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Résumé

Le triomphe de I’apprentissage profond dans divers domaines tels que la classification d’images,
la reconnaissance vocale, la génération de langage naturel et la génération d’images a été rendu
possible par I’augmentation de la taille des ensembles de données, I’augmentation de la capacité
de calcul, une communauté open source dynamique et des innovations architecturales qui, en-
semble, ont permis d’entrainer des réseaux neuronaux de plus en plus expressifs. Bien que cette
nouvelle approche ait abouti a des percées impressionnantes, elle a ét€ accompagnée d’un manque
d’interprétabilité des modeles et de garanties théoriques. Cette these tente de construire des modeles
suffisamment restreints pour €tre interprétables et/ou analysables théoriquement tout en restant
suffisamment expressifs pour étre utiles dans des modalités difficiles telles que les images. La
plupart des contributions se concentrent sur I’identifiabilité, la propriété qu’un modele statistique
possede lorsque ses parametres sont déterminés par la distribution qu’ils représentent, a une classe
d’équivalence pres. Bien que I’identifiabilité soit centrale en inférence causale, en apprentissage de
graphe causal et en analyse de composantes indépendante, cette propriété n’est pas aussi bien com-
prise dans le contexte de I’apprentissage profond. Cette these soutient que 1’étude de I’identifiabilité
en apprentissage automatique est utile pour mieux comprendre les modeles existants ainsi que
pour en construire de nouveaux qui soient interprétables et pourvus de garanties de généralisation.
Ce qui en découle sont de nouvelles garanties d’identifiabilité pour des modeles expressifs, pour
I’apprentissage de graphe causal et de représentations.

Les premiere et deuxieme contributions (Chapitres 3 et 4) proposent de nouveaux algorithmes
basés sur les gradients pour apprendre un graphe causal a partir de données observationnelles et
interventionnelles, respectivement. Ces contributions ont étendu des approches contraintes continues
des relations linéaires aux relations non linéaires et ont souligné 1’avantage computationnel de ces
approches lorsque I’ensemble de données est tres grand.

Les troisieéme, quatrieme et cinquieme contributions (Chapitres 5, 6 et 7) fournissent de nouvelles
garanties d’identifiabilité pour le désentrelacement (disentanglement) dans 1’apprentissage de
représentations. Le Chapitre 5 montre que, dans un modele spécifique a variables latentes, les
facteurs latents réels peuvent étre identifiés a une permutation et une bijection par élément pres

lorsque des variables auxiliaires observées et/ou des facteurs latents passés les affectent de maniere



parcimonieuse (sparse). Ces résultats ne font pas d’hypothéses paramétriques et caractérisent
la structure du désentrelacement en fonction du graphe causal latent sous-jacent. Le Chapitre 6
introduit un probleme d’optimisation bi-niveau pour 1’apprentissage multi-tiches parcimonieux et
prouve que, avec des taches suffisamment parcimonieuses et diverses, la représentation apprise doit
étre désentrelacée. De plus, il fournit un argument formel montrant comment le désentrelacement est
bénéfique dans un contexte d’apprentissage avec peu d’exemples (few-shot learning). Le Chapitre 7
étudie une classe simple de décodeurs que nous appelons "décodeurs additifs" pour lesquels nous
pouvons prouver a la fois des garanties de désentrelacement et d’extrapolation. Les décodeurs
additifs sont intéressants a étudier car ils ressemblent aux architectures utilisées dans 1’apprentissage
de représentations centrées sur les objets (object-centric representation learning) et constituent
une étape vers la compréhension de la créativité et de 1’extrapolation dans les modeles génératifs
modernes.

Le Chapitre 8 discute de trois interprétations de I’identifiabilité et unifie les contributions de cette
theése a I’aide d’un cadre simple en trois étapes mettant en évidence le role de I’identifiabilité pour
obtenir des garanties de généralisations. Spécifiquement, quatres types de probleme sont couverts:
I’apprentissage de graphes causals, les décodeurs additifs pour 1’extrapolation, I’apprentissage
multi-tdches parcimonieux et I’apprentissage semi-supervisé par regroupement (clustering). Les
relations entre ces problemes sont rendues transparentes grace au cadre de la théorie de la décision

statistique.

Mots clés: Identifiabilité, apprentissage de graphes causals, analyse de composantes indépendentes
non linéaire, apprentissage de représentations causales, apprentissage de représentations identifiable,

extrapolation, généralisation compositionelle, apprentissage représentations centrées sur les objets
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Abstract

The triumph of deep learning in diverse settings such as image classification, speech recognition,
natural language generation and image generation was driven mainly by increasingly large datasets,
cheap compute, architectural innovations and a vibrant open-source community which together
enabled training increasingly expressive neural networks. While this new approach yielded stunning
breakthroughs, it came at the cost of model interpretability and theoretical guarantees. This thesis is
an attempt at building models that are restricted enough to be interpretable and analyzed theoretically
while remaining sufficiently expressive to be useful in high-dimensional data modalities. The focus
of most contributions is on identifiability, the property a statistical model has when its parameters
can be recovered from the distribution it entails, up to some equivalence class. While identifiability is
central to causal inference, causal discovery and independent component analysis, its understanding
in the context of deep learning is underdeveloped. This thesis argues that studying identifiability in
deep learning and machine learning more broadly is useful to gain insights into existing models as
well as to build new ones that are interpretable and amenable to generalization guarantees. What
comes out are novel identifiability guarantees for expressive models, for both causal discovery and
representation learning.

