50-5 5000 25000 [0.8%, 11.2%] [0.0%, 7.9%] [0.2%, 4.9%] [0.7%, 3.2%]
IX 25-50-5 15000 7500 [0.8%, 11.1%] [0.0%, 7.9%] [0.2%, 4.9%] [0.8%, 3.1%]
IX 25-50-5 15000 12500 [0.8%, 11.1%] [0.0%, 7.9%] [0.2%, 4.9%] [0.8%, 3.1%]
IX 25-50-5 15000 17500 [0.8%, 11.2%] [0.0%, 7.9%] [0.2%, 4.9%] [0.8%, 3.1%]
IX 25-50-5 15000 25000 [0.8%, 11.2%] [0.0%, 7.9%] [0.2%, 4.9%] [0.8%, 3.1%]
X 25-50-5 58268 7500 [0.8%, 11.1%] [0.0%, 7.9%] [0.2%, 4.9%] [0.8%, 3.1%]
X 25-50-5 58268 12500 [0.8%, 11.1%] [0.0%, 7.9%] [0.2%, 4.9%] [0.8%, 3.1%]
X 25-50-5 58268 17500 [0.8%, 11.2%] [0.0%, 7.9%] [0.2%, 4.9%] [0.8%, 3.1%]
X 25-50-5 58268 25000 [0.8%, 11.2%] [0.0%, 7.9%] [0.2%, 4.9%] [0.8%, 3.1%]

Table 3.3. Minimum and Maximum Absolute GAP between BA-R and HA

3.3.3.2. Computing Times. Table 3.4 reports the average computing times when
using BA-R for the small instances with |S| = 20,000. As before, only the instances
reporting non-zero profits are accounted for. Table 3.5 reports the average computing
times using BA-R for the H-instances. It also shows the computing times when using
H-A, as already reported in Pinzon Ulloa et al. (2024), for comparison purposes with
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the new results obtained with BA-R. Recall that H-A and H-S solve B-instances in
less than 1 second, and that this figure is not affected by the size of S.

Table 3.4 shows that the level of uncertainty impacts the average computing
time with BA-R. As expected, with instances presenting a low level of uncertainty
(β < 1), BA-R provides a good performance, comparable to that witnessed with
H-A and H-S, due to the higher level of scenario aggregation in such cases. For the
large instances, H-A clearly shows better performance than BA-R. The performance
of BA-R is affected by the capacity of the facilities: instances with higher capacities
are harder to solve, consistent with findings in the literature on capacitated facility
location problems (Cornuejols et al., 1991; Klose and Drexl, 2005; Pinzon Ulloa et al.,
2024).

Summing up our observations, we are led to the following assessment: By mak-
ing it possible to compute asymptotically accurate solutions to larger problems than
previously possible, BA-R makes it possible to more reliably evaluate the accuracy
of the solutions returned by the heuristics H-A and H-S. From the collected evi-
dence that this accuracy is excellent and that H-A and H-S achieve reductions in
computation time of several orders of magnitude in comparison with BA and BA-R,
we conclude that H-A and H-S are highly attractive candidate methods for solving
problems similar to (3.1) in applications.

3.4. Conclusions and Future Directions
This paper has presented a reformulation of a bilevel stochastic facility location

and pricing problem with RUM followers, grounded in the scenario aggregation ap-
proach proposed in Legault and Frejinger (2023).

The resulting computation method, named BA-R, provides optimal solutions
much faster than the original method BA, from which it is derived. We demonstrated
that, for instances with low levels of uncertainty, the asymptotically exact BA-R
method achieves good computation times, even when the number of scenarios is large,
rivaling with those reported for the fast heuristic methods H-A or H-S. By using BA-
R instead of BA, we could extend the number of instances (asymptotically) solved
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U0 |I|-|J | β Avg. computing time (seconds)
0 2-15 0.03125 0.0
0 2-15 0.0625 0.0
0 2-15 0.125 0.0
0 2-15 0.25 0.1
0 2-15 0.5 1.4
0 2-15 1 40.6
0 2-15 2 95.5
0 2-15 4 89.0
0 2-15 8 27.9
0 2-15 16 13.9
0 2-15 32 10.8
0 2-30 0.03125 0.0
0 2-30 0.0625 0.0
0 2-30 0.125 0.0
0 2-30 0.25 0.2
0 2-30 0.5 2.9
0 2-30 1 85.6
0 2-30 2 239.4
0 2-30 4 219.2
0 2-30 8 41.6
0 2-30 16 22.0
0 2-30 32 11.6
0 2-45 0.03125 0.0
0 2-45 0.0625 0.0
0 2-45 0.125 0.0
0 2-45 0.25 0.3
0 2-45 0.5 5.6
0 2-45 1 225.4
0 2-45 2 480.3
0 2-45 4 436.9
0 2-45 8 80.5
0 2-45 16 22.5
0 2-45 32 20.4
0 4-15 0.03125 0.0
0 4-15 0.0625 0.0
0 4-15 0.125 0.0
0 4-15 0.25 0.2
0 4-15 0.5 10.6

4.5 2-30 8 163.3
4.5 2-30 16 40.1
4.5 2-30 32 15.6
4.5 2-45 4 882.1
4.5 2-45 8 127.5
4.5 2-45 16 45.7
4.5 2-45 32 19.1

Table 3.4. Average computing time BA-R, small instances with |S| = 20,000

to optimality. Hence, we could demonstrate that H-A achieves good accuracies for a
wider range of instances than previously possible.

A main outstanding issue is that of solving the embedded CFLP. The CFLP
structure impacts the performance of BA-R. Particularly, we witnessed that instances
with tight capacities led to a poor performance. Since BA-R embeds |A| CFLP
problems (one for each pattern agreement), the impact of the structure of the CFLP
problem escalates with the size of A. We believe that an approach that aggregates
agreement patterns while leading to a similar CFLP structure can potentially improve
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Problem set |I|-|J |-|P | ud fd

Avg. computing time
BA-R (seconds)

(|S| = 4000)
Computing time
H-A (seconds)

IV 16 - 50 -5 5,000 75,00 3,697 6
IV 16 - 50 -5 5,000 12,500 4,136 5
IV 16 - 50 -5 5,000 17,500 3,856 5
IV 16 - 50 -5 5,000 25,000 4,260 5
VI 16 - 50 -5 15,000 7,500 741 4
VI 16 - 50 -5 15,000 12,500 510 4
VI 16 - 50 -5 15,000 17,500 516 5
VI 16 - 50 -5 15,000 25,000 551 6
VII 16 - 50 -5 58,268 7,500 490 6
VII 16 - 50 - 5 58,268 12,500 521 6
VII 16 - 50 - 5 58,268 17,500 485 7
VII 16 - 50 - 5 58,268 25,000 474 6
IV 16 - 50 - 10 5,000 7,500 7,307 12
IV 16 - 50 - 10 5,000 12,500 11,193 12
IV 16 - 50 - 10 5,000 17,500 13,288 13
IV 16 - 50 - 10 5,000 25,000 7926 13
VI 16 - 50 - 10 15,000 7,500 676 10
VI 16 - 50 - 10 15,000 12,500 885 10
VI 16 - 50 - 10 15,000 17,500 594 10
VI 16 - 50 - 10 15,000 25,000 1,006 11
VII 16 - 50 - 10 58,268 7,500 1,311 17
VII 16 - 50 - 10 58,268 12,500 566 15
VII 16 - 50 - 10 58,268 17,500 1,331 18
VII 16 - 50 - 10 58,268 25,000 2,048 13
VIII 25 - 50 - 5 5,000 7,500 8,980 13
VIII 25 - 50 - 5 5,000 12,500 10,308 14
VIII 25 - 50 - 5 5,000 17,500 14,958 13
VIII 25 - 50 - 5 5,000 25,000 12,045 14
IX 25 - 50 - 5 15,000 7,500 679 13
IX 25 - 50 - 5 15,000 12,500 677 11
IX 25 - 50 - 5 15,000 17,500 677 19
IX 25 - 50 - 5 15,000 25,000 702 21
X 25 - 50 - 5 58,268 7,500 646 13
X 25 - 50 - 5 58,268 12,500 670 12
X 25 - 50 - 5 58,268 17,500 674 22
X 25 - 50 - 5 58,268 25,000 718 15

Table 3.5. Comparison of computing times BA-R vs H-A, H-instances

computing times, as this will avoid evaluating feasible solutions repetitively. This
issue will be addressed in future work.
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Abstract. We consider a strategic decision-making problem where a logistics
provider (LP) seeks to locate collection and delivery points (CDPs) with the ob-
jective to reduce total logistics costs. The customers maximize utility that depends
on their perception of home delivery service as well as the characteristics of the
CDPs, including their location. At the strategic planning level, the LP does not
have complete information about customers’ preferences and their exact location.
We introduce a mixed integer non-linear formulation of the problem and propose
two linear reformulations. The latter involve sample average approximations and
closest assignment constraints, and in one of the formulations we use scenario aggre-
gation to reduce its size. We solve the formulations with a general-purpose solver
using a standard Benders decomposition method. Based on extensive computa-
tional results and a realistic case study, we find that the problem can be solved
efficiently. However, the level of uncertainty in the instances determines which
approach is the most efficient. We use an entropy measure to capture the level
of uncertainty that can be computed prior to solving. Furthermore, the results
highlight the value of accurate demand modeling, as customer preferences have an
important impact on the solutions and associated costs.
Keywords: Capacitated facility location, parcel lockers, closest assignment con-
straints, random utility maximization models

4.1. Introduction
The sustained increase in e-commerce transactions and online sales has promoted

a rapid and sharp increase in demand for last-mile deliveries (Rohmer and Gendron,
2020). Moreover, customers are demanding fast deliveries with high service levels
and expect flexible shipping options (Amorim et al., 2024). This imposes increasing
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pressure on the distribution network of logistics providers (LP). Moreover, it may
negatively impact the environment by increasing emissions due to failed and repeated
deliveries, as well as contributing to increased congestion (Molin et al., 2022). Alter-
native delivery options, in particular, collection and delivery points (CDP), arise as
means of reducing costs and emissions (Yuen et al., 2018).

Using CDPs as an alternative to home delivery is not uncommon and its adoption
varies around the world. For example, in Singapore, 5.5% of online shoppers have
adopted parcel lockers as a delivery option (Choo, 2016), while this figure is 20% in
France and 10% in Germany (Morganti et al., 2014). The main impacts of CDPs are
(i) reducing delivery costs thanks to improved consolidation and (ii) reduced return
levels due to better first-delivery rates. Some customers may also perceive it as an
improved service level.

In this work, we address a strategic decision-making problem faced by a LP
seeking to reduce costs by locating different types of CDPs to divert demand from
its home delivery service. The problem crucially depends on the demand for services
via CDPs, that is, it depends on customers’ preferences. In this context, two sources
of uncertainty arise. First, at a strategic planning level, the LP does not have perfect
knowledge about its future customers and their precise locations. Second, the LP
has imperfect information about customers’ preferences. We assume that the LP has
access to historical data capturing past customers’ characteristics and preferences,
and that such data can be used to estimate a random utility maximization (RUM)
model to predict demand (McFadden, 1981). We propose to model our problem with
a mixed integer non-linear formulation that integrates a RUM model of customer
behavior.

Our work is related to the growing body of literature on facility location problems
where user’s behavior is described with RUM models, also known as choice-based
facility location problems. Similar to several studies (e.g., Pacheco Paneque et al.,
2021; Pinzon Ulloa et al., 2024; Haase and Müller, 2014; Legault and Frejinger, 2023),
we use a sample average approximation (SAA) to derive a linear formulation for any
additive RUM model. Closest to our work are the studies addressing facility location
with fixed capacities (Haase and Müller, 2013; Pinzon Ulloa et al., 2024). Also
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relevant to our work is the literature on location routing problems (LRPs), and, in
particular, studies where not all customers are assigned to a delivery route and where
they can get serviced by visiting a facility (Arslan, 2021; Stenger et al., 2012). In
this context, only a few studies consider customers’ preferences (Janjevic et al., 2019;
Guerrero-Lorente et al., 2020) and, unlike our model, they consider the preferences
to be perfectly known (i.e., described by a deterministic demand model). Similar to
some works on LRPs (Janjevic et al., 2019; Guerrero-Lorente et al., 2020), we do not
solve a routing problem due to its computational difficulties. Instead, we use routing
cost estimations, in our case based on average routing costs from historical data.

We contribute to the literature by addressing a capacitated CDP location problem
where there is uncertainty about customers’ locations and preferences. In contrast to
the closely related work of Haase and Müller (2013) and Pinzon Ulloa et al. (2024),
we tackle two challenging aspects: (i) potentially conflicting objectives between the
LP and its customers, and (ii) strict assignments of customers to facilities. The main
methodological contribution of our work is the introduction of formulations that can
be effectively solved using a standard Benders decomposition method implemented
in general-purpose solvers. This is achieved through a specific formulation of the
follower (customer) problem in a bilevel formulation based on SAA. We demonstrate
how this follower problem leads to the well-known closest assignment constraints in
our single-level linear reformulation. Furthermore, we present an extensive compu-
tational study analyzing the computing times and the effects of uncertainty on the
solutions. Similar to Legault and Frejinger (2023), we introduce an entropy measure
and show how computational performance varies with the level of uncertainty in the
instances. Finally, we showcase the practical applicability of our work by detailing a
realistic case study of our industrial partner.

The remainder of this paper is structured as follows: Section 4.2 reviews related
work and Section 4.3 describes the problem we address in this work. Section 4.4 in-
troduces the non-linear mathematical model that we propose, and Section 4.5 details
an illustrative example. In Section 4.6, we derive mixed integer linear programming
(MILP) reformulations and discuss the closest assignment constraints. Section 4.7
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reports the computational study and Section 4.8 presents the case study. Section 4.9
concludes.

4.2. Literature Review
This section reviews the literature related to our work. It mainly concerns facility

location problems integrating choice models. However, we briefly comment on the
literature related to LRPs as our location problem is impacted by routing costs,
although we do not model that problem in detail. Finally, we overview the main
contributions of our work.

There is a growing body of literature on facility location problems including RUM
models, also known as choice-based facility location problems (Hui Lin et al., 2024).
We distinguish the works that address the problem using closed-form probabilities
(e.g., Ljubić and Moreno, 2018; Mai and Lodi, 2020; Krohn et al., 2021; Duong et al.,
2023) from those that address them by simulating utilities (e.g., Haase and Müller,
2013; Pacheco Paneque et al., 2021; Legault and Frejinger, 2023; Lamontagne et al.,
2023; Pinzon Ulloa et al., 2024). Our work resides within the latter group but,
unlike most studies, we consider capacitated facilities. We are only aware of two
works (Haase and Müller, 2013; Pinzon Ulloa et al., 2024) that use simulated utilities
and treat capacitated facilities (note that, e.g., Pacheco Paneque et al., 2021, also
consider capacities but for a different problem setting). Our work differs from Haase
and Müller (2013) in three main aspects. First, in their case, the open facilities must
satisfy all of the demand, while we consider an outside option. Second, we consider
a bilevel formulation because the objective of the LP and the customers are not
necessarily aligned. In their case, the facility location objective function is aligned
with the objective of the users as both maximize utility. Third, they do not make
strict customer assignments to facilities, whereas we do. Pinzon Ulloa et al. (2024)
consider a pricing and location problem where the random utilities are associated
with price and service levels. However, these utilities do not explicitly depend on
facility location decisions. Moreover, similar to Haase and Müller (2013), Pinzon
Ulloa et al. (2024) do not make strict customer assignments to facilities.
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Other works have addressed competitive facility location problems (see, e.g.,
Beresnev and Melnikov, 2016, 2018; Casas-Ramirez et al., 2018) and capture prob-
lems (see e.g., Berman et al., 2007) with capacities. These works use deterministic
patronizing rules instead of RUM models.

In regard to applications, the problem of locating parcel lockers is receiving in-
creasing attention (see, Rohmer and Gendron, 2020, for a review). We identify two
classes of related work. The first class assumes perfect knowledge of customer pref-
erences (Deutsch and Golany, 2018; Luo et al., 2022). That is, the demand models
are deterministic. On the contrary, the second class involves models that do not
assume perfect knowledge about demand and does not use closed-form stochastic
demand models (e.g., Lin et al., 2020, 2022). Our work defines a new class where
the simulation approach opens the formulation to any type of RUM model.

Our work seeks to locate facilities so as to reduce estimated routing costs. How-
ever, we do not explicitly model the routing problem as is done in the LRP literature.
This is a rich area of research (see e.g., Mara et al., 2021; Lopes et al., 2013; Prodhon
and Prins, 2014) covering several problem variants (e.g. Drexl and Schneider, 2015).
Thus, several studies on LRP consider the location of depots that constitute supply
points with the objective of serving every customer with delivery tours starting at
one of the depots (see e.g., Nagy and Salhi, 2007; Schiffer and Walther, 2018; Arslan,
2021). There are also problem variants closer to our setting, such as location or rout-
ing problems (see Arslan, 2021) and LRP with subcontracting options (see Stenger
et al., 2012). However, there is limited work on problem settings with parcel lock-
ers (see e.g., Zhou et al., 2016; Janjevic et al., 2019; Guerrero-Lorente et al., 2020).
Only Janjevic et al. (2019) and Guerrero-Lorente et al. (2020) consider customer’s
preferences for the pick-up locations and both studies assume perfect knowledge of
customers’ preferences. Moreover, they focus on challenges associated with approx-
imating routing costs. Instead, we focus on modeling demand uncertainty, and we
estimate routing cost using historical data.

Table 4.1 summarizes the key aspects of our work in comparison to the literature.
We consider a CDP location problem with capacitated facilities and a stochastic
demand model where the customers’ utility-maximizing objective may be conflicting
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with the facility location objective. Uncertainty arises because, at the strategic
planning horizon, customer locations are not perfectly known. Moreover, we assume
imperfect knowledge of customers’ preferences which we capture with an additive
RUM model without making any specific assumptions about its type. The next
section introduces the problem in greater detail.

Reference Parcel
Lockers

Choice
Model Capacity Strict

Assignments
Bilevel
program

Conflicting
objectives

Berman et al. (2007) D ✓ ✓
Beresnev and Melnikov (2016) D ✓ ✓ ✓ ✓
Beresnev and Melnikov (2018) D ✓ ✓ ✓ ✓
Casas-Ramirez et al. (2018) D ✓ ✓
Deutsch and Golany (2018) ✓ D
Duong et al. (2023) MNL
Guerrero-Lorente et al. (2020) ✓ D
Haase and Müller (2013) Any ✓
Janjevic et al. (2019) ✓ D
Krohn et al. (2021) MNL
Lamontagne et al. (2023) Any ✓
Lin et al. (2020) ✓ MNL
Lin et al. (2022) ✓ TLM
Ljubić and Moreno (2018) MNL
Luo et al. (2022) ✓ D
Mai and Lodi (2020) MNL
Méndez-Vogel et al. (2023) PBL ✓ ✓
Legault and Frejinger (2023) Any ✓
Pinzon Ulloa et al. (2024) Any ✓ ✓ ✓
Zhou et al. (2016) ✓
Our work ✓ Any ✓ ✓ ✓ ✓
D: Deterministic
MNL: Multinomial Logit Model
TLM: Threshold Luce Model
PBL: Partially Binary Logit Model

Table 4.1. Summary of related work

4.3. Problem Description
This section details our strategic decision-making problem that consists of deter-

mining the locations for CDPs – drop-off and pick-up facilities – to minimize routing,
operating, and implementing costs resulting from such a decision over a planning pe-
riod. We begin by introducing the types of facilities involved, then discuss the specific
characteristics of the demand, and conclude with the impact of routing costs.
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The LP provides a parcel delivery service directly to its customers’ home locations
(standard home delivery). As a complement, it seeks to implement additional deliv-
ery services using CDPs. These CDPs are alternative locations where customers can
pick up or drop off their parcels (see, e.g. Janjevic et al., 2019; Rohmer and Gendron,
2020). We distinguish two main types of CDPs: pick-up (P) points, often integrated
into stores or local shops, and automated parcel lockers, which do not require staff
assistance during pick-up or drop-off. The LP considers two types of parcel lockers:
Regular (A) and modular (M). Regular parcel lockers have fixed capacity, whereas in
modular parcel lockers, the capacity can increase by multiples of a base capacity. Let
D denote the set of candidate locations for CDPs. Also, let DP, DA and DM denote
the corresponding sets for pick-up points P, and parcel lockers A and M, respectively.
Each d ∈ D has coordinates θd = (θx

d, θ
y
d) ∈ R2. Moreover, d ∈ DP ∪DA has a fixed

capacity ud, whereas deciding the capacity of d ∈ DM is part of our problem.
The LP does not have precise knowledge about future customers and deliveries.

Customers are, therefore, aggregated based on their geographical location and pref-
erences. More precisely, customers are classified into categories k ∈ K according
to delivery profiles. These delivery profiles are based on customers’ characteristics
and preferences captured in historical data. Furthermore, we consider two levels of
geographical aggregation. CDPs attract demand from customers in a zone z within
a set of zones Z. To model demand, each zone is further partitioned into subzones
a ∈ Az. Customers are distributed across subzones, each having an expected yearly
number of parcels bzak, z ∈ Z, a ∈ Az, k ∈ K with a total number of parcels within
a zone bz =

∑
a∈Az

∑
k∈K bzak. Note that prediction of these parameters is harder

when more detailed data is necessary.
The demand that each CDP attracts is influenced by the customers’ preferences

for this option relative to the standard home delivery service. The distance from
the customer’s location to a CDP is an important explanatory factor. Given the
geographical aggregation of customers, we have some distance information (in the
experimental section, we consider the distance from the centroid of the corresponding
subzone a, denoted by θa ∈ R2). Other factors can impact the customers’ preferences
and these are not all known to the LP. This motivates the use of a stochastic demand

84



model in our case. Note that, as the demand captured by a CDP cannot exceed its
capacity, excess demand is reallocated to the home delivery service.

Implementing CDPs implies variable (i.e., volume-dependent) and fixed costs
fd > 0, d ∈ DA ∪ DM. Note that fixed costs increase with capacity for d ∈ DM.
Moreover, typically fd = 0, d ∈ DP, but these pick-up points require a minimum
demand level bd from the LP to respect business agreements with the stores.

Variable costs are mainly routing costs to serve the customers. The LP estimates
the current unit routing costs per parcel based on historical delivery and routing
operations for each zone, cR

z , z ∈ Z. They encompass both transit costs, incurred
when the vehicle moves between a terminal to the corresponding zones and within
the zone, as well as delivering-operating costs related to loading, sorting, and moving
parcels from the vehicle to the corresponding delivery addresses.

The use of CDPs impacts the estimated routing costs as fewer customers require
home delivery services, and the consolidated demand from captured customers re-
quires less transit and delivering-operating costs. In this problem, explicit routing
decisions cannot be made as the LP uses customer data aggregated over subzones.
However, the LP considers that there is an impact on the delivering-operating costs
due to parcel consolidation when delivering to a CDP instead of to different home
addresses. Hence, the LP quantifies the affected routing (AR) costs of customers in a
zone z served by a CDP d by assuming a reduction in the delivering-operating costs,
regardless of the transit costs. We denote these costs by cAR

dz . Note that in this case
cAR

dz ≤ cR
z .

In summary, the LP seeks to optimally locate CDPs to minimize total expected
costs encompassing estimated routing costs and CDP’s fixed and operational costs.
Since these costs depend on the demand for CDPs, the LP must consider customers’
preferences for CDPs, their capacity as well as the preferences for home delivery
services.
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4.4. A Mixed Integer Non-Linear Formulation
This section introduces a non-linear formulation for our problem. It is the foun-

dation of the two linear reformulations that are derived and discussed in Section 4.6.
We begin by presenting the main modeling concepts and then we focus on the math-
ematical formulation itself.

We denote by xd the binary decision of implementing or not a CDP at d ∈ D

(in vector notation x ∈ {0,1}|D|). We introduce demand models at the two levels of
geographical aggregation (zone and subzone) that depend on x.

The share of customers in z choosing delivery service d is denoted ψdz(x). Since
the captured demand is constrained by the CDP’s capacity, we define the effective
share of demand captured by a CDP d in zone z and denoted it with the auxiliary
variables pdz. Note that the latter implicitly depends on x since pdz ≤ ψdz(x).

Customer information is available at the subzone level. We model demand for
CDPs and home delivery services with a RUM model and we denote the probability
of customers in category k and subzone a choosing d by ψdak(x). Accordingly, the
demand shares, at zone level, are defined by

ψdz(x) =
∑
a∈Az

∑
k∈K

bzak

bz

ψdak(x), (4.1)

with

ψdak(x) = Prob
(
d∈arg max

d′∈Dx∪{0}
{Ud′ak(εd′)}

)
. (4.2)

In (4.2), Ud′ak(εd′) is an additive random utility function capturing the attractiveness
of a CDP d′ for customers of category k in subzone a. It is defined over the set of open
CDPs Dx and home delivery service (indexed with 0). For simplicity, we henceforth
write Udak instead of Ud′ak and define it as

Udak = α1
kf

1(θd, θa) + α2
kf

2(Ed) + εdak, (4.3)

where f 1(θd, θa) denotes a function of the distance from the customers located in
subzone a ∈ Az to the location of the CDP d, endogenous to our model as it depends
on decision variables xd, and f 2(Ed) is a function of other features, exogenous to
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our model, that may explain customer preferences. Parameters α1
k attached to CDP

alternatives are strictly negative and reflect that the probability of choosing a CDP
decreases as distance increases. For home delivery service, α1

k = 0. Parameters
α2

k ≥ 0 reflect the relative importance of other attributes for customer category k.
Terms εdak are continuous random variables with support Ξ. Specific distributional
assumptions lead to different types of RUM models. For example, assuming that
εdak are independently and identically distributed extreme value type I leads to the
well-known logit model.

Modular parcel lockers d ∈ DM have capacities that increase by multiples of a
base capacity. Accordingly, we define a set of capacity levels Ld = {u1

d, u
2
d, . . . , u

L
d},

each with a corresponding fixed cost denoted by f l
d. Moreover, we introduce binary

decision variables rl
d that equal one if level l is selected for CDP d, and zero otherwise.

The mixed integer non-linear formulation of our problem is:

min
∑
z∈Z

cR
z bzp0z +

∑
z∈Z

∑
d∈D

cAR
dz bzpdz +

∑
d∈DM

∑
l∈Ld

f l
dr

l
d +

∑
d∈DA

fdxd (4.4a)

s.t.
∑
l∈Ld

rl
d = xd, d ∈ DM, (4.4b)

∑
z∈Z

bzpdz ≤
∑
l∈Ld

ul
dr

l
d, d ∈ DM, (4.4c)

∑
z∈Z

bzpdz ≤ udxd, d ∈ DP ∪DA, (4.4d)

∑
z∈Z

bzpdz ≥ bdxd, d ∈ DP , (4.4e)

pdz ≤ ψdz(x), z ∈ Z, d ∈ D, (4.4f)

p0z ≥ ψ0z(x), z ∈ Z, (4.4g)

p0z +
∑
d∈D

pdz = 1, z ∈ Z, (4.4h)

xd ∈ {0,1}, d ∈ D, (4.4i)
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pdz ≥ 0, z ∈ Z, d ∈ D ∪ 0, (4.4j)

rl
d ∈ {0,1}, d ∈ DM, l ∈ Ld. (4.4k)

Objective function (4.4a) minimizes the total estimated routing costs, including the
costs of implementing and operating CDPs. It has four components capturing the (i)
total estimated routing costs for home-delivery service, (ii) total estimated routing
and operating costs related to demand allocated to open CDPs, as well as total fixed
costs of implementing (iii) modular and (iv) regular parcel lockers, respectively. Con-
straints (4.4b) impose that only one of the available capacity levels can be chosen for
open modular parcel lockers. Constraints (4.4c) and (4.4d) ensure that the expected
demand captured by a CDP does not exceed its capacity, whereas Constraints (4.4e)
impose a minimum demand level for pickup points d ∈ DP. Constraints (4.4f) impose
that the effective fraction of demand captured by a CDP cannot exceed the demand
share. In contrast, Constraints (4.4g) state that the effective fraction of demand
captured by the home-delivery service must be at least equal to the demand share.
We include these constraints for the sake of clarity but note that they are, in fact,
redundant.

Constraints (4.4h) ensure that all the demand is captured by either a CDPs or
the home delivery service.

We note that model (4.4) is non-linear due to Constraints (4.4f), in view of
the definitions of ψdz(x) in (4.1) and of the individual probabilities in (4.2). Indeed,
even the simplest RUM model – multinomial logit – is non-linear. For more advanced
RUM models, such as the logit mixtures (Train, 2009), (4.2) does not even have a
closed form whence simulation is required to evaluate probabilities. In this situation,
one way to solve model (4.4), is to introduce simulated utilities that are maximized
as part of a follower problem in a bilevel formulation (e.g. Pacheco Paneque et al.,
2021; Lamontagne et al., 2023; Pinzon Ulloa et al., 2024). In our case, the bilevel
structure is important, as the RUM objective of the user may not be aligned with the
cost minimization objective of the LP. We describe such reformulations in Section 4.6
after the following example designed to illustrate the impact of capacities and costs
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on the location decisions and captured demand. Finally, we refer to Tables B.1
and B.2 in Appendix B.1 for a comprehensive listing of the notation.