The first and second contributions (Chapters 3 & 4) propose novel gradient-based algorithms to
learn a causal graph from observational and interventional data, respectively. These contributions
extended continuous constrained approaches from linear to nonlinear relationships and highlighted
the computational advantage of gradient-based approaches for large datasets.

The third, fourth and fifth contributions (Chapters 5, 6 & 7) provide novel identifiability
guarantees for disentanglement in representation learning. Chapter 5 shows that, in a specific deep
latent variable model, the ground-truth latent factors can be identified up to a permutation and
an element-wise bijection when an observed auxiliary variable and/or past latent factors sparsely
affect them. The result does not make parametric assumptions and characterizes the entanglement
structure as a function of the ground-truth latent causal graph. Chapter 6 introduces a bilevel
optimization problem to perform sparse multi-task learning and proves that, given sufficiently sparse
and diverse tasks, the learned representation must be disentangled. Furthermore, it provides a formal

argument for why disentanglement is beneficial in a few-shot learning setting. Chapter 7 studies a
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simple class of decoders we call “additive decoders” for which we can prove both disentanglement
and extrapolation guarantees. Additive decoders are interesting to study since they resemble
architectures used in object-centric representation learning and form a step toward understanding
creativity and extrapolation in modern generative models.

Chapter 8 discusses three interpretations of identifiability and unifies the contributions of
this thesis under a simple three-steps framework highlighting the role of identifiability to obtain
generalization guarantees. Specifically, four problem settings are covered: causal discovery, additive
decoders for extrapolation, sparse multi-task learning and semi-supervised learning via clustering.
The connections between all settings are made more transparent by framing them within statistical

decision theory.

Keywords: Identifiability, causal discovery, nonlinear independent component analysis, causal
representation learning, identifiable representation learning, extrapolation, compositional general-

ization, object-centric representation learning
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Chapter 1

Introduction

[...] all inferences from experience suppose, as their foundation, that the future will
resemble the past, and that similar powers will be conjoined with similar sensible
gualities. If there be any suspicion that the course of nature may change, and that
the past may be no rule for the future, all experience becomes useless, and can give
rise to no inference or conclusion. — Hume [1748, Section IV - Part Il]

The process of making “inferences from experience”, caltédctive reasonings at the heart
of machine learning. Induction is about using experience to infer a general rule, like when one
observes that the sun has risen every day up to now to conclude that the sun will continue rising every
day in the future. In the above quote, Hume describes the fundamental assumption underpinning all
inductive reasoning: that “the future will resemble the past, and that similar powers will be conjoined
with similar sensible qualities”, a principle now known as thmeformity of naturgSalmon, 1953,
Day, 1975]. Without it, experience would be of no use to predict the future. In cordeiictive
reasoningrefers to the process of discovering statements that are logically entailed by others, like
a mathematician deriving new theorems from known ones. While arti cial intelligence as a eld
certainly aims at developing agents capable of both types of reasoning, the sub elds of statistics
and machine learning are fundamentally about formalizing the former: inductive reasoning.

While this is an important realization, the question of precisely nature is uniform is left
open. A large part of machine learning research is about exploring different inductive biases, i.e.
assumptions about the data made by the learner. The assumption that observatiaeparedent
and identically distributedi.i.d.), which is ubiquitous to both statistics and machine learning, can
be thought of as one possible mathematization of “the uniformity of nature”: the observations made
in the past were generated from a random process that will remain the same in the future. Funda-
mental ideas such as the consistency of maximum likelihood estimation [Wasserman, 2010] and
generalization in statistical machine learning [Mohri et al., 2018, Shalev-Shwartz and Ben-David,
2014] crucially rely on this assumption. Breiman [2001] argued that, historically, statisticians had a



tendency to make stronger parametric assumptions about “how the data came about” compared to
machine learning researcher which kept the milder i.i.d. assumption. These allowed statisticians
to provide signi cance tests for interpretable models, such linear regression, at the cost of lesser
expressivity. In contrast, machine learning researchers have focused on developing more expressive
models with the goal of tackling high-dimensional problems such as image classi cation and speech
recognition where simple parametric models clearly did not apply, even if that meant interpretability
was compromised [Breiman, 2001]. The advantage of this approach is exempli ed by the triumph
of deep learning, the sub eld of machine learning focused on very expressive multilayered neural
networks [Goodfellow et al., 2016], in applications such as computer vision [Krizhevsky et al.,
2012, Radford et al., 2021], natural language processing [Brown et al., 2020] and image genera-
tion [Ramesh et al., 2022]. Although some successful architectures do exploit the structure present
in the data-modality they were designed for, e.g. convolutional neural networks (CNN) which
exploit the translation invariance of object classi cation, it seems progress in deep learning has
been driven largely by growing datasets, computational capabilities and architectural innovations
facilitating training; as opposed to exploiting structure present in the data. One can even argue that
autoregressive language models such as GPT-3 [Brown et al., 2020] makes even weaker assumptions
about the data by training on very long non-i.i.d. sequences of text. In a similar vein, the recent
visual transformer (ViT) [Dosovitskiy et al., 2021a] demonstrates that adding further capacity and
dropping the translation-invariance of CNNs can yield improved performance when coupled with
more data. Despite the impressive progress coming out of this trend towards making models more
and more expressive and training them on more and more data, machine learning models still appear
to be less data-ef cient than humans [Tenenbaum et al., 2011, Lake et al., 2017, Kihl et al., 2022],
are hard to interpret, are sensitive to adversarial attacks [Szegedy et al., 2014], and lack robustness
to environmental changes [Peters et al., 2016, Magliacane et al., 2018].