4.5. Illustrative Example
This section illustrates the impact of locating CDPs in a region divided into two

zones, where customers are served by the LP’s standard home delivery service. We
discuss how capacity constraints affect the demand captured by these facilities and
highlight the balance the LP must achieve between capturing demand and minimizing
costs.

We consider two zones z1 and z2 and two candidate locations for CDPs {A,B},
as depicted in Figure 4.1. In this example, the demand captured by the location A is
expected to be greater than in location B. For instance, consider A to be a popular
convenience store, which makes it a more attractive option for customers to pick up
and deliver orders compared to B, which has a less attractive location.

Fig. 4.1. Zones and CDPs

ψ(x) xA = 1, xB = 0 xA = 0, xB = 1 xA = xB = 1
ψAz1 0.35 0 0.30
ψBz1 0 0.20 0.15
ψ0z1 0.65 0.80 0.55
ψAz2 0 0 0
ψBz2 0 0.05 0.05
ψ0z2 1 0.95 0.95

Table 4.2. Choice probabilities for each CDP location decision

The demand in each zone is given bz1 = bz2 = 500, respectively. The unit costs of
home delivery service in each zone are cR

z1 = 5 and cR
z2 = 6. For the sake of simplicity,

we assume a single customer category and no partition into subzones. The capacity
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for the CDP in each location is given by uA = 90, uB = 130, and the fixed costs are
fA = 170, fB = 200.

Figure 4.1 shows the relative location of CDPs and highlights that, from a dis-
tance perspective, they are more attractive for customers in zone z1. We fix the choice
probabilities as reported in Table 4.2 for different location decisions xd. Note that
these probabilities are fixed following our assumption that a CDP located in a store
(CDP A) attracts more demand than that located in (CDP B). Recall that the effec-
tive fraction captured by a CDP can be lower than the corresponding probabilities
ψ, due to the capacity constraints.

The estimated costs of serving customers captured by the CDPs are cAz1 = cAz2 =
3.25 and cBz1 = cBz2 = 3.5. If none of the CDPs are open, the total estimated routing
cost is $5,500 (5 · 500 + 6 · 500). This corresponds to serving all the customers with
home-delivery services, thus p0z1 = p0z2 = 1. However, the optimal solution is
xA = 0, xB = 1, with a total cost of $5,488. In this solution, CDP B captures 20% of
the demand from zone A and 5% from zone B. Even though CDP A is more attractive
and less expensive than CDP B, its capacity limits the amount of demand captured,
impacting the potential cost reduction. We note that the optimal solution is sensitive
to the capacities of CDPs. For example, if the capacity of CDP A increases by at
least three units, then the optimal solution changes to xA = 1, xB = 0. Table 4.3
summarizes the results.

xA = 1
xB = 0

xA = 0
xB = 1 xA = xB = 1 xA = xB = 0

Total cost 5,513 5,488 5,538 5,500
Captured demand zone z1 90 100 165 0
Effective fraction zone z1 18% 20% 33% 0
Captured demand zone z2 0 25 25 0
Effective fraction zone z2 0 5% 5% 0

Table 4.3. Results for location decisions xd

The results in Table 4.3 also highlight the impact of the conflicting objectives
between customers and the LP. We observe that a solution capturing more demand
(more customers allocated to their preferred choice) is not necessarily the best for the
LP. Indeed, when both CDPs are open, they capture more demand. However, this
solution is more costly than using only home delivery services for all the customers.
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Recall the rule that demand is allocated to home delivery service in case of excess
demand. When both CDPs are open, the effective fraction of demand captured
follows the LP’s allocation rule. This fraction results in a lower bound on the effective
fraction that both CDPs can capture when customers can be reallocated to the CDP
next in preference. To show this, let us consider that the excess of demand captured
by CDP A is reallocated to CDP B until its maximum capacity is reached. Then,
the total captured demand from zone z1 would be 195. That corresponds to 39%
(> 33%) of the demand in zone z1 and represents a lower cost ($5,493) than the
one displayed in Table 4.3 for the same solution (xA = xB = 1). However, in this
case, the corresponding total cost with this allocation rule is still higher than the
cost obtained by the optimal solution under the allocation assumption in this work.

4.6. Simulation-based Formulations
This section presents our approaches to deal with the non-linear program (4.4)

introduced in Section 4.4. They are bilevel MILP formulations based on SAA of
customer choice probabilities. We begin this section by discussing the foundation
of the SAA formulation and two modeling alternatives for the follower’s problem.
Then, we focus on the modeling alternative leading to the single-level formulation
with the smallest number of variables and constraints. We introduce in Section 4.6.1
the single-level reformulation, and then, in Section 4.6.2, an equivalent reformulation
based on scenario aggregation.

We adopt an existing approach that consists in simulating realizations of ran-
dom utilities that are linear in decision variables (e.g. Haase and Müller, 2013;
Pacheco Paneque et al., 2021). We draw a sample set S of scenarios {εs}s∈S from the
distribution of the random terms εdak in (4.3). We estimate ψdak(x) with an SAA
through

ψ̂dak(x) = 1
|S|
∑
s∈S

wdaks, d ∈ D, a ∈ A, k ∈ K (4.5a)
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wdaks =


1, d ∈ arg max

d′∈Dx∪{0}
{Ud′aks}

0, otherwise.
d ∈ D, a ∈ A, k ∈ K, s ∈ S (4.5b)

In (4.5b), wdaks equals one if delivery service d (a CDP or home-delivery service) has
the maximum utility in scenario s for customers in category k and subzone a. These
are decision variables in the follower problem of our bilevel formulation. We consider
two formulations: For given a, k, and s, and (leader) decision variables x, a first,
straightforward formulation of (4.5b) is

arg max
∑
d∈D

Udaksxdwdaks + U0aksw0aks (4.6a)

s.t.
∑

d∈D∪{0}

wdaks = 1, (4.6b)

wdaks ∈ {0,1}, d ∈ D ∪ {0}. (4.6c)

and a second, alternative formulation is

arg max
∑

d∈D∪{0}

Udakswdaks (4.7a)

s.t.
∑

d∈D∪{0}

wdaks = 1, (4.7b)

wdaks ≤ xd, d ∈ D, (4.7c)

wdaks ∈ {0,1}, d ∈ D ∪ {0}. (4.7d)

We note that the coefficient matrices in these two formulations are totally uni-
modular. Therefore, we can relax the integrality constraints on variables wdaks and
still obtain binary solutions. We also note that without loss of generality, we as-
sume that Udaks > 0. Indeed, in the case of negative utilities, we can add a constant
(e.g., Ûdaks = Udaks−δ, where δ < mind′∈D∪{0} Ud′aks) without affecting the solutions.
Based on this assumption, and the fact that Udaks are sampled from continuous distri-
butions (the probability that any two values are equal is zero), the optimal solutions
to the formulations are unique. In addition, in the following proposition, we show
that the optimal solutions of the two formulations are equal. euiue
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Proposition 4. For given a, k, s, let ŵaks and w̃aks be the vectors representing
the corresponding optimal solutions for (4.6) and (4.7) given a set of open facilities
D∗ ⊂ D defined by x. Then ŵaks = w̃aks.

Proof. By inspection of (4.6) and (4.7), we see that any level of utility reachable in the
objective of (4.6) can also be reached in (4.7) by adjusting w̃aks and conversely that
any level of utility reachable in (4.7) can also be reached in (4.6) by adjusting ŵaks.
Hence the sets of utility levels reachable in (4.6) and (4.7) are identical. For simplicity,
we henceforth omit indices a,k, and s. We have xd = 1, d ∈ D∗. Let us assume an
optimal solution to (4.6): ŵd′ = 1, d′ ∈ D∗ ∪ {0}, and ŵd = 0, d ̸= d

′ ∈ D∗ ∪ {0}.
This implies that Ud′ > Ud, d ̸= d

′ ∈ D∗ ∪ {0}. Let us assume a different optimal
solution to (4.7): w̃d′′ = 1, d′′ ̸= d

′ ∈ D∗ ∪ {0}, and w̃d = 0, d ̸= d
′′ ∈ D∗ ∪ {0}. This

implies that Ud′′ > Ud, d ̸= d
′′ ∈ D∗ ∪ {0}. However, this contradicts the assumption

that ŵ is optimal for (4.6). Hence, both optimal solutions must be equal. □

In the following section, we introduce a single-level formulation using (4.7) where
a subset of the constraints are closest assignment constraints (CAC). In Section 4.6.2,
we introduce another single-level formulation that is also based on (4.7), but that
uses an aggregation of scenarios inspired by Legault and Frejinger (2023).

4.6.1. CAC Formulation

Next, we introduce a linear single-level formulation of (4.4). It is derived by
replacing ψdz(x) in Constraints (4.4f) by their SAA using (4.7). This results in a
bilevel formulation. Then, using the strong duality theorem, we derive the following
single-level and linear reformulation (henceforth referred to as formulation C):

min
∑
z∈Z

cR
z bzp0z +

∑
z∈Z

∑
d∈D

cAR
dz bzpdz +

∑
d∈DM

∑
l∈Ld

f l
dr

l
d +

∑
d∈DA

fdxd (4.8a)

s.t: (4.4b)− (4.4e), (4.4h)− (4.4k),∑
g∈D∪{0}

egdakswgaks ≥ xd, d ∈ D, a ∈ A, k ∈ K, s ∈ S, (4.8b)
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∑
g∈D∪{0}

eg0akswgaks ≥ 1, a ∈ A, k ∈ K, s ∈ S, (4.8c)

∑
d∈D∪{0}

wdaks = 1, a ∈ A, k ∈ K, s ∈ S, (4.8d)

wdaks ≤ xd, d ∈ D, a ∈ A, k ∈ K, s ∈ S, (4.8e)

pdz ≤
1
|S|
∑
s∈S

∑
a∈Az

∑
k∈K

bzak

bz
wdaks, d ∈ D, z ∈ Z, (4.8f)

p0z ≥
1
|S|
∑
s∈S

∑
a∈Az

∑
k∈K

bzak

bz
w0aks, z ∈ Z, (4.8g)

0 ≤ wdaks ≤ 1, d ∈ D ∪ {0}, a ∈ A, k ∈ K, s ∈ S. (4.8h)

The objective function (4.8a), sets of constraints as well as restrictions on the
decision variables are the same as in (4.4), except that Constraints (4.8b)- (4.8h)
and decision variables wdajs are substituted for Constraints (4.4f).

As we show below, Constraints (4.8b) - (4.8e) result from applying the strong
duality theorem to (4.7). Specifically, Constraints (4.8b) and (4.8c) enforce the
assignment to the CDP having the highest utility. In such constraints, the param-
eter egdaks = 1 if Ugaks ≥ Udaks, d ∈ D, and 0 otherwise. Similarly, eg0aks = 1 if
Ugaks ≥ U0aks, and 0 otherwise. Moreover, Constraints (4.8d) ensure that customers
in subzones are assigned to a single CDP or to the home delivery service. Right-
hand-sides of Constraints (4.8f) and Constraints (4.8g) act as the SAA of ψdz(x) and
ψ0z(x), respecively.

Note that Constraints (4.8b) and (4.8c) correspond to one of the most widely used
CAC (see Constraints (CC) on page 50 in Espejo et al., 2012). However, in our case,
we seek utility-maximizing assignments as opposed to the classic distance-minimizing
assignments.

In the following, we show that the CAC-constraints given in (4.8b), (4.8c) with
Constraints (4.8d) and (4.8e), are derived from the follower problem (4.7). To this
end, we introduce the dual formulations of (4.6) and (4.7). They are given by
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min αaks (4.9a)

s.t. αaks ≥ Udaksxd, d ∈ D, (4.9b)

αaks ≥ U0aks. (4.9c)

and

min γaks +
∑
d∈D

βdaksxd (4.10a)

s.t. γaks + βdaks ≥ Udaks, d ∈ D, (4.10b)

γaks ≥ U0aks, (4.10c)

βdaks ≥ 0, d ∈ D. (4.10d)

Using linear programming strong duality, we rewrite (4.6) and (4.7) as the fol-
lowing constraint satisfaction problems:∑

d∈D

Udaksxdwdaks + U0aksw0aks ≥ αaks (4.11)

(4.6b), (4.8h),(4.9b), (4.9c)

and ∑
d∈D∪{0}

Udakswdaks ≥ γaks +
∑
d∈D

βdaksxd (4.12)

(4.7b), (4.7c), (4.8h), (4.10b), (4.10c), (4.10d),

respectively. We use these when proving the result in the following proposition.

Proposition 5. For each a, k and s, Constraints in (4.12) are equivalent to CAC-
Constraints (4.8b), (4.8c), (4.8d) and (4.8e).

Proof. First, note that Constraints (4.8d) and (4.8e) are the same as Constraints (4.7b)
and (4.7c). Thus, we focus on showing that Constraints (4.12), (4.10b), (4.10c) and
(4.10d) yield the CAC Constraints (4.8b) and (4.8c).
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According to the strong duality theorem, Constraints (4.12) are only satisfied (at
the equality) at the optimum. Hence:∑

g∈D∪{0}

Ugakswgaks ≥ γ∗
aks +

∑
d∈D

β∗
daks (4.13)

≥ α∗
aks (4.14)

≥ max{Udaksxd, d ∈ D;U0aks} (4.15)

In inequality (4.14) we use Proposition 4 to replace the optimal objective value
of (4.10) with the optimal objective value of (4.9), as from there it is evident that
α∗

aks = max{Udaksxd, d ∈ D;U0aks}. We replace (4.13)-(4.15) with the following two
sets of constraints: ∑

g∈D∪{0}

Ugakswgaks ≥ Udaksxd, d ∈ D, (4.16)

∑
g∈D∪{0}

Ugakswgaks ≥ U0aks. (4.17)

Note that only for g ∈ D ∪ {0} where Ugaks ≥ Udaks, can wgaks satisfy Con-
straints (4.16). Also, only those with g ∈ D ∪ {0} where Ugaks ≥ U0aks, wgaks

can satisfy Constraint (4.17). By using egdaks = 1 for Ugaks ≥ Udaks; 0 otherwise,
and eg0aks = 1 for Ugaks ≥ U0aks; 0 otherwise, Constraints (4.16) and (4.17) can be
written as: ∑

g∈D∪{0}

egdakswgaks ≥ xd, d ∈ D, (4.18)

∑
g∈D∪{0}

eg0akswgaks ≥ 1, (4.19)

which corresponds to Constraints (4.8b) and (4.8c). □

We close this subsection with a few remarks on the solution method. Prob-
lem (4.8) can be solved using a standard Benders decomposition method imple-
mented in a general-purpose solver, given its suitability for large MILP problems,
particularly facility location problems. We identify two strategies to partition the
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variables: The first one is automated partition (AP) where integer variables are as-
signed to the master problem and continuous variables to the subproblems. A second
strategy, that we call user-partition (UP), includes also the continuous variables pdz

in the master problem. By doing so, we can decompose the subproblems by zones.
However, the resulting subproblems are feasibility subproblems because none of the
variables appear in the objective function. Hence, the UP only generates feasibility
cuts. We use C-AP and C-UP, to respectively refer to the approach using AP or UP
to solve model (4.8).

4.6.2. CAC with Scenario Aggregation

In this section, we describe a formulation that is based on the CAC formulation
of Section 4.6.1 and the SAA with aggregation model (SAAA) introduced in Legault
and Frejinger (2023). In this work, they achieve strong computational performance
by aggregating scenarios that lead to the same solution. Moreover, they propose a
partial Benders decomposition where they only explicitly account for scenarios that
contribute sufficiently to the objective function. Their solution approach, however,
cannot be directly applied to our model because our objective function is not sub-
modular, and we have capacity constraints. In the following, we explain how we can
nevertheless define scenario aggregation in a way that is similar to theirs.

Let (a,k,s) for a ∈ Az, k ∈ K and s ∈ S denote a triplet. For each (a,k,s)
we have a vector of utilities Uaks = [U1aks, U2aks, . . . , UDaks, U0aks]. For each
vector Uaks, we associate a vector Πaks denoting the ranking of the correspond-
ing utilities. For example, for |D| = 2, let us assume the following subset of
triplets (a,k,s): {(1,1,1),(1,1,2), (1,2,1),(3,3,2)}, associated with the corresponding
utilities: {[4,7,3], [2,5,1], [3,6,1], [2,5,0]}. Accordingly, Π111 = Π112 = Π121 = Π332 =
[2,3,1]. Consider for instance the utility vector [4,7,3], in this case the utilities of 4,
7 and 3, have rankings 2, 3 and 1, respectively. All of the utility vectors above have
the same ranking.

For the purposes of aggregation, we define a pattern q that identifies a subset of
triplets (a,k,s) such that the associated vector of ranked utilities, Πaks, are equal.
Let Q denote the set of unique patterns. Moreover, let νqak denote the fraction of
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scenarios s ∈ S in which customers in subzone a ∈ Az in category k ∈ K appear
in pattern q ∈ Q. Compared to the previous formulation, we slightly change the
definition of our decision variables wdq that now equal 1 if the observed pattern q

is assigned to CDP d, and 0 otherwise. In addition, we use egdq = 1, if Ugq ≥ Udq

and 0, otherwise, for g,d ∈ D ∪ {0}. This leads to a formulation with aggregation
(referred to as AC) where the difference with respect to (4.8) resides in the use of
patterns q ∈ Q instead of scenarios s ∈ S:

min
∑
z∈Z

cR
z bzp0z +

∑
z∈Z

∑
d∈D

cAR
dz bzpdz +

∑
d∈DM

∑
l∈Ld

f l
dr

l
d +

∑
d∈DA

fdxd (4.20a)

s.t: (4.4b)− (4.4e), (4.4h)− (4.4k),∑
g∈D∪{0}

egdqwgq ≥ xd, ∀d ∈ D, q ∈ Q, (4.20b)

∑
g∈D∪{0}

eg0qwgq ≥ 1, ∀q ∈ Q, (4.20c)

∑
d∈D∪{0}

wdq = 1, ∀q ∈ Q, (4.20d)

wdq ≤ xd, ∀d ∈ D, q ∈ Q, (4.20e)

pdz ≤
∑
q∈Q

∑
a∈Az

∑
k∈K

bzak

bz
νqakwdq, ∀d ∈ D, z ∈ Z, (4.20f)

p0z ≥
∑
s∈S

∑
a∈Az

∑
k∈K

bzak

bz
νqakw0q, z ∈ Z, (4.20g)

0 ≤ wdq ≤ 1, ∀d ∈ D ∪ {0}, q ∈ Q. (4.20h)

As with model (4.8), we solve (4.20) using a standard Benders decomposition
method with AP partition (AC-AP). We note that UP is not suitable due to the
linking Constraints (4.20f) and (4.20g). Indeed, the patterns q ∈ Q may aggregate
customers from different zones, hindering the decomposition over zones.

4.7. Computational Results
This section describes an extensive computational study designed to achieve two

main objectives: First, to analyze how the levels of uncertainty in the demand model
and customer locations impact the solutions. Second, to assess the computational
performance with increasing problem size. In the following section, we describe the
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experimental setup, and then discuss the results related to each of the objectives in
Sections 4.7.2 and 4.7.3, respectively.

4.7.1. Experimental Setup

The experimental setup concerns the definition of the problem instances, model
parameters, and performance metrics, as well as the characteristics of our infrastruc-
ture and the computing budget. We define the sets of instances by describing how
we generate demand, and candidate CDP locations. For all experiments we consider
a region represented by a [0, 30] × [0,30] plane, two customer categories (|K| = 2),
and a distribution center located at [0,0] in the plane.

Demand Generation. Recall that there are two sources of uncertainty, both per-
taining to demand: The LP does not have perfect knowledge about the precise loca-
tion of future customers or about their preferences. To assess the impact of the first
source, we generate demand with a precise location, and then we assess the impact
of aggregating customers into subzones of varying sizes. As for the second source,
we divide customers into two categories. Namely, 25% of the customers (drawn at
random) are likelier to use CDPs than the other 75% of the customers. The strength
of their preferences is governed by parameters in the utility functions as described
below.

We pseudo-randomly sample |J | customers’ locations (θx
j , θ

y
j ) within the plane

(0 ≤ θx
j ≤ 30 and 0 ≤ θy

j ≤ 30). Note that the superscript indicates that these
correspond to x and y-coordinates in the plane. We consider two different sampling
protocols. In the first (U-R, shorthand for uniform random), we assume that cus-
tomers are uniformly distributed over the region. In the second (UN-R, shorthand
for uniform-normal random), we assume a higher concentration of customers at the
center ([15,15]) of the region. In this case, 50% of customers are uniformly distributed
in the plane (same as U-R), and the other 50% are distributed according to a normal
distribution θx

j ,θ
y
j ∼ N(15,3).

Demand Aggregation into Zones. We partition the region into equally sized
zones with the same number of subzones. Since we simulate the precise location of
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customers, we can aggregate all of those who are in a given zone. Hence, fewer zones
implies more aggregation.

In Section 4.7.2, we use the same number of customers |J | = 4,000, and zones
|Z| = 4, but vary the level of aggregation through the number of subzones |A| =
{4, 8, 16, 64, 256}. In Section 4.7.3 where we focus on computational performance,
we use |J | = 100,000 customers and vary either the number of zones – Z-class in-
stances – or the number of subzones – A-class instances. In Z-class, we use |Z| =
{32, 48, 64, 96}, and in A-class, we use |A| = {192, 256, 320, 400, 480, 576, 784, 1024}.

Note that, given the pseudo-randomly generated precise customer locations, it is
possible to have instances with subzones that have no customers, or only customers of
a single category. Hence, the total combination of subzones and customer categories
|Ã| ≤ |A||K|.

Next, we turn our attention to the generation of candidate locations for CDPs.

CDP Generation. We pseudo-randomly sample |D| CDP locations within the
plane according to a uniform distribution. For each type of CDP, the capacity is
the same. We consider the 3 types of CDPs, and |D|/3 locations for each type,
where modular parcel lockers (DM) have three capacity levels (|L| = 3) and L =
{ud, 2ud, 3ud}. The minimum demand level is bd = 0.5ud and fixed cost fd = 2ud.
In Section 4.7.2, aimed at analyzing the impact of uncertainty, we fix |D| = 15 and
ud = 20, whereas we generate more challenging instances in Section 4.7.3 – referred
to as D-class instances – using |D| = {21,27,33,39,45}. We use ud = {550, 825, 1650}
for Z, A and S-classes. For the D-class, we proportionally adjust the capacities such
that the total capacity is the same for all instances.

In the following we describe model parameters, starting with how we compute
variable costs, followed by the RUM model.

Variable Costs. We estimate routing costs in zone z ∈ Z with cR
z = 0.1 × ∥θz∥,

where ∥·∥ denotes the L2-norm. Note that this corresponds to the Euclidean distance
between the distribution center located at [0,0] and the centroid of the zone. The
resulting routing cost are cAR

dz = 0.90 × cR
z , for d ∈ DP, and cAR

dz = 0.80 × cR
z , for

d ∈ D \DP.
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RUM Model. We postulate a logit model in all experiments, i.e., εdaks are indepen-
dently and identically distributed according to the Extreme Value type I distribution
with scale parameter β. We use a random utility defined as Udaks = α1

k

(
|θx

a − θx
d| +

|θy
a − θ

y
d|
)

+ εakds. Here, again, the superscripts denote the x- and y-coordinates in
the plane. We use α1

2 = 5α1
1 so that customers in category k = 2 are five times more

sensitive to the distance than customers in category k = 1. Hence, the values of β
and α1

1 determine the level of uncertainty and customers’ preferences.
In Section 4.7.2, we use three configurations of these parameters (α1

1, β) =
{(−0.01, 1), (−0.1,1), (−0.1, 0.25)}, whereas in Section 4.7.3 we use a subset of two
configurations (α1

1, β) = {(−0.1, 1), (−0.1, 0.25)}.

Instances and Scenarios. Our formulations are based on scenarios obtained by
sampling values of the random terms. For each of the parameter configurations that
we have described, we draw ten sets of scenarios. An instance refers to a problem
defined by a set of scenarios, hence we have ten instances for each parameter setting.

Moreover, we consider different numbers of scenarios. In Section 4.7.2, we use
|S| = 50, and we also keep it fixed to this number when solving the Z-, A- and
D-classes of instances. To assess the impact on computing time, we consider a fourth
class of instances, referred to as the S-class where we vary the number of scenarios
|S| = {50, 100, 150, 200, 250, 300}.

Performance Metrics and Interpretability. We report different metrics depend-
ing on the focus of the analysis, including computing time in seconds, the number
of CDPs that are open in the optimal solution, the value of the objective function,
the optimality gap for instances that are not solved to optimality within our time
limit. For interpretability of the level of uncertainty associated with the demand
model, we use the entropy measure introduced in Legault and Frejinger (2023). The
entropy is defined as H =

∑
q∈Q−vq log(vq), where vq is the fraction of scenarios

where pattern q is observed. We report entropy, or average entropy Ĥ. Note that
the maximum entropy (i.e. the entropy of a uniform distribution) may vary across
instances. Therefore, we also report the maximum entropy and categorize instances
as having low, medium or high entropy relative to the maximum.
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Infrastructure and Computing Budget. The experiments are performed on the
Linux version of IBM ILOG CPLEX 22.1, running on an Intel I7-9700K 8 cores CPU
at 3.6GHz/4.9GHz, with a time budget of one hour.

4.7.2. Impact of Uncertainty

In this section, we analyze two aspects that impact the level of uncertainty.
Namely, (i) parameters of the RUM model, and (ii) geographical distribution of
CDPs and customer aggregation into subzones. Recall that we keep the numbers of
customers, zones and CDP fixed for the results in this section, while we use different
configurations of the utility functions and different numbers of subzones. Figures 4.2
– 4.4 display different views on the same set of instances.

Figure 4.2 is a scatter plot showing, for each instance, the number of open CDPs
in the optimal solution and the associated entropy level expressed as a ratio of the
maximum entropy. All 15 CDPs are open in most high-entropy instances. High en-
tropy implies that all CDPs have similar estimated probabilities to capture demand.
In this case, the total reduction in estimated routing costs surpasses the fixed cost.
Moreover, all CDPs have the same fixed cost. Therefore, the model chooses to open
all CDPs.

The figure clearly shows three clusters of instances: low, medium, and high en-
tropy. Note that we include high-entropy configurations in these results for the sake
of illustration. In practice, such configurations are of less interest as they imply
demand models that do not provide any information compared to a uniform distri-
bution. In the following we provide a more in-depth analysis of the low and medium
entropy instances.

Figures 4.3a and 4.3b display the distributions of the number of open CDPs in
the optimal solutions as a function of parameter configurations. The latter is the
geographical distribution of demand (uniform, U-R, and more concentrated to the
center UN-R), and the number of subzones |A|. We note that all 15 CDPs are open
in most of the medium entropy instances except those having the fewest number
of subzones. We see a higher variance in the low-entropy instances and fewer open
CDPs. The median (indicated with a line in each box) is higher for larger number
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Fig. 4.2. Number of open CDPs in the optimal solution for different values of the
ratio between entropy and max entropy for each instance

of subzones, especially when demand is uniformly distributed in the region. Now,
turning to the optimal expected costs displayed similarly in Figures 4.4a and 4.4b,
we note that they decrease as the number of subzones increases. Moreover, they are
smaller when demand is more highly concentrated in the center of the region (UN-R
compared to U-R). In the following, we provide an analysis of these results.

Recall that the model trades off reduction in variable routing costs with fixed
costs associated with opening CDPs. The reduction of variable routing costs depends
on the demand that a CDP can attract which, in turn, is governed by the utility
functions. In the low-entropy instances, attraction strongly depends on distance,
whereas this dependence is less strong in medium-entropy instances.

We use the centroid of a subzone to compute distances. The distribution of
demand in the region, along with the size of the subzones, therefore determine the
quality of the distance approximation. Consider uniformly distributed demand in
the region. Having only four subzones means that distance will be overestimated
for a significant share of the demand, compared to having smaller (more) subzones.
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This issue is less pronounced when demand is concentrated to the center of the region
(UN-R distribution).

Given the above, less demand is attracted by CDPs, especially in low-entropy
instances when subzones are relatively large (see Figure B.1 in Appendix B.3). This,
hence, explains why those instances have fewer open CDPs and higher costs. In other
words, it is valuable to reduce uncertainty by trying to model demand as accurately
as possible (utility functions and geographical distribution), and to solve the model
with a larger number of subzones. Of course, from a practical point of view, the size
of the subzones should reflect the level of uncertainty in the geographical distribution
of demand. It does not make sense to have small subzones if there is a high degree of
uncertainty in where the demand is located. As expected, having areas with relatively
high concentration of demand leads to lower costs. Next we turn our attention to an
analysis of computing time for larger instances.

(a) Medium entropy (b) Low entropy

Fig. 4.3. Distribution of the optimal number of CDPs

4.7.3. Model and Algorithm Comparison

In this section we analyze the computing time when the size of the instances
increases in various dimensions. We compare the three approaches C-AP, C-UP and
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(a) Medium level entropy (b) Low level entropy

Fig. 4.4. Distribution of the optimal expected cost

AC-AP. As detailed in Section 4.7.1, we use four classes of instances for this purpose:
S-, Z-, A- and D-classes.