This thesis is an attempt at getting the best of both worlds by proposing models that are
suf ciently expressive while being restricted enough to be interpretable and amenable to theoretical
analyses. In most contributions, we postulate the existence of some “structure” present in the data,
i.e. some speci c way in which nature is uniform, and provide theoretical guarantees for when
this structure can be discovered, allowing improved interpretablity and/or improved generalization.
These theoretical results, often building on recent results in nonlinear independent component
analysis (ICA) [Hyvéarinen et al., 2023], take the formigénti ability guarantees which state
that the parameters of a statistical model can be inferred up to some equivalence class from the
distribution it entails. Once the structure is identi ed, the model can be more easily interpreted
and can be shown to have performance guarantees on speci ¢ downstream tasks (Chapter 8). This
approach can also be used to explain the behavior of existing models that are already known to
be successful by exposing the structure of the data they unknowingly exploit (Chapter 7). An



emphasis is placed on making assumptions that capture the essence of the problem at hands without
compromising expressivity. However, progressively moving towards more realistic assumptions
while keeping guarantees remains an important challenge. More future directions are discussed in
Chapter 9.

Section 1.1 presents an overview of the structure of this thesis, Section 1.2 summarizes its
contributions and Section 1.3 lists the contributions excluded from this thesis.

1.1. Overview of the thesis structure

This thesis is organized around ve articles, each of which has its own Prologue contextualizing
the work and brie y reviewing recent developments that followed it. In addition, this thesis includes
a background summarizing central notions (Chapter 2), a chapter exploring different interpretations
of identi ability and unifying most contributions under a three-steps framework (Chapter 8), and a
conclusion discussing perspectives for future work (Chapter 9). The ve contributions are listed
below:

Equal contributions.
First Contribution (Chapter 3 & Prologue):
Gradient-Based Neural DAG Learning by Sébastien Lachapelle, Philippe Brouillard,
Tristan Deleu & Simon Lacoste-Juliefihis work was presented at the 8th International
Conference on Learning Representations (ICLR 2020).
Second Contribution (Chapter 4 & Prologue):
Differentiable Causal Discovery from Interventional Data by Philippe Brouillard
Sébastien Lachapelle Alexandre Lacoste, Simon Lacoste-Julien & Alexandre Drolims
work was published at the 34th Conference on Neural Information Processing Systems
(NeurlPS 2020) with a@potlight.
Third Contribution (Chapter 5 & Prologue):
Nonparametric Partial Disentanglement via Mechanism Sparsity: Sparse Actions,
Interventions and Sparse Temporal DependencielBy Sébastien Lachapelle, Pau Ro-
driguez Lépez, Yash Sharma, Katie Everett, Rémi Le Priol, Alexandre Lacoste and Simon
Lacoste-Julien.This work was submitted to the Journal of Machine Learning Research
in 2024. This is a signi cantly extended version of two works: one published at the 1st
Conference on Causal Learning and Reasoning (CLeaR 2022) and one presented at the 1st
Workshop on Causal Representation Learning at UAI 2022, the latter of which received an
oral and abest paper award
Fourth Contribution (Chapter 6 & Prologue):
Synergies between Disentanglement and Sparsity: Generalization and Identi ability in
Multi-Task Learning by Sébastien Lachapelle*, Tristan Deleu*, Divyat Mahajan, loannis




Mitliagkas, Yoshua Bengio, Simon Lacoste-Julien and Quentin Bertiemd.work was
published at the 40th International Conference on Machine Learning (ICML 2023).

Fifth Contribution (Chapter 7 & Prologue):

Additive Decoders for Latent Variables Identi cation and Cartesian-Product Ex-
trapolation by Sébastien LachapelleDivyat Mahajan, loannis Mitliagkas and Simon
Lacoste-Julien This work was published at the 37th Conference on Neural Information
Processing Systems (NeurlPS 2023) withoaal .

1.2. Research contributions

The rst and second contributions are concerned with the problem of causal discovery (Chap-
ters 3 & 4) while the third, fourth and fth contributions are about identi able representation
learning (Chapters 5, 6 & 7). These contributions are then uni ed under one simple framework in
Chapter 8 which highlights how identi ability can be seen as an intermediate step when proving
generalization guarantees.

1.2.1. Gradient-based causal discovery (Chapters 3 & 4)

The weaknesses of deep learning systems motivated a recent surge of inteaeshiity[Pearl,
2019, Scholkopf, 2019, Scholkopf et al., 2021, Goyal and Bengio, 2021]. In a causal model, each
variable is determined by @ausal mechaniswhich takes as input other variables: its causal
parents. Importantly, these mechanisms are assumed to remain unchanged unless they are targeted
by aninterventioni.e. a change to the causal system affecting only a few mechanisms. This can be
seen as another formalization of the principle of uniformity of nature which relaxes the “identically
distributed” in “i.i.d.” by allowing the distribution to change, although in some limited way (only a
few mechanisms can change). The various causal relationships can be summarized by a directed
acyclic graph (DAG) called aausal graph When this graph is known, it can be used to predict the
effect of interventions in the system, such as what will be the effect of taking some treatment on
the health status of a patient, without actually having to perform the intervention in the real world.
Measuring these effects is the concerrcafisal inferenceHowever, in many applications, the
causal graph is unknown, which means it must be discovered from data. This is the problem of
causal discoverywhich is the subject of the rst two contributions.