Tables 4.4 – 4.7 report the average computing time (in seconds) for the four classes
of instances. Recall that the average in each row is computed over ten instances. All
instances are solved to optimality with only 10 exceptions (three configurations of
the D-class, see footnotes in Table 4.7). In addition to computing time, we report
average entropy (Ĥ), and average maximum entropy (avg max H). Each table is
separated into two parts, the upper reports results for medium-entropy instances,
and the lower for low-entropy instances. The shortest computing time in each row
is highlighted in bold font.

A few findings clearly emerge from these results. The AC-AP is the best approach
for low-entropy instances across all classes. This is expected, and consistent with the
findings in Legault and Frejinger (2023), as aggregation has the largest impact on
model size for low-entropy instances. We note that AC-AP dominates the other
approaches for each individual instance and not only on average (see Figure B.2 in
Appendix B.3). In terms of absolute computing time, low-entropy instances are also
the easiest to solve. This opens up the possibility to use large number of subzones
and scenarios for improved modeling accuracy.
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Next, we focus on findings related to medium-entropy instances. First, we note
that increasing the size of Z marginally impacts the computing time as this dimension
only affects continuous variables pdz. The hardest instances arise when increasing
|D| as it governs the number of binary variables xd. Instances where the capacity is
not restrictive (larger ud) are especially challenging. When capacities are restrictive,
more demand is allocated to home delivery service, which makes the problem easier
to solve. Computing time also increases with |S| and |A| but less strongly than
increasing |D|.

Unlike for low-entropy instances, a single approach does not dominate the others.
For the S-class, C-UP performs the best as |S| increases. There is no clear winner
for the A-class instances but the computing times are quite similar for the three
approaches, except for the two largest configurations where AC-AP is significantly
faster on average. On the hardest class of instances (D-class), C-AP performs the
best overall. C-UP has a lower average computing time on the largest instances but
solves only one out of ten instances to optimality within the time limit. For the two
configurations where AC-AP has the lowest average computing time, C-AP has a
similar performance.

The entropy of an instance can be computed before it is solved. The results in-
dicate that the solution approach should be selected based on this information. For
low-entropy instances, the best approach is to use aggregation AC-AP. For medium
(to high) entropy instances, C-AP consistently performs well, if not the best. Es-
pecially for the hardest instances with relatively high number of candidate CDP
locations. However, if the objective is to improve modeling accuracy by increasing
the number of scenarios and the number of subzones, then C-UP can achieve a strong
performance. We close this section by noting that the approaches we propose based
on reformulations using (4.8) consistently display shorter computing times (some-
times by several orders of magnitude) compared to those that result from using (4.6).
We provide more details in Appendices B.2 and B.3.
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Avg. computing time (sec)
Ĥ avg max H |S| ud C-AP C-UP AC-AP
4.5 8.8 50 550 2.0 2.3 2.2
4.5 8.8 50 825 2.4 2.6 2.6
4.5 8.8 50 1650 3.0 4.4 3.3
4.8 9.4 100 550 5.4 5.8 6.7
4.8 9.4 100 825 6.4 6.7 7.5
4.8 9.4 100 1650 8.7 9.5 10.1
5.0 9.9 150 550 10.6 10.6 13.8
5.0 9.9 150 825 12.7 11.9 16.1
5.0 9.9 150 1650 17.1 17.6 19.9
5.1 10.1 200 550 16.7 16.6 23.4
5.1 10.1 200 825 19.8 18.7 26.0
5.1 10.1 200 1650 27.8 27.6 33.3
5.2 10.4 250 550 25.3 24.1 35.7
5.2 10.4 250 825 30.0 26.8 39.9
5.2 10.4 250 1650 41.0 40.2 50.2
5.3 10.5 300 550 35.1 33.9 49.5
5.3 10.5 300 825 41.2 38.3 55.5
5.3 10.5 300 1650 57.5 53.8 71.2
5.4 10.7 350 550 47.2 44.2 69.0
5.4 10.7 350 825 54.3 48.5 76.3
5.4 10.7 350 1650 78.5 68.2 101.4
5.4 10.8 400 550 59.8 55.7 98.5
5.4 10.8 400 825 70.0 61.5 108.8
5.4 10.8 400 1650 105.3 87.2 142.3
1.2 7.4 50 550 0.5 0.6 0.1
1.2 7.4 50 825 0.5 0.5 0.1
1.2 7.4 50 1650 0.5 0.5 0.1
1.2 8.0 100 550 1.2 1.2 0.4
1.2 8.0 100 825 1.1 1.1 0.3
1.2 8.0 100 1650 1.1 1.1 0.3
1.3 8.5 150 550 1.9 1.9 0.6
1.3 8.5 150 825 1.8 1.8 0.5
1.3 8.5 150 1650 1.7 1.7 0.5
1.3 8.7 200 550 2.7 2.6 0.9
1.3 8.7 200 825 2.5 2.5 0.8
1.3 8.7 200 1650 2.4 2.4 0.7
1.3 9.0 250 550 3.6 3.6 1.2
1.3 9.0 250 825 3.4 3.4 1.1
1.3 9.0 250 1650 3.2 3.2 1.0
1.4 9.1 300 550 4.7 4.7 1.6
1.4 9.1 300 825 4.5 4.5 1.5
1.4 9.1 300 1650 4.1 4.1 1.3
1.4 9.3 350 550 5.9 5.8 2.0
1.4 9.3 350 825 5.6 5.6 1.8
1.4 9.3 350 1650 5.0 5.0 1.6
1.4 9.4 400 550 7.3 7.2 2.5
1.4 9.4 400 825 6.8 6.8 2.2
1.4 9.4 400 1650 6.2 6.3 2.0

Table 4.4. Average computing time for S-class instances.

4.8. Case Study
This section presents a case study where the LP seeks to implement CDPs in

the region of Montreal, Quebec. For this study, we utilize data from our industrial
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Avg. computing time (sec)
Ĥ avg max H |Ã| ud C-AP C-UP AC-AP
4.7 9.0 384 550 2.9 3.3 3.5
4.7 9.0 384 825 3.7 4.0 4.2
4.7 9.0 384 1650 4.8 6.5 5.3
4.8 9.3 512 550 4.6 4.8 5.7
4.8 9.3 512 825 5.6 5.6 6.7
4.8 9.3 512 1650 7.3 8.7 8.1
4.9 9.6 640 550 6.2 6.6 8.1
4.9 9.6 640 825 7.6 7.7 9.2
4.9 9.6 640 1650 10.4 11.5 11.9
5.0 9.8 800 550 9.4 9.4 12.2
5.0 9.8 800 825 11.0 10.7 14.0
5.0 9.8 800 1650 15.1 15.8 18.1
5.1 10.0 959 550 12.2 12.1 16.6
5.1 10.0 959 825 14.3 13.8 18.4
5.1 10.0 959 1650 20.7 21.4 24.8
5.1 10.1 1151 550 15.8 16.2 22.6
5.1 10.1 1151 825 19.3 18.7 25.7
5.1 10.1 1151 1650 28.4 27.1 35.1
5.3 10.4 1553 550 27.4 26.9 40.4
5.3 10.4 1553 825 30.1 30.1 44.1
5.3 10.4 1553 1650 58.0 54.5 60.1
5.5 10.6 1800 550 32.4 32.2 56.9
5.5 10.6 1800 825 364.0 103.3 65.0
5.5 10.6 1800 1650 255.9 226.5 88.7
1.2 7.6 384 550 0.8 0.8 0.2
1.2 7.6 384 825 0.7 0.7 0.2
1.2 7.6 384 1650 0.7 0.7 0.2
1.2 7.9 512 550 1.0 1.1 0.3
1.2 7.9 512 825 1.0 1.0 0.3
1.2 7.9 512 1650 1.0 1.0 0.2
1.3 8.2 640 550 1.3 1.3 0.4
1.3 8.2 640 825 1.2 1.3 0.3
1.3 8.2 640 1650 1.2 1.2 0.3
1.3 8.4 800 550 1.6 1.7 0.5
1.3 8.4 800 825 1.6 1.6 0.5
1.3 8.4 800 1650 1.6 1.6 0.4
1.3 8.6 959 550 2.0 2.0 0.7
1.3 8.6 959 825 1.9 1.9 0.6
1.3 8.6 959 1650 1.9 1.9 0.5
1.3 8.7 1151 550 2.5 2.5 0.9
1.3 8.7 1151 825 2.3 2.4 0.8
1.3 8.7 1151 1650 2.3 2.3 0.7
1.4 9.0 1553 550 3.5 3.6 1.4
1.4 9.0 1553 825 3.3 3.3 1.1
1.4 9.0 1553 1650 3.2 3.2 1.1
1.4 9.2 1800 550 4.3 4.4 1.9
1.4 9.2 1800 825 4.0 4.0 1.5
1.4 9.2 1800 1650 3.9 3.9 1.5

Table 4.5. Average computing time for A-class instances

partner, Purolator. We transform data related to cost, demand, and preferences to
preserve confidentiality. In this case, the demand is known at the postal codes, which
are grouped in 35 FSA (forward sorting area). Thus, |Z| = 35, considering only those
FSAs that are served from the main terminal. In addition, only postal codes having
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Avg. computing time (sec)
Ĥ avg max H |Z| ud C-AP C-UP AC-AP
5.0 9.7 32 550 8.5 8.2 11.2
5.0 9.7 32 825 10.6 9.6 13.0
5.0 9.7 32 1650 13.9 14.3 16.6
5.0 9.7 48 550 9.1 8.4 11.6
5.0 9.7 48 825 10.5 9.7 13.2
5.0 9.7 48 1650 14.4 16.4 16.6
5.0 9.7 64 550 8.9 9.0 11.5
5.0 9.7 64 825 11.1 9.9 13.7
5.0 9.7 64 1650 14.3 17.8 16.7
5.0 9.7 96 550 9.0 9.8 11.6
5.0 9.7 96 825 11.1 11.2 13.4
5.0 9.7 96 1650 14.1 23.5 16.5
1.3 8.3 32 550 1.6 1.6 0.5
1.3 8.3 32 825 1.5 1.5 0.4
1.3 8.3 32 1650 1.5 1.5 0.4
1.3 8.3 48 550 1.6 1.7 0.5
1.3 8.3 48 825 1.5 1.6 0.4
1.3 8.3 48 1650 1.6 1.5 0.4
1.3 8.3 64 550 1.5 1.7 0.5
1.3 8.3 64 825 1.5 1.6 0.4
1.3 8.3 64 1650 1.5 1.5 0.4
1.3 8.3 96 550 1.6 1.9 0.5
1.3 8.3 96 825 1.6 1.7 0.4
1.3 8.3 96 1650 1.6 1.7 0.4

Table 4.6. Average computing time for Z-class instances

regular (non-zero) weekly demand are considered leading to |A| = 1,081 postal codes.
The total weekly demand amounts to 29,092 parcels. We assume three categories of
customers, and we make them fictitious for confidentiality reasons. Table 4.8 shows
the three categories of customers and the corresponding utility parameters. The
utility only depends on the distance from CDPs to the customer’s corresponding
location (α2

k = 0). In addition, we assume that the utility function represents an
accurate estimation of customer preferences with β = 0.25. Nevertheless, we illus-
trate the impact of using β = 1 which implies a higher degree of uncertainty. We
also analyze the effect of more sensitive customers. For this case study, we impose a
10-hour computing time budget.

We consider 40 CDP candidate locations, where 10 correspond to stores (DP),
15 to modular parcel lockers, and 15 to regular parcel lockers (DR). In Table 4.9, we
present the data related to the CDPs. Note that CDPs at stores charge an additional
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Avg. computing time (sec)
Ĥ avg max H |D| ud C-AP C-UP AC-AP
5.4 9.5 21 393 10.2 10.8 13.0
5.4 9.5 21 589 13.7 13.9 16.7
5.4 9.5 21 1179 14.3 24.4 17.4
5.9 9.5 27 306 13.1 14.7 17.9
5.9 9.5 27 458 16.3 19.2 20.3
5.9 9.5 27 917 43.6 131.1 54.7
6.2 9.6 33 250 15.2 21.4 22.3
6.2 9.6 33 375 55.5 63.2 58.7
6.2 9.6 33 750 288.1 1141.1(1) 294.4
6.5 9.6 39 212 20.8 30.1 31.4
6.5 9.6 39 317 46.7 64.4 54.6
6.5 9.6 39 635 211.4 1240.4(2) 205.0
6.7 9.7 45 183 27.1 40.6 41.6
6.7 9.7 45 275 70.5 98.5 69.3
6.7 9.7 45 550 925.9 669.0(3) 900.8
1.7 8.3 21 393 1.7 1.7 0.6
1.7 8.3 21 589 1.6 1.7 0.6
1.7 8.3 21 1179 1.6 1.6 0.5
2.0 8.4 27 306 2.5 2.5 1.1
2.0 8.4 27 458 2.5 2.5 1.0
2.0 8.4 27 917 2.4 2.3 0.9
2.3 8.6 33 250 3.5 3.6 1.6
2.3 8.6 33 375 3.6 3.6 1.6
2.3 8.6 33 750 3.2 3.2 1.3
2.6 8.7 39 212 4.5 4.5 2.2
2.6 8.7 39 317 4.7 4.8 2.3
2.6 8.7 39 635 4.4 4.4 1.9
2.8 8.8 45 183 5.7 5.7 2.8
2.8 8.8 45 275 5.8 5.9 2.9
2.8 8.8 45 550 5.9 6.0 2.7
(1) 9/10 solved to optimality, 0.04% gap for 1/10
(2) 9/10 solved to optimality, 0.02% gap for 1/10
(3) 1/10 solved to optimality, 0.06% average gap for 9/10

Table 4.7. Average computing time for D-class instances

Customer category % Population α1
k

Category 1 20% -0.10
Category 2 70% -0.15
Category 3 10% -0.25

Table 4.8. Customer categories and utility function parameters

$1 for delivering parcels to customers. In addition, fd correspond to weekly amortized
fixed costs, and ud corresponds to the capacity of CDPs for a week. Figure 4.5 shows
the centroid location of postal codes and the potential CDPs for this case.

Without considering CDPs, the (current) estimated total routing cost per week is
$73,301. This cost is reduced by 3.1% in the optimal solution. In this case, 7 regular
parcel lockers are open, capturing 26.4% of the demand. Noteworthy is that even if
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Fig. 4.5. Postal Codes and CDPs.

modular parcel lockers display a better unit cost capacity (fd/ud) than regular parcel
lockers, they are not selected. However, the much lower capacity of modular parcel
lockers limits the total cost reductions they can provide.

If, instead, customers in the first and second categories are 25% more sensitive
to distance, only 6 regular parcel lockers are needed, reducing the current estimated
total costs by 2.3% and capturing 21.9% of the demand. On the contrary, a choice
model with β = 1 significantly overestimates the demand captured by CDPs (56%)
which leads to opening 14 CDPs.

We note that regular parcel lockers are preferred over the other two classes of
CDPs, but this is mainly due to their associated costs and capacity. If the cost for
delivering a parcel by a store were $0.5 instead of $1, then 9 CDPs are open at stores,
and 5 regular parcel lockers are implemented, resulting in a routing cost reduction
of 3.7%. In addition, in such a case, the 14 CDPs capture 36.1% of the demand.
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In summary, CDPs’ capacities not only limit the demand they can attract but
also negatively impact the potential cost reductions they offer. In addition, underes-
timating customers’ negative perception of distance (leading to higher uncertainty)
may lead to an overestimation of the number of CDPs.

Type of CDP ud fd bd cAR
dz

Stores 600.0 0.0 300.0 0.7× cR
z + 1

Modular 148 31.0 0.0 0.7× cR
z

Regular 1200 500.0 0.0 0.7× cR
z

Table 4.9. CDP instance data

4.9. Conclusions
We addressed a choice-based capacitated facility location problem with random

utility-maximizing customers. We considered the case of an LP that seeks to locate
CDPs of different types. At this strategic level, the LP has imperfect knowledge of
customer preferences as well as precise customer locations. The CDP locations and,
hence, the benefit for the LP of these facilities depend on the capacity to attract
customers. Thus, customer locations and preferences for the CDPs are key drivers
for the decisions.

We proposed two formulations including closest assignment constraints that we
solved using a standard Benders decomposition method. We showed that the clos-
est assignment constraints are derived from a single-level reformulation of a bilevel
program with a specific formulation for the follower’s problem. We conducted an ex-
tensive experimental study to analyze the impact of the level of uncertainty (customer
preferences and geographical distribution) on the optimal solutions and computing
time. We used an entropy measure for interpretability. Consistent with the finding
in Legault and Frejinger (2023), the most effective model and solution approach de-
pends on the level of uncertainty in the instance. This is captured by the entropy
and, importantly, it can be easily computed before solving an instance. Using sce-
nario aggregation is the best option for low-entropy instances. For higher entropy
levels, the formulation without aggregation resulted in shorter computing times. In
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this case, we considered two ways to define the subproblems: the standard (referred
to as automatic partition) way where integer variables are in the master and continu-
ous variables in the subproblems, and user partition where we also include continous
variables in the master resulting in exclusively generating feasibility cuts. The user
partition worked particularly well when increasing the number of scenarios, whereas
the automatic partition displayed strong performance more consistently across all
instances.

The experimental results showed that the results are quite sensitive to the demand
model and accuracy of the geographical distribution of demand. This highlights the
need for high-performing demand models, especially in regions where it impacts the
decisions (and objective function) the most. We believe that integrated learning and
optimization (Sadana et al., 2025) for training such models constitute a potentially
valuable direction for future research.

In this work we assumed that demand is allocated to home delivery if there is
insufficient capacity at the preferred CDP. Relaxing this assumption would lead to
a more complex setting which we intend to explore in future research.
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Conclusion

This thesis has examined the challenges encountered by an expected profit-maximizing
or expected cost-minimizing LP in its strategic decisions about capacity planning,
pricing, and facility location, in a context where only incomplete information is avail-
able about the demand it is facing.

Our methodological contributions are the following: In the first article (Chap-
ter 2), we expressed the LP’s expected profit-maximizing problem through the com-
bination of an optimization framework with a random choice model and we trans-
formed its initial formulation as a stochastic bi-level program into a deterministic
single-level program, by using duality and SAA. Then, we proposed a heuristic ap-
proach H-A based on a reduced single-level program that performed particularly well
in contexts where the uncertainty resulting from the choice model configurations is
moderate. This method significantly outperformed the BA approach that consists
in solving the SAA formulation with Benders decomposition. In the second arti-
cle (Chapter 4), we proposed two simulation-based asymptotically exact methods
to solve a capacitated facility location problem involving random utility-maximizing
customers. These methods were based on a formulation resulting from the intro-
duction of closest assignment constraints and scenario aggregation and performed
Benders decomposition under two alternative partitions. We specified the conditions
of application of each method. In the third article (Chapter 3), we improved on the
BA method developed in the first paper by applying a scenario aggregation procedure
inspired from Legault and Frejinger (2023). The resulting pattern-based reformula-
tion yielded the asymptotically exact BA-R method whose speed exceeded that of



the reference BA by several orders of magnitude. This made it possible to extend
the set of instances that could be solved to optimality and therefore to evaluate more
extensively the heuristic methods proposed in the second article.

We also provided managerial insights into the effects of the random utility choice
model on optimal pricing, facility location, and capacity decisions by evaluating
the performance of our computational methods in large-scale, realistic experiments.
In the first paper, we showed that the optimal expected profit was sensitive to the
parameters of the choice model, namely to the sensitivity of preferences to prices and
to the level of uncertainty surrounding the estimates of utility. In the second paper,
we showed that the optimal number of CDPs and the achievable reduction in expected
costs are sensitive to the level of uncertainty about the customers’ preferences and
geographical distribution.

Our results are subject to a number of limitations: First, the formulations and
the performances of the proposed approaches are tied to the RUM class of demand
models. However, limited information is available to guide the selection of particu-
lar model instances and model parameters. Therefore, their determination must be
based partly on reasonable postulates and partly on statistical estimates. This is the
case about the preferences over the combinations of price and service level. Second,
the exact approaches - BA and BA-R - are affected by symmetry issues impinging
on computational performance. Third, as the problems that we addressed are rela-
tively new, we focused on their essential characteristics and relaxed some business
constraints to yield simpler formulations. The applicability of the results in more
complex contexts of application should be verified. As a first example, we assumed
in the first paper that the LP independently addresses each shipper’s demand to
offer specific price and service level. However, the demands of several shippers might
be addressed jointly. As a second example, we assumed in the second paper that
the demand is necessarily allocated to home delivery if there is insufficient capacity
at the preferred CDP. Yet, the next preferred CDP might potentially accommodate
the demand in excess or in its totality. Fourth, for instances of very large size, han-
dling the proposed formulations, especially those of the second paper, requires a
commensurately large amount of computing memory.
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In view of the stated findings and limitations, we envision the following directions
for future research:

Demand Model. As a response to the dependency of the optimal solutions on
the characteristics of the RUM models, systematic research about the selection of
particular instances of the RUM class and about the estimation of the model pa-
rameters would be desirable. Integrating learning (i.e., estimation) and optimization
(see Sadana et al., 2025) would also be worthy of exploring.

Extensions. The formulation of the first article could be extended so that the
individual demands faced by the LP can be aggregated in sets whose members’
demands are jointly rather than independently addressed. Also, service levels could
be more finely defined. Thus, given a set of attributes and the customers’ preferences
towards them, a decision would be made on the optimal level of each attribute in
a service level offered to a shipper. In the second article, the formulation could
be extended so that excess demand or total demand might be diverted to the next
preferred CDP once the capacity of the CDP with the next higher utility is surpassed.

Computational Performance. We distinguish two possible subareas of research
in this regard: First, an improvement in computational performance can be sought
through model enhancements. Since the introduction of symmetry-breaking inequal-
ities would boost the performance of the methods presented in the first and third
articles, we find it worthwhile to investigate the construction of valid inequalities
based on the information available about simulated utilities. Second, an improve-
ment in computational performance can also be sought through algorithmic enhance-
ments. (i) Improvements to decomposition methods (to Benders decomposition in
particular) would make it possible to handle larger problems and to reduce memory
requirements in a context where applications steadily grow in size. (ii) Similarly, col-
umn generation with simulated utilities could improve the tractability of very large
problems and reduce memory requirements. In this case, each column could be tied
to an agreement profile or a subset of open CDPs and therefore to the corresponding
simulated choice probability. A main challenge consists in selecting the most promis-
ing columns to accelerate the optimization process. (iii) Also, we can further improve
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the BA-R method by defining an approach that avoids the repetitive evaluation of
agreement patterns leading to the same embedded CFLP.

Choice-based optimization emerges as a promising modeling approach for several
strategic/tactical decisions in logistics. Furthermore, logistic operations, particularly
last-mile operations, require the use of more disaggregated demand levels. Hence,
choice-based optimization approaches can bring about valuable insights, but not
without an increase in computational resources, and in even greater amount if the
problems addressed involve two or more decision-makers with conflicting objectives.
This constitutes additional motivation for research on algorithmic and modeling en-
hancements.
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Appendix A

First Article

A.1. Notation



Indices
i Facility location
m Service level
n Shipper
j Customer
k Customer category
p Price level
nj Shipper associated to customer j
kj Customer category associated to customer j
Sets
I Facility locations
M Service levels defined by the logistics provider
N Shippers
J Customers
K Categories of customers
P Price levels offered by the logistics provider
Pm

n Price levels available to shipper n ∈ N for a service level m ∈M
Jk Customers in customer category k ∈ K, (Jk ⊂ J)
J

′
n Customers that belong to shipper n ∈ N , (J ′

n ⊂ J)
Kn Customer categories of shipper n ∈ N
Mn Services levels available for shipper n ∈ N
Mnk Services levels available for shipper n ∈ N and customers in category k ∈ Kn
M0

nk Mnk ∪ {0} (includes the opt-out alternative)
Mj {m ∈M : ∃k ∈ K such that j ∈ Jk and m ∈Mk}
Fnk(y,z) Set of optimal solutions for the follower’s problem for each n and k given ymp

n and zm
nk

Parameters
cm

ij Cost of assigning customer j to facility location i according to service level m
ui Capacity of facility i
fi Fixed cost for facility location i ∈ I
dj Demand corresponding to customer j
dk

∑
j∈Jk

dj

γm Scale factor of capacity usage given by service level m
lmp
n Minimum demand required to shipper n for price level p and service level m
qmp

n Price level p for service level m available for the shipper n
Lm

nk Preference of customers of shipper n in category k to service level m

Table A.1. Indexes, sets and parameters

A.2. Single-level MILP
Here, we present the single-level formulation that we solve with a standard Ben-

ders decomposition algorithm. As shown in Proposition 1, the follower’s problem is
linear. Hence, after replacing constraints (2.8f) with their corresponding single-level
reformulation obtained from applications of strong duality theorem and standard
linearization techniques, the resulting single-level MILP formulation is as follows:
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Stochastic data representation
ε Random vector
εm

nk Random variable in the utility of shipper n and customers in k for service level m
S Set of scenarios of ε
Sm

nk Set of scenarios where Um
nks(y; εm

nks) > U0
nk(ε0

nks) for each n, k and m
s Index for scenario
εs Random realization of ε for scenario s
εm

nks Random realization of εm
nk for scenario s

Fnk(y,z; ε) Fnk(y,z) given ε
Fnks(y,z; εs) Fnk(y,z) for scenario, s ∈ S
ρmp

nk Probability that Um
nk(y; εm

nk) > U0
nk(ε0

nk)

Decision and auxiliary variables
wm

ij Fraction of the demand dj assigned to facility i with a service level m
ri 1 If facility i is implemented; 0 otherwise.
tmn Price assigned to service level m chosen for shipper n

ymp
n

{
1 if LP offers price level p and service level m to shipper n
0 otherwise

zm
nk

{
1 if LP assigns service level m to shipper n and customer category k
0 otherwise

xm
nk

{
1; if shipper n accepts service level m for the customer category k
0; otherwise

πmp
nk Auxiliary variable to linearize zm

nky
mp
n

νmp
ij Auxiliary variable to linearize wm

ij y
mp
n

y vector representation of decision variables ymp
n

z vector representation of decision variables zm
nk

x vector representation of decision variables xm
nk

r vector representation of decision variables ri
w vector representation of decision variables wm

ij

Functions
Um

n (y) Deterministic utility of service level m for shipper n, given ymp
n

Um
nk(y) Deterministic utility of service level m, shipper n and category k, given ymp

n

U0
nk Deterministic utility of opt-out alternative for shipper n and category k

Um
nks(y; εm

nks) Um
nk(y) for scenario s ∈ S

U0
nks(ε0

nks) U0
nk(y) for scenario s ∈ S

Q(r,z,y) Recourse function
Q̄(r,z,y) SAA Q(r,z,y)
ϕ(r,z,y,ε) Second stage problem given random variables ε
ϕs(r,z,y,εs) Second stage problem for scenario s ∈ S

Table A.2. Stochastic data, variables and functions for model formulation
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max−
∑
i∈I

firi + 1
|S|

(∑
n∈N

∑
k∈Kn

∑
m∈Mk

∑
p∈P m

n

dkq
mp
n πmp

nks −
∑
i∈I

∑
j∈J

∑
m∈Mj

cm
ijdjw

m
ijs

)
(A.1)

s.t. (2.6b) - (2.6h), (2.8b) - (2.8e), (2.8g)∑
m∈M0

nk

(
α
∑

p∈P m
n

qmp
n πmp

nks

)
+ Lm

nksx
m
nks ≥

λnks +
∑

m∈Mnk

θm
nks, n ∈ N, k ∈ Kn, s ∈ S, (A.2)

∑
m∈M0

nk

xm
nks = 1, n ∈ N, k ∈ Kn, s ∈ S, (A.3)

xm
nks ≤ zm

nk, n ∈ N, k ∈ Kn,m ∈Mnk, s ∈ S, (A.4)

λnks + δm
nks − α

∑
p∈P m

n

qmp
n ymp

n ≥ Lm
nks, n ∈ N, k ∈ Kn,m ∈Mnk, s ∈ S, (A.5)

λnks ≥ U0
nks, n ∈ N, k ∈ Kn, s ∈ S, (A.6)

πmp
nks ≤ x

m
nks, n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm

n , s ∈ S, (A.7)

πmp
nks ≤ y

mp
n , n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm

n , s ∈ S, (A.8)

πmp
nks ≥ x

m
nks − 1 + ymp

n , n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm
n , s ∈ S, (A.9)

πmp
nks ≥ 0, n ∈ N, k ∈ Kn,m ∈Mnk, p ∈ Pm

n , s ∈ S, (A.10)

θm
nks ≤ δm

nks, n ∈ N, k ∈ Kn,m ∈Mnk, s ∈ S, (A.11)

θm
nks ≤ Unksz

m
nk, n ∈ N, k ∈ Kn,m ∈Mnk, s ∈ S, (A.12)

θm
nks ≥ δm

nks − Unks(1− zm
nk), n ∈ N, k ∈ Kn,m ∈Mnk, s ∈ S, (A.13)

θm
nks ≥ 0, n ∈ N, k ∈ Kn,m ∈Mnk, s ∈ S, (A.14)

δm
nks ≥ 0, n ∈ N, k ∈ Kn,m ∈Mnk, s ∈ S. (A.15)

where Unks denotes a large value, in this case, the maximum value obtained for
Ump

nks, as stated in Proposition 6 below. The sets of constraints (A.2), (A.3), (A.4),
(A.5) and (A.6) represent the single-level reformulation resulting from the strong
duality theorem. There, (A.3) and (A.4) are the sets of constraints in the follower’s
primal problem, while (A.5) and (A.6) the sets of constraints in the corresponding
dual. Moreover, λnks and δm

nks are the corresponding dual variables, associated with
the primal constraints (A.3) and (A.4), respectively. Constraints (A.7) - (A.10)
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and constraints (A.11) - (A.14) are required to linearize πmp
nks = xm

nksy
mp
n and θm

nks =
δm

nksz
m
nk.