Chapters 3 & 4 tackle the problem of learning a causal graph from*dgsh contributions
build on the work of Zheng et al. [2018] which proposed to reformulate the inherently discrete
problem of searching over the space of DAGs into a continuous constrained optimization problem.
This formulation allows the exploration of drastically different optimization algorithms such as
the augmented Lagrangian procedure (Section 2.6.1). The rst contribution extended this work

1Strictly speaking, Chapter 3 does not require any causal interpretation.



to allow for nonlinear dependencies, thanks to neural networks, while the second contribution
showed how this approach can be adapted to leverage interventional data. Bene ts of this approach
include a favorable computational complexity as a function of sample size, thanks to stochastic
gradient descent, (Chapter 4) and an ease of integration with deep learning models. The Prologue of
Chapter 3 and the Prologue of Chapter 4 provide further context for how these projects came about,
discuss limitations and review recent works addressing these challenges.

1.2.2. ldenti able representation learning (Chapters 5, 6 & 7)

Chapters 5, 6 & 7 provide novel identi ability guarantees in representation learning. These give
theoretical grounding for how to extradisentangled factors of variatiorisom high-dimensional
observations such as images [Bengio et al., 2013]. The term “disentangled” is used to describe
representations in which “natural factors of variations” such as object positions, colors or sizes
are represented individually as single coordinates. Disentanglement is dif cult largely due to the
problem of unidenti ability: many representations which are “not natural” yield as good a t to
the data as the “natural one”. This issue was already present in simple linear models [Hyvérinen
et al., 2001] and got much worse with more expressive neural networks [Hyvarinen and Pajunen,
1999, Locatello et al., 2020b]. The results introduced in the following contributions always restrain
the expressivity of the model to get rid of the “unnatural representations” and assume the data is
generated from a ground-truth model, often building on the seminal work in nonlinear ICA which
rst showed that the latent factors can be identi ed even in the nonlinear mixing case [Hyvarinen
and Morioka, 2016, 2017, Hyvarinen et al., 2019, Khemakhem et al., 2020a]. One of the main
motivations for learning disentangled representations is to make deep learning models easier to
interpret, but also to easily obtain representations that are invariant to certain factors of variations.
The following contributions also uncover novel ways in which disentanglement can be bene cial for
downstream performance (also see Chapter 8). See Section 5.7 for an exhaustive literature review
on identi able representation learning.

Chapter 5 studies the identi ability of a deep latent variable model (Section 2.5) in which
sequences of high-dimensional observatibxgy such as images are explained by a sequence
of lower-dimensional latent factors of variatiohs'g via x' = f (z') wheref is a deep neural
network. ldenti ability of the latent factors is obtained by assuming that they are related together via
a sparse causal graphical model, which might include auxiliary variables such as actions and/or an
environment index. We provide conditions such that tting this model while regularizing the latent
causal graph to be sparse entails disentanglement. While other works have leveraged independence
of latent variables in a temporal setting [Tong et al., 1993, Hyvarinen and Morioka, 2017, Klindt
et al., 2021], this contribution was the rst to show that more permissive forms of sparse temporal
dependencies are sometimes enough to disentangle. This work was also among the rst, concurrently



with Lippe et al. [2022], to show that interventions on latent variables can be enough to disentangle
them, a principle previously hypothesized by Schdolkopf et al. [2021] without formal proofs. The
Prologue of Chapter 5 provides further context and describes recent developments which build on
this contribution.

Chapter 6 explores a multi-task learning setting in which every prediction task has the form
y = w”f (x) wherey is a label,x is an imagef is a representation xed across tasks and
w is sparse weight vector that changes from one task to another. We propose solving a bilevel
optimization problem in whicli is learned in the outer-problem while the task-speci ¢ weight
vectorw is learned in the inner-problem, with sparsity regularization. Importantly, we show
that solving this bilevel optimization problem yields a disentangled representation, under some
conditions on both the data- and task-generating processes. We also provide a simple but rigorous
argument for why a disentangled representation is advantageous in a few-shot learning setting where
the future unknown task is sparse. In the Prologue of Chapter 6, | explain how this can be seen as a
formalization of an idea formulated by Bengio et al. [2013] and mention a few recent works which
leveraged the proof techniques we introduced.

Chapter 7 is about leveraging the additive structure of simple images consisting of multiple
objects for both disentanglement and extrapolation. In Chapter 5, disentanglement was enabled by
a restriction on the distribution of the latent factors (sparse dependencies), while here we instead
restrict the decoddr to be additive and show this makes the latent factors identi able. Although
additive decoders are very simple and restrictive, they bear similarities with the more expressive
decoders used in object-centric learning [Locatello et al., 2020c]. Studying the identi ability of
additive decoders might help us gain some theoretical understanding as to why object-centric
decoders can perform segmentations without any supervision. In addition, we show that additivity
allows generation of images that were not part of the training distribution, but that are still on
the manifold of reasonable images. We speculate that this kind of identi ability analysis leading
to extrapolation guarantees might be applied to understand creativity in modern text-to-image
models [Ramesh et al., 2022].

1.2.3. Interpretations of identi ability and motivations for downstream per-
formance (Chapter 8)

In addition to the ve articles described above, Chapter 8 explores three interpretations of
identi ability and motivates the study of identi ability as an intermediate step when proving
downstream performance guarantees. | propose a simple three-step framework highlighting the
role of identi ability for proving generalization guarantees and illustrate it with four seemingly
unrelated problem settings, three of which are based on contributions of this work. The connections
are made more rigorous by framing all four problem settings within statistical decision theory.



1.3. Excluded publications

The above is a list of publications | have contributed to during my PhD that | decided to exclude.
A Meta-Transfer Objective for Learning to Disentangle Causal Mechanismsy Yoshua
Bengio, Tristan Deleu, Nasim Rahaman, Rosemary Ke, Sébastien Lachapelle, Olexa Bilaniuk,
Anirudh Goyal and Christopher PalThis work was presented at the 8th International
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On the Convergence of Continuous Constrained Optimization for Structure Learning

by Ignavier Ng, Sébastien Lachapelle, Nan Rosemary Ke and Simon Lacoste-Juign

work was presented at the 25th International Conference on Arti cial Intelligence and
Statistics (AISTATS 2022).

Disentanglement via Mechanism Sparsity Regularization: A New Principle for Nonlin-

ear ICA by Sébastien Lachapelle, Pau Rodriguez Lopez, Yash Sharma, Katie Everett, Rémi
Le Priol, Alexandre Lacoste and Simon Lacoste-Juligms work was published at the 1st
Conference on Causal Learning and Reasoning (CLeaR 2022).

Typing assumptions improve identi cation in causal discoveryby Philippe Brouillard,
Perouz Taslakian, Alexandre Lacoste, Sébastien Lachapelle and Alexandre Drbigin.

work was published at the 1st Conference on Causal Learning and Reasoning (CLeaR 2022)
with anoral.






Chapter 2

Background

In this chapter, we cover some important notions necessary to understand this thesis.
Section 2.1 provides a brief introduction to basic notions of probability such as probability
measures, random variables and (conditional) independence.
Section 2.2 gives an introduction to the framework of statistical decision theory, maximum
likelihood estimation, the bias-variance trade-off and identi ability.
Section 2.3 introduces causal graphical models, how they support interventional queries and
the important Markov property.
Section 2.4 covers brie y both constraint-based and score-based approach to the problem of
causal discovery, which consist of learning a causal graph from data.
Section 2.5 gives a quick overview of existing approaches to representation learning with a
focus on identi ability in latent variable models and independent component analysis (ICA)
Section 2.6 covers the basics of constrained optimization, leading up to the augmented
Lagrangian method.
Section 2.7 gives brief descriptions of two popular gradient estimators, namely REINFORCE
and the reparametrization trick.

2.1. Elementary probability theory

Probability theoryis the branch of mathematics which deals with uncertainty. It provides a
coherent framework to describe quantitatively how much is known about a speci ¢ system and
provides tools to answer various queries about its precise state. Since this tool is fundamental to
the contribution of this report and to machine learning in general, we present a quick summary of
important notions. For a more in-depth presentation which avoids references to measure theory, we
refer the reader to Ross [2010].

The set of possible states a system can be in is callesktingle spacand is typically denoted
by . Elements of , denoted by , are calledbutcomeswhile subsets of , denoted byE, are



calledevents A probability measurd® assigns to each eveht anumbeP(E) 2 [0; 1] which
described how likely it is that the outcome iskn By de nition, a probability measure must also
satisfy the following three axioms: (i) for el , P(E) 2 [0;1], (i) P() =1 , and (iii) for a
countable sequence of mutually disjoint eveBiSE,; :::, we have thaP( i1=1 E)= P ilzl P(Ei).
Strictly speaking, if = R", itis impossible to de ne a probability measuPgwhich by de nition
satis es all three axiomghat is de ned over all subsets &". The standard solution to circumvent
this problem is to restrict the domain Bfto suf ciently nicesubsets oR" so that the axioms can
be satis ed. These nice sets are callaxbesgue measurableut we will not present the de nition
as most sets encountered in practice are Lebesgue measurable. See Durrett [2011] for details.
A random vectois a functionx : ! RYand thedistributionof x is a probability measure
de ned asP,(E) = P(x (E)) foralleventsE RY, wherex !(E) denotes the preimage Bf
underx. The output of a random vectai(! ) 2 RY can be thought of as a numerical measurement
of the state of the systei 2 R
Throughout this chapter, we will assume tifatcan be written a®«(E) = _ p(x)dx or
P«(E) = g p(x) wherep: RY! [0;1)." Inthe rstcase, we say is continuousandp is
called aprobability density functioywhile in the second case, we says discret%andp is called a
robability mass functionThe second axiom of probability measures implies thpfx)dx =1 or
. P(x) = 1. Inthe following de nitions, we use integrals everywhere, but one can replace them by
sums to obtain equivalent de nitions for discrete random vectors. Note that, in many circumstances,
we de ne a probability measure by rst specifying its density/mass function. However, one should
keep in mind that not all probability measures can be expressed with density/mass functions as we
de ned here.
Notation. Given an integen, we use the shortharid] to denote the sdtl;::;; ng. Given a
setS [d], we writex s to refer to the random vector containing random variakle®rj 2 S
and writex s to refer to the vector containing random variabtedorj 2 [d] nS. We usexs to
denote both the random vectog : | RIS/ and a realizatiox g & RISI since both meanings can
always be disambiguated from context in this thesis. When writjng(x )dx s for someA RIS
and some functioh : R9! R, we assume integration with respect to the Lebesgue measure.
We now present the notion of marginal distributions which allows us to answer probabilistic
gueries concerning only a subset of variables in the system.
De nition 2.1. (Marginal density) Lek : ! RYbe arandom vector and I&, be its distribution
with densityp. Given a proper subs& f 1Z;:::; dg, the marginal density of s is
p(Xs) := p(x)dx s: (2.1)

Rdj Sj

INote that we us& to denote both the random vector. | RY and a realization of the random vector2 RY,
since, in this thesis, context is always suf cient to disambiguate the two possible meanings.
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For instance, given a subseét RISI, the integraIRE p(x s)dx s gives the probability that
Xs 2 E.

Conditional probabilities describe the probability of an event occurring given another event
occurred. This notion is important to de ne the notion of conditional independence.
De nition 2.2. (Conditional density) Lex : ! RY be a random vector and I, be its
distribution with densityp. Given two disjoint subsets; B f 1;:::;dg, the conditional density of
Xa givenxg = X3 is

oy ._ P(Xa;X3) .
p(XajXg) = p(x—g)’ (2.2)

where we assumeag{x3) > 0. R

For instance, given a subget R/*J, the integral £ P(Xa j Xg)dx 4 gives the probability that
Xa 2 E giventhatxg = x3.

We now introduce the notion of (conditional) independence, a central notion in probabilistic
graphical models.
De nition 2.3. ((Conditional) independence) Let: ! RY be a random vector and I, be
its distribution with densitp. Given two disjoint setd; B [d], we sayx 4 is independent of g

when

P(Xa;Xg) = P(Xa)P(XB); BXaA;Xp ! (2.3)

When this is the case, we writg. ? p, Xg. Given three disjoint se&; B;C  [d], we say that
X a IS conditionally independent afs givenx ¢ whenever

P(Xa;Xe ] Xc) = P(Xa | Xc)P(Xs ] Xc); 8Xa;Xe;Xc S.t.p(Xc) > O: (2.4)

When this is the case, we writg, ? p, Xg J Xc.

To get an intuitive understanding of the notion of independence, we can r@witexg) =
p(xa)p(Xg) asp(Xa j Xg) = p(Xxa) (@assumingd(xg) > 0) which tells us that knowing the value
of x g does not modify our belief about the valuexgf. Analogously forconditionalindependence,
we can rewritep(Xa;Xs J Xc) = p(Xa J Xc)p(Xs ] Xc) asp(Xa j Xg;Xc) = p(Xa | Xc)
(assumingp(xg j Xc) > 0) which tells us that when knowing the value ¢, additionally
knowing the value ok g does not change our belief about.

2.2. Statistical decision theory

At its core,statistical decision theoris a framework to analyze and compare different decision-
making strategies under uncertainty. This section is inspired by the exposition of Berger [1985] and
Lacoste—Julien et al. [2011].
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Central to this framework is the idea that gtate of natures captured by an unknown parameter

which is assumed to belong to a sefpofssible states . The decision maker must take action
a among a set gbossible actiond\. If the state of the world happens to bg2 and the action
ap 2 Aistaken, then a cost{ o;ao) is incurred. Thus, thioss function : A! Rgivesthe
cost incurred for all combinatior(s ;a). It is further assumed that the decision maker can base
its decision on an observatidn (for example a dataset of multiple observations) which reveals
information about the state of the world This observation is assumed to be a realization of some
distributionD . The observatio® is assumed to belong tosample spacedenoted byD. The
decision process is modelled by a decision ruteD ! A which associates an acti@an2 A to
each observatioD 2 D . With this notation in mind, the loss incurred by rulevhen the state of
the world is andD is observed is given by( ; (D)), which is random sincB is random. Itis
customary to analyze the expectation of this cost, which is calledskie

r(;)=Ep o (; (D):

Note that, in principle, other summarizations of the random qost (D)) could be analyzed,
like the probability that it is smaller that some threshold valuas is the subject girobably
approximately correckearning (PAC) [Mohri et al., 2018].

The goal of statistical decision theory is to compare various decision rules. Since the risk
r( ; ) depends not just on the rule but also on the state of the world we must “aggregate”
further. For instance, one could consider Warst-case risknax , r( ; ) or aweighted riskof
theform r( ; ) ( )d where ( ) is a probability density that can be interpreted asthigef
the decision maker holds before taking action. Interestingly, a decision rule can be optimal for one
criterion and not another, indicating that no decision rule is universally optimal.

Most problems in statistics and machine learning can be formulated in the language of decision
theory. For instance, the problem @drameter estimationcorresponds to accurately guessing

, So thatA := . A natural loss function here would b¢ ;a) := k  ak3. In its most

P P (ntimes).

A closely related setting would lensity estimation where one cares only about nding a
probability distribution which is close to ground-truth data generating distribution. Formally, we
observe a datasex := (x®;:::;x(M) sampled fronD := P" and would like to nd a distribution
P that is close t&®. One natural loss function for this setting would §&; £) := Dy (Pj B), where

Dk, denotes th&ullback-Leibler divergencehich is de ned byD«, (PjjP) :=  p(x)log %dx
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wherep andp are the densities d® andP w.r.t. to the Lebesgue measure (which we assume éxist).
Note that, in this setting, the unknown state of the worldould beP itself, i.e. := P. Finally,
we have that the decision rulemaps datase® to distributionsP.

Another example would baypothesis testing whereA := fO0; 1g corresponds to either
accepting or rejecting the null hypothesis and wheteuld capture the cost of committiriglse
negativeandfalse positiveerrors.

In supervised machine learning the observation would be a datas& =

tributed according to some unknown distribution:= P so thatD D := P". An action
corresponds to a predictor functibnmapping inputs to outputs and the decision ruleould
correspond to a learning procedure taking as input the daBasand outputting a predictor
f,ie. (D) = f. In the case of regression, a typical choice of loss function would be
“(P;f) = Exy) pky f (x)k3. In machine learning, this is typically called tgeneralization
error.

2.2.1. Maximum likelihood estimation (MLE) & identi ability

Let us focus on the problem of parameter estimation where we observe a dataset
(xD::::x™M) sampled fromD := P" and must produce an estimatethat is close to the
“ground-truth” parameter, which we know to be in some parameter spacé._et us assume further
that, forevery 2 ,P has a density w.r.t. the Lebesgue measure givep(by ). A standard
strategy for this setting isiaximum likelihood estimatiqiMLE), which corresponds to choosing a
distribution that maximizes the so-callekklihood function

xXo )
M2 arg max logp(x™; 9= LM(9:
i=1

In the language of decision theory, the corresponding decision rule is given by

ee((x® ;i x M) = e
It is well-known that, under regularity conditions p(x; ), the estimator’\,(\A”L)E is consistentn the

sense that( ; A,(V',BE) =k A,(VTL)EKS I' O(in probability)asn!'1  [Wasserman, 2010]. One of

these regularity conditions requirego beidenti able fromP :

8:9%2 ;P =Po2) = 0 (2.5)

%The KL-divergence can be de ned more generally for arbitraryr(ite) measures as long &E) =0 =) P(E) =

for all eventsE (in which case we say thét is absolutely continuous.r.t. P) and is given byDx. (PjjP) :=

log g—gdP whereg—g is theRadon-Nikodym derivativef P w.r.t. P and the integral refers to theebesgue integral
with base measure. This thesis avoids most of these technicalities by considering only continuous or discrete random
variables.
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This means that a parametecan always be uniquely determined from the distribufont entails.
Put differently, identi ability means that the map7! P is injective. For example, in the usual
family of Gaussian distributions, the paramdter ?2) is identi able from the distribution. However,
if instead we parameterize with= + |, the parametef; ; ?) is notidenti able since multiple
choices of parameter yield the same distribution.

In order to understand the role of identi ability, we present an informal argument for why the
maximum likelihood estimator is consistent.

Proof sketch for the consistency of’ ﬁ,TL)E We follow the presentation of Wasserman [2010,
p.127]. Before starting, we recall a crucial property of the KL-divergence. In geiigeal( Pjj ﬁ’)
0 with equality if and only ifP = P. De ne

D(") := Dx (P jiP~) andD™M (") := 1 log de
N pxO;7)

SinceD™M (M) = n LM ) LM, itis clear that maximizing the log-likelihodd™ (") is
the same as minimizin@(”)(’\). In other words, the maximum likelihood estimator is a minimizer
of DM (™). Furthermore, the law of large numbers guaranteesDRa(™) ! D(™)asn!1 (in
probability). This observation suggests that the minimiz@@?(’\) should converge in probability
to a minimizer ofD ("). Because the parameteis identi able, is the unique minimizer ob (").
Hence, intuitively, we should have tha§l): converges to in probability. While this argument
is informal, it can be made rigorous by adding further regularity assumptions [Wasserman, 2010,
p.127], but this is outside the scope of this thesis.

One can question the relevance of recovering the “correct” parameté&hat if we only
care about modelling the data faithfully? This goal is better captured by the problem of density
estimation where the loss function is given ¥; P) := D« (P;P). In fact, to formulate this
setting, one does not even have to specify a ground-truth parameter in the rst place. The “state of
nature” , to use the terminology of decision theory, is the data-generating distribution itself, i.e.

= P. That being said, one can still apply MLE to estimBtdf one choose a parametric family

fP j 2 H RXgexpressive enough to contaiy an argument exactly analogous to the one
presented above can be used to show that MLE is consistent in the serBe tiBjjP.. )! O
(in probability)asn!'1 . Do not con ate , which is the parameter of the model, an&;\ihich is
the “state of nature”. Again, regularity conditions are still required to make the argument formal,
but the key point is that we can get away without identi ability this time. In light of this observation,
is there any reason to care about identi ability? We will answer this question in Section 2.2.3 brie y
and in more depth in Chapter 8.
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2.2.2. Bias-variance trade-off

Although consistency is a good indication that a decision rule will be good for very large
datasets, it does not say anything about how fast the estimator approaches its target, which is
typically referred to as theample complexitgf the estimator. Such analyzes are important to
understand the behavior of a decision rule when the number of samples is limited, as they uncover
the famoudsias-variance trade-offvhich is absolutely central to statistics [Wasserman, 2010] and
machine learning [Hastie et al., 2009, Mohri et al., 2018]. In the context of supervised regression
with loss™ (P;f) := Exy) p(y f(x))?, one can de ne the bias and variance of an estim&sor
atx as

biagfb;x) :
var(fp;x) :

Eo(fo(x) E(yjx)) (2.6)
Eo(fo(x)  Epnfb(x))?; (2.7)

whereD := ((x®;yD): i (x™M:yM))  P". One can show thét (x) := E(y j x) is the
minimizer ofE.y) p(y f’\(x ))2, which implies that the bias measures how close the expectation
of fb (x) is to the optimal predictioE(y j x). The variance measures how uncerfaiiix ) is due

to the randomness of the dataBetfor a given inputx . With simple manipulations, we arrive at the
following decomposition of the risk of the estimator:

Ep:xy (Y fAD(X))Z = Ex[biasz(fAD;X)"' Var(fAD;X)]"' Exy(y E(y] X))?; (2.8)

where the rightmost term corresponds to the error committed by the best préf{igtox ), and is
thusirreducibleand independent of the choice of estimator. The above decomposition suggests that
a good learner is one which strikes both a low bias and low variance. A standard approach is to pick
the empirical risk minimizer:

X0
fb 2 arg minE (y  f(xDy)2?; (2.9)
for Mgy

whereF is some hypothesis class of potential predictors. Richer hypothesis classes typically reduce
the bias while increasing the variance. This suggests that one should select a modeltbktss
strikes a good balance between both competing objectives. This is the bias-variance trade-off.
Not all losses allows for a bias-variance decomposition as the one shown above, but the
terms “bias” and “variance” are often used informally in more diverse contexts to refer to the
tension between the complexity of the model class and how dif cult it is to estimate with nitely
many samples. Another approach which applies to more general igs® decompose the
suboptimality gap irestimation errorandapproximation error The Bayes optimal errors de ned
as’ :=inf; (P;f) where the in mum is taken over all (measurable) functibndVe can then
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arrive at the following decomposition

(Pifo) = (Rifo) nf(Pif)+inf “(Pif) (2.10)
| 2 b 1—e—
estimation error approximation error

The estimation error quanti es the error due to using a nite dataset to cHSpposed to

the actual distributiof® (analogous to the variance term) while the approximation error quanti es
the error due to restricting the search to predictors ias opposed to all measurable predicfors
(analogous to the bias term). The approximation error term suggests we shoulkd asclarge as
possible, but this generally leads to an increase in estimation error. The stdtadtical machine
learningis about providing upper bounds on the estimation error that hold with high probability
(randomness comes from the dependencB pfor various function classes [Shalev-Shwartz and
Ben-David, 2014, Mohri et al., 2018]. What comes out of these analyzes is that “smaller” function
classed- lead to tighter bounds on the estimation error.

Although these types of analysis provide tight bounds for “underparameterized” methods such
assupport vector machineand LASSO regressiofMohri et al., 2018], they fail to explain the
success of deep learning, which leverages large overparameterized neural networks capable of
achieving zero training loss while still striking low test loss despite having very loose upper bounds
on their estimation error [Zhang et al., 2017]. These observations have motivated more research
which have yielded insights into this apparent mystery (see e.g. Belkin [2021]).

This thesis is not concerned with these important questions and, instead, focuses on identi ability
which is somewhat orthogonal to the question of sample complexity. Of course, in practice, the nite-
sample aspect of learning will impose itself, but identi ability at least provides some con dence
that it is not completely impossible to approximately recover the ground-truth parameter

2.2.3. Why study identi ability?

Finding interpretable structure in the data. Among all parameters that t the data-generating
distributionP perfectly, some of them might be easier to interpret than others. In that case, studying
the identi ability of a model class becomes crucial, since it provides a necessary condition for
MLE to converge to an interpretable model. More precisely, i2 H is considered interpretable
with P = P and if the modefP j 2 Hgis identi able, then the only parameter that ts
the ground-truth distribution exactly is the interpretable one, and the MLE estimator is going to
converge to it in probability (under some regularity conditiohg)e now provide a few examples

3Sometimes, we get identi ability of only up to some equivalence class (see for example Section 2.5.1). In that case,

de ning what we mean by consistency is more subtle. For example, Datta and Chakrabarty [2023] shows that MLE for
probabilistic principal component analysis, which is identi able only up to rotations of its latent space, is consistent in a

Euclidean quotient space.
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of settings where the goal is to uncover interpretable structure from the data. Note that we expand

on these examples further in Chapter 8 and provide three ways to interpret identi ability results.
Causal discovery: The goal of causal discovery is to understand what are the causal
relationships between various features given some data. These relationships are captured
by acausal graphwhich consists of directed edges indicating direct causal relationships
between features. In this setting, the causal graph is itself a parameter and understanding
in which context it can be identi ed is of crucial importance. Indeed, if the graph is not
identi able, then there is no hope of estimating it from data. Causality and causal discovery
are discussed in more details Sections 2.3 & 2.4.
Disentanglement: In some context such as biology [Lopez et al., 2023], one is hoping
to nd an interpretable representation of some high-dimensional observation such as cell
images or gene expression data. A common strategy is to t a probabilistic model with
low dimensional latent variables to the observations in hope that they will correspond to
interpretable aspect of the data at hand. If the representation is not suf ciently identi able,
interpretability can be compromised. We discuss representation learning, disentanglement
and the closely relateddependent component analypi®blem in Section 2.5.
Clustering: In some scienti ¢ settings, one might desire to nd a reasonable partition
of the data into different clusters corresponding to meaningful categories. Similarly to
disentanglement, a standard approach to achieve this is to t a probabilistic latent variable
model where the latent variable corresponds to the identity of the cluster. If the clusters are
not identi able from the distribution, there is very little hope that the model is going to nd
meaningful clusters, as multiple reruns of the algorithm is likely to nd different clusters
each time.

Out-of-distribution generalization. Could it be that, among all modeR® that t the data-
generating