Proposition 6. Unks = max{Ump
nks,m ∈Mnk, p ∈ Pm

n } is a valid bound for δm
nks.

Proof. Note that Um
nks = α

∑
p∈P m

n
qmp

n ymp
n +Lm

nks. Given that
∑

p∈P m
n
ymp

n = 1, Um
nks ≤

Unks,∀m ∈Mnk. Therefore, the dual constraints (A.5) and (A.6) for each n, k, s can
be respectively written as λnks + δm

nks ≥ Um
nks,∀m ∈ Mnk and λnks ≥ U0

nks. Hence,
as in the dual we minimize the objective function given by λnks +

∑
m∈Mnk

δm
nksz

m
nk,

then λnks + δm
nks cannot exceed max{Ump

nks,∀m ∈ Mnk, p ∈ Pm
n }. To show this, let us

distinguish two cases. First, when U0
nks > Um

nks,∀m ∈Mnk the minimum is obtained
by λnks = U0

nks, in this case δm
nks = 0 < Unks. Second, for ∃m ∈ Mnk, p ∈ Pm

n , such
that Ump

nks > U0
nks, the optimal solution is λnks = U0

nks and δm
nks = Ump

nks − U0
nks <

Unks − U0
nks < Unks. □

A.3. Parameters in Experimental Results
Here, we describe the procedure we use to determine some of the parameter

values in the computational experiments. As seen in Section 2.7.3.1, values must be
assigned to parameters α and β. For the case of parameter α, we seek for a value
that leads to a very low probability ρmp

nk for the first service level (m = 1) and lowest
price level (p = 0,q0 = 15). We set ρ10

nk = 0.005 to compute the initial value of α.
Therefore, we obtain the first value α = −0.45289 by solving:

1
1 + e(U0−U10) = 1

1 + e(3−15α−4.5) = 0.005.

The other 10 values taken by α are equally spaced between the first one and 0. The
11 resulting values for α are reported in Table A.3.

To determine values for parameter β, we use the exponential expression 2l over
the set l = {−5,−4,−3,−2,−1,0,1,2,3}. Low values of l correspond to low values for
the scale parameter β. Table A.4 reports values for β that are used in Section 2.7.3.1.
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Instance
α = −0.45289
α = −0.4076
α = −0.36231
α = −0.31702
α = −0.27173
α = −0.22644
α = −0.18115
α = −0.13587
α = −0.09058
α = −0.04529
α = 0.0

Table A.3. Possible values of the configuration parameter α

l β
-5 0.03125
-4 0.0625
-3 0.125
-2 0.25
-1 0.5
0 1
1 2
2 4
3 8

Table A.4. Values for the scale parameter β

Regarding the instances considered in the ORlib class, the first group of in-
stances is created by selecting |P | ∈ {5,10,15}, |I| ∈ {16,25,50}, |J | = 50, ui ∈
{5000,15000, 58268} and fi ∈ {7500, 12500, 17500, 25000}. Hence, |P |×|I|×|ui|×|fi|
leads to 96 problems. Another group of 4 instances is created with |I| = 100,
|J | = 1000, ui ∈ {8000, 10000, 12000, 14000}, and |P | = 5. Except for the price level
sets, the rest of the values are the same as in Beasley (1988).Table A.5 shows the sets
of price levels for the Orlib class when |P | = 5, |P | = 10, |P | = 15 for each service
level.
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Service
Level |P | Price Level Set

0 5 {11000,17000,23000,29000,35000}
1 5 {12000,18000,24000,30000,36000}
2 5 {13000,19000,25000,31000,37000}
0 10 {11000,14000,17000,20000,23000,26000,29000,32000,35000,38000}
1 10 {12000,15000,18000,21000,24000,27000,30000,33000,36000,39000}
2 10 {13000,16000,19000,22000,25000,28000,31000,34000,37000,40000}
0 15 {2000,5000,8000,11000,14000,17000,20000,23000,26000,29000,32000,35000,38000,41000,44000}
1 15 {3000,6000,9000,12000,15000,18000,21000,24000,27000,30000,33000,36000,39000,42000,45000}
2 15 {4000,7000,10000,13000,16000,19000,22000,25000,28000,31000,34000,37000,40000,43000,46000}

Table A.5. Price level sets for the ORlib class of instances

A.4. Proposition in Section 2.5.2
Proposition 7. The cost in objective function (2.8a),∑

m∈Mj

∑
i∈I

∑
j∈J

(
cm

ijdjw
m
ijs

)
,

can be written as ∑
n∈N

∑
k∈Kn

∑
m∈Mnk

∑
i∈I

∑
j∈J ′

n∩Jk

(
cm

ijdjw
m
ijs

∑
p∈P m

n

ymp
n

)
.

Proof. A customer j ∈ J belongs to a unique shipper n and customer category k, that
is J =

⋃
n∈N,k∈Kn

J
′
n ∩ Jk.Also, the set of service levels Mj available for a customer

j corresponds to the sets of service levels available for the shipper n and customer
category k where it belongs, that is Mj = {m ∈ Mnk : j ∈ J ′

n ∩ Jk}. Therefore, it
follows that:∑

m∈Mj

∑
i∈I

∑
j∈J

(
cm

ijdjw
m
ijs

)
=
∑
n∈N

∑
k∈Kn

∑
m∈Mnk

∑
i∈I

∑
j∈J ′

n∩Jk

(
cm

ijdjw
m
ijs

)
. (A.16)

Let us assume given n and m. Then, for each j ∈ J ′
n ∩ Jk, multiply wm

ijs by∑
p∈P m

n
ymp

n . Recall that and
∑

p∈P m
n
ymp

n ≤ 1 and ymp
n ∈ {0,1}, as stated in con-

straints (2.6b), (2.6g). If
∑

p∈P m
n⋆
ymp

n = 0, then zm
nk = 0, k ∈ Kn due to con-

straints (2.6e), xm
nks = 0 because xm

nks ≤ zm
nk, as seen in (2.9), and wm

ijs = 0 for
i ∈ I, j ∈ Jk, due to constraints (2.8d). Hence,

∑
i∈I

∑
j∈J ′

n∩Jk
cm

ijdjw
m
ijs = 0. Also
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∑
k∈Kn

∑
i∈I

∑
j∈J ′

n∩Jk

(
cm

ijdjw
m
ijs

∑
p∈P m

n
ymp

n

)
= 0. On the contrary, if

∑
p∈P m

n
ymp

n =

1, then
∑

i∈I

∑
j∈J ′

n∩Jk
cm

ijdjw
m
ijs

∑
p∈P m

n
ymp

n =
∑

i∈I

∑
j∈J ′

n∩Jk
cm

ijdjw
m
ijs. □

A.5. Detailed Results
The relative gap for the instances with zero profit is 0%. In Table A.6 we note that

41 cases correspond to instance configurations where the optimal profit obtained by
BA is far from stability (a relative difference larger than 20%). Table A.7 shows that
H-S and H-A clearly outperform BA. Table A.8 shows that H-S and H-A provide
high quality solutions. Recall, however, that H-A utilizes analytical probabilities
instead of estimates computed from simulated utilities as in BA and H-S.

138



Z90%−Z10%
Z10%

|I| − |J | U0 β |S| = 100 |S| = 500 |S| = 1000 |S| = 5000
2-15 0 0.03125 0% 0% 0% 0%
2-15 0 0.0625 0% 0% 0% 0%
2-15 0 0.125 0% 0% 0% 0%
2-15 0 0.25 1.4% 0.5% 0.3% 0.2%
2-15 0 0.5 4.6% 1.6% 2.2% 1.2%
2-15 0 1 11.3% 5.8% 4.0% 2.3%
2-15 0 2 24.4% 24.7% 9.3% 4.8%
2-15 0 4 80% 48.4% 22.2% 8.7%
2-15 0 8 159.5% 83.5% 47.6% 20.8%
2-15 0 16 432.9% 205.7% 80.1% 39.4%
2-15 0 32 1022.2% 4655.4% 271.0% 53.3%
2-15 4.5 0.03125 0% 0% 0% 0%
2-15 4.5 0.0625 0% 0% 0% 0%
2-15 4.5 0.125 0% 0% 0% 0%
2-15 4.5 0.25 0% 0% 0% 0%
2-15 4.5 0.5 0% 0% 0% 0%
2-15 4.5 1 0% 0% 0% 0%
2-15 4.5 2 0% 0% 0% 0%
2-15 4.5 4 0% 0% 0% 0%
2-15 4.5 8 0% 0% 0% 0%
2-15 4.5 16 - 0% 0% 0%
2-15 4.5 32 - - 0% 0%
2-30 0 0.03125 0% 0% 0% 0%
2-30 0 0.0625 0% 0% 0% 0%
2-30 0 0.125 0% 0% 0% 0%
2-30 0 0.25 1.2% 0.4% 0.3% 0.1%
2-30 0 0.5 4.5% 1.4% 1.8% 1.0%
2-30 0 1 8.5% 4.9% 3.6% 1.8%
2-30 0 2 14.8% 15.4% 5.3% 3.1%
2-30 0 4 31.6% 21.1% 9.0% 4.1%
2-30 0 8 41.6% 20.6% 12.6% 5.6%
2-30 0 16 54.0% 25.8% 12.5% 7.0%
2-30 0 32 56.5% 29.8% 15.9% 6.5%
2-30 4.5 0.03125 0% 0% 0% 0%
2-30 4.5 0.0625 0% 0% 0% 0%
2-30 4.5 0.125 0% 0% 0% 0%
2-30 4.5 0.25 0% 0% 0% 0%
2-30 4.5 0.5 0.0% 0% 0% 0%
2-30 4.5 1 0.0% 0% 0% 0%
2-30 4.5 2 0.0% 0% 0% 0%
2-30 4.5 4 - 0% 0% 0%
2-30 4.5 8 409.5% 510.8% 167.0% 62.7%
2-30 4.5 16 107.6% 71.4% 35.1% 11.5%
2-30 4.5 32 79.7% 39.0% 17.5% 9.4%
2-45 0 0.03125 0% 0% 0% 0%
2-45 0 0.0625 0.0% 0.0% 0.0% 0%
2-45 0 0.125 0.0% 0.0% 0.0% 0.0%
2-45 0 0.25 1% 0.4% 0.3% 0.1%
2-45 0 0.5 3.7% 1.3% 1.5% 0.9%
2-45 0 1 7.1% 3.7% 2.7% 1.5%
2-45 0 2 12.4% 11.0% 4.4% 2.2%
2-45 0 4 22.9% 14.3% 6.9% 3.0%
2-45 0 8 28.2% 14.2% 8.3% 3.6%
2-45 0 16 34.1% 15.7% 7.8% 4.3%
2-45 0 32 34.5% 17.9% 9.6% 3.6%
2-45 4.5 0.03125 0% 0% 0% 0%
2-45 4.5 0.0625 0% 0% 0% 0%
2-45 4.5 0.125 0% 0% 0% 0%
2-45 4.5 0.25 0% 0% 0% 0%
2-45 4.5 0.5 0% 0% 0% 0%
2-45 4.5 1 0% 0% 0% 0%
2-45 4.5 2 0% 0% 0% 0%
2-45 4.5 4 - 1126.9% 180.7% 84.4%
2-45 4.5 8 48.6% 37.5% 20% 8.4%
2-45 4.5 16 46.1% 27.9% 14.8% 4.6%
2-45 4.5 32 42.7% 19.8% 8.8% 4.2%

Table A.6. Relative differences between Z10% and Z90% for optimal solutions with
BA
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Avg. Computing Time (sec.) Computing Time (sec.)
|I| − |J | U0 β BA H-S H-A
2-15 0 0.03125 1244.4 0.0 0.1
2-15 0 0.0625 1974.0 0.1 0.1
2-15 0 0.125 3082.0 0.0 0.1
2-15 0 0.25 4083.0 0.1 0.1
2-15 0 0.5 4317.0 0.0 0.1
2-15 0 1 8197.0 0.0 0.1
2-15 0 2 7735.0 0.1 0.1
2-15 0 4 4195.0 0.1 0.1
2-15 4.5 0.03125 0.1 0.0 0.0
2-15 4.5 0.0625 0.1 0.0 0.0
2-15 4.5 0.125 3.0 0.0 0.0
2-15 4.5 0.25 4.7 0.0 0.0
2-15 4.5 0.5 5.8 0.0 0.0
2-15 4.5 1 11.7 0.0 0.0
2-15 4.5 2 157.7 0.0 0.0
2-15 4.5 4 672.2 0.0 0.0
2-15 4.5 8 1167.3 0.0 0.0
2-15 4.5 16 1642.0 0.0 0.1
2-15 4.5 32 1479.0 0.1 0.1
2-30 0 0.03125 1317.8 0.1 0.2
2-30 0 0.0625 2007.0 0.1 0.2
2-30 0 0.125 2607.0 0.1 0.2
2-30 0 0.25 3870.0 0.1 0.2
2-30 0 0.5 4252.0 0.1 0.2
2-30 0 1 7085 0.1 0.2
2-30 0 2 6118.0 0.1 0.2
2-30 0 4 4222.0 0.1 0.2
2-30 0 8 2689.0 0.1 0.2
2-30 0 16 1897.0 0.1 0.2
2-30 0 32 1703.0 0.1 0.2
2-30 4.5 0.03125 0.2 0.0 0.0
2-30 4.5 0.0625 0.2 0.0 0.0
2-30 4.5 0.125 1.5 0.0 0.0
2-30 4.5 0.25 4.0 0.0 0.0
2-30 4.5 0.5 4.7 0.0 0.0
2-30 4.5 1 21.8 0.0 0.0
2-30 4.5 2 245.7 0.0 0.1
2-30 4.5 4 1388.3 0.1 0.2
2-30 4.5 16 1738.0 0.1 0.2
2-30 4.5 32 1582.0 0.1 0.2
2-45 0 0.03125 876.5 0.1 0.2
2-45 0 0.0625 1671.7 0.1 0.2
2-45 0 0.125 2665.0 0.1 0.2
2-45 0 0.25 3546.0 0.2 0.3
2-45 0 0.5 3863.0 0.2 0.3
2-45 0 1 5048.0 0.2 0.3
2-45 0 2 5898.0 0.2 0.3
2-45 0 4 3098.0 0.2 0.3
2-45 0 8 2296.0 0.2 0.3
2-45 0 16 1653.0 0.2 0.3
2-45 0 32 1418.0 0.2 0.3
2-45 4.5 0.03125 0.2 0.0 0.0
2-45 4.5 0.0625 0.2 0.0 0.0
2-45 4.5 0.125 1.6 0.0 0.0
2-45 4.5 0.5 4.9 0.0 0.0
2-45 4.5 1 33.6 0.0 0.0
2-45 4.5 2 442.8 0.0 0.0
2-45 4.5 4 1289.0 0.2 0.2
2-45 4.5 8 1594.0 0.2 0.2
2-45 4.5 16 1325.0 0.2 0.3
2-45 4.5 32 1194.0 0.2 0.3

Table A.7. Average computing times for BA and H-S and H-A for each instance
configuration
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|I| − |J | U0 β Avg. Gap % BA and H-S Avg. Gap % BA and H-A
2-15 0 0.03125 0.0 0.0
2-15 0 0.0625 0.0 0.0
2-15 0 0.125 0.0 0.0
2-15 0 0.25 0.0 0.0
2-15 0 0.5 0.1 0.1
2-15 0 1 0.6 1.2
2-15 0 2 1.5 2.6
2-15 0 4 3.0 6.1
2-30 0 0.03125 0.0 0.0
2-30 0 0.0625 0.0 0.0
2-30 0 0.125 0.0 0.0
2-30 0 0.25 0.0 0.0
2-30 0 0.5 0.1 0.1
2-30 0 1 0.3 0.6
2-30 0 2 0.6 1.2
2-30 0 4 0.8 2.1
2-30 0 8 1.1 3.3
2-30 0 16 1.2 3.9
2-30 0 32 1.4 3.9
2-30 4.5 16 2.5 7.1
2-30 4.5 32 1.9 5.2
2-45 0 0.03125 0.0 0.0
2-45 0 0.0625 0.0 0.0
2-45 0 0.125 0.0 0.0
2-45 0 0.25 0.0 0.0
2-45 0 0.5 0.0 0.0
2-45 0 1 0.1 0.4
2-45 0 2 0.1 0.6
2-45 0 4 0.2 1.2
2-45 0 8 0.2 1.8
2-45 0 16 0.2 2.0
2-45 0 32 0.2 2.0
2-45 4,5 8 0.4 4.0
2-45 4,5 16 0.3 2.7
2-45 4,5 32 0.3 2.3

Table A.8. Average optimality gaps between BA and H-S and H-A
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Appendix B

Second Article

B.1. Notation



Indexes
d CDP
z Zone
a Subzone
k Customer category
q pattern index
l capacity level
Sets
A Set of Subzones
Az Set of subzones in zone z
Z Set of Zones
K Set of Customer categories
L Set of Capacity levels
D Set of CDPs
DP Set of pick up points or stores
DM Set of modular parcel lockers
DR Set of regular parcel lockers
Q Set of Patterns
Deterministic parameters
cR

z Estimated routing cost for zone z
cAR

dz Estimated routing cost for zone z affected by CDP d
ud Capacity of CDP d
fd Fixed cost of CDP d
ul

d Capacity level l of CDP d
f l

d Fixed cost associated to capacity level l of CDP d
bd Minimum demand level required for CDP d ∈ DP

bz Average number of parcels to deliver in zone z
baz Average number of parcels to deliver in subzone a
θa Coordinates of the centroid of subzone a
θd Coordinates of the location of CDP d
bzak average number of parcels of customers in category k from subzone a in zone z
α1

k Distance-related coefficient in the utility function
α2

k Coefficient in the utility function related to exogenous characteristics
egdask 1, If Ugaks ≥ Udaks; 0, otherwise

Table B.1. Indexes, sets and deterministic parameters
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Derived variables
ψdak(x) Probability that CDP d captures demand from customers in category k and subzone a
ψdz(x) Probability that CDP d captures demand from zone z
ψ̂dak(x) SAA of ψdak(x)
νqak Fraction of customers in subzone a and category k with the same preference pattern q
Udak Random utility for CDP d an customers in category k and subzone a
Udaks Realization of Udak for scenario s
εdak Random term in the utility function
εs Realization of εdak in scenario s
Decision variables
xd 1, If CDP d is open; 0, otherwise
wdaks 1, If customers in category k and subzone a are assigned to CDP d in scenario s; 0, otherwise
pdz Effective fraction of demand in zone z captured by CDP d given the capacity restrictions
p0z Effective fraction of demand in zone z captured by or assigned to home delivery service
wqd 1; If demand in pattern q is assigned to CDP d; 0, otherwise
rl

d 1, If capacity level ld is assigned to CDP d; 0, otherwise

Table B.2. Derived and decision variables
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B.2. Dominated Single-level Reformulation
This section introduces the MILP model resulting from reformulating (4.6) by

using linear programming strong duality, a similar reasoning as in Proposition 5, and
standard linearization techniques:

min
∑
z∈Z

cR
z bzp0z +

∑
z∈Z

∑
d∈D

cAR
dz bzpdz +

∑
d∈DM

∑
l∈Ld

f l
dr

l
d +

∑
d∈DA

fdxd (B.1a)

s.t: (4.4b− 4.4e, 4.4h− 4.4k)

pdz ≤
1
|S|
∑
s∈S

∑
a∈Az

∑
k∈K

bzak

bz

vdaks, d ∈ D, z ∈ Z, (B.1b)

p0z ≥
1
|S|
∑
s∈S

∑
a∈Az

∑
k∈K

bzak

bz

v0aks, z ∈ Z, (B.1c)

∑
g∈D

Ugaksvgaks + U0aksw0aks ≥ Udaksxd, d ∈ D, a ∈ A, k ∈ K, s ∈ S, (B.1d)

∑
g∈D

Ugaksvgaks + U0aksw0aks ≥ U0aks, a ∈ A, k ∈ K, s ∈ S, (B.1e)

∑
d∈D∪{0}

wdaks = 1, a ∈ A, k ∈ K, s ∈ S, (B.1f)

vdaks ≤ xd, d ∈ D, a ∈ A, k ∈ K, s ∈ S, (B.1g)

vdaks ≤ wdaks, d ∈ D, a ∈ A, k ∈ K, s ∈ S (B.1h)

vdaks ≥ xd + wdaks − 1, d ∈ D, a ∈ A, k ∈ K, s ∈ S, (B.1i)

vdaks ≥ 0, d ∈ D, a ∈ A, k ∈ K, s ∈ S. (B.1j)

Note that this formulation differs from model formulation (4.8) in Constraints (B.1d),
(B.1e), (B.1g) - (B.1i). Constraints (B.1d) and (B.1e) force the assignment to the
delivery service with the highest utility. Constraints (B.1g) - (B.1i) allow to linearize
vdaks = wadksxd.

We use two approaches to solve model (B.1), the fist, denoted by D-BB, applies
branch-and-bound whereas the second, denoted by D-B, applies Benders decompo-
sition.
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B.3. Additional Results
This section provides additional results about performance and optimal solutions.

Table B.3 reports the computing times for D-B, D-BB and C-AP, for a subset of
instances used in 4.7.2. The panels of Figure B.1 show the distribution of the effective
fraction captured by CDPs. Finally, the panels of Figure B.2 show the distribution
of the relative performance of C-AP and C-UP with respect to AC-AP.

(a) Medium entropy (b) Low entropy

Fig. B.1. Distribution of optimal fraction captured by CDPs
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Distribution |A| ud Avg. Entropy D-BB D-B C-AP
U-R 4 20 5.6 1.1 1.1 0.1
U-R 4 20 2.9 2.5 5.9 0.0
U-R 4 20 0.7 0.5 0.8 0.0
U-R 4 30 5.6 1.7 1.9 0.1
U-R 4 30 2.9 3.6 27.8 0.1
U-R 4 30 0.7 0.4 1.0 0.0
U-R 8 20 6.2 3.2 3.0 0.2
U-R 8 20 3.4 7.3 14.5 0.1
U-R 8 20 0.9 2.8 5.7 0.0
U-R 8 30 6.2 4.3 4.9 0.3
U-R 8 30 3.4 8.4 31.3 0.1
U-R 8 30 0.9 2.2 3.9 0.0
U-R 16 20 6.8 6.0 5.9 0.4
U-R 16 20 3.6 16.4 22 0.2
U-R 16 20 0.9 14.8 26.5 0.1
U-R 16 30 6.8 10.0 11.3 0.4
U-R 16 30 3.6 24.3 101.9 0.3
U-R 16 30 0.9 7.6 13.7 0.1
U-R 64 20 8.0 106.2 34.5 2.3
U-R 64 20 4.2 129.8 221.1 0.6
U-R 64 20 1.2 218 286.8 0.5
U-R 64 30 8.0 163.7 134.0 2.6
U-R 64 30 4.2 328.6 1757.1 0.9
U-R 64 30 1.2 253.3 246.3 0.5
UN-R 4 20 5.6 1.1 1.1 0.1
UN-R 4 20 2.9 2.4 5.8 0.0
UN-R 4 20 0.7 0.5 0.9 0.0
UN-R 4 30 5.6 1.8 1.8 0.1
UN-R 4 30 2.9 3.2 22.7 0.1
UN-R 4 30 0.7 0.4 0.9 0.0
UN-R 8 20 6.2 3.7 2.6 0.2
UN-R 8 20 3.4 5.8 11.6 0.1
UN-R 8 20 0.9 2.6 5.8 0.0
UN-R 8 30 6.2 3.8 4.0 0.3
UN-R 8 30 3.4 7.2 29 0.1
UN-R 8 30 0.9 2.4 4.8 0.0
UN-R 16 20 6.8 6.7 6.6 0.4
UN-R 16 20 3.6 20.0 33.6 0.2
UN-R 16 20 0.9 10.6 19.9 0.1
UN-R 16 30 6.8 8.0 9.6 0.4
UN-R 16 30 3.6 18.8 81.8 0.3
UN-R 16 30 0.9 8.5 14.5 0.1
UN-R 64 20 8 108.1 40.5 2.4
UN-R 64 20 4.2 239.4 468.5 0.7
UN-R 64 20 1.2 212.8 358.1 0.5
UN-R 64 30 8 159.4 110.6 2.5
UN-R 64 30 4.2 254.8 946.1 0.8
UN-R 64 30 1.2 314.7 402.1 0.4

Table B.3. Computing time CAC vs Standard
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(a) C-AP vs AC-AP (b) C-UP vs AC-AP

Fig. B.2. Distribution of the relative performance in low entropy instances
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Appendix C

Third Article

C.1. Additional Results



[ Z90%−Z10%
Z10%

]
Problem set |I|-|J |-|P | ui fi |S| = 500 |S| = 1,000 |S| = 2,000 |S| = 4,000
IV 16 - 50 -5 5,000 7,500 14.00% 10.47% 6.31% 4.57%
IV 16 - 50 -5 5,000 12,500 14.01% 10.48% 6.32% 4.57%
IV 16 - 50 -5 5,000 17,500 14.01% 10.48% 6.32% 4.57%
IV 16 - 50 -5 5,000 25,000 14.02% 10.49% 6.32% 4.57%
VI 16 - 50 -5 15,000 7,500 14.05% 10.47% 6.35% 4.48%
VI 16 - 50 -5 15,000 12,500 14.05% 10.48% 6.36% 4.49%
VI 16 - 50 -5 15,000 17,500 14.06% 10.48% 6.36% 4.49%
VI 16 - 50 -5 15,000 25,000 14.07% 10.49% 6.36% 4.04%
VII 16 - 50 -5 58,268 7,500 14.05% 10.47% 6.35% 4.48%
VII 16 - 50 - 5 58,268 12,500 14.05% 10.48% 6.36% 4.49%
VII 16 - 50 - 5 58,268 17,500 14.06% 10.48% 6.36% 4.49%
VII 16 - 50 - 5 58,268 25,000 14.07% 10.49% 6.36% 4.49%
IV 16 - 50 - 10 5,000 7,500 12.22% 7.33% 8.94% 6.11%
IV 16 - 50 - 10 5,000 12,500 12.22% 7.34% 8.94% 6.12%
IV 16 - 50 - 10 5,000 17,500 12.23% 7.34% 8.95% 6.12%
IV 16 - 50 - 10 5,000 25,000 12.23% 7.34% 8.95% 6.12%
VI 16 - 50 - 10 15,000 7,500 12.46% 7.33% 8.94% 6.11%
VI 16 - 50 - 10 15,000 12,500 12.47% 7.34% 8.94% 6.12%
VI 16 - 50 - 10 15,000 17,500 12.47% 7.34% 8.95% 6.12%
VI 16 - 50 - 10 15,000 25,000 12.48% 7.34% 8.95% 6.12%
VII 16 - 50 - 10 58,268 7,500 12.46% 7.33% 8.94% 6.11%
VII 16 - 50 - 10 58,268 12,500 12.47% 7.34% 8.94% 6.12%
VII 16 - 50 - 10 58,268 17,500 12.47% 7.34% 8.95% 6.12%
VII 16 - 50 - 10 58,268 25,000 12.48% 7.34% 8.95% 6.12%
VIII 25 - 50 - 5 5,000 7,500 14.08% 10.47% 6.38% 4.48%
VIII 25 - 50 - 5 5,000 12,500 14.09% 10.48% 6.39% 4.48%
VIII 25 - 50 - 5 5,000 17,500 14.09% 10.48% 6.39% 4.48%
VIII 25 - 50 - 5 5,000 25,000 14.10% 10.49% 6.39% 4.48%
IX 25 - 50 - 5 15,000 7,500 14.12% 10.47% 6.42% 4.48%
IX 25 - 50 - 5 15,000 12,500 14.13% 10.48% 6.42% 4.48%
IX 25 - 50 - 5 15,000 17,500 14.14% 10.48% 6.43% 4.48%
IX 25 - 50 - 5 15,000 25,000 14.15% 10.49% 6.43% 4.48%
X 25 - 50 - 5 58,268 7,500 14.12% 10.47% 6.42% 4.48%
X 25 - 50 - 5 58,268 12,500 14.13% 10.48% 6.42% 4.48%
X 25 - 50 - 5 58,268 17,500 14.14% 10.48% 6.43% 4.48%
X 25 - 50 - 5 58,268 25,000 14.15% 10.49% 6.43% 4.48%

Table C.1. Relative differences between Z10% and Z90% for optimal solutions with
BA-R
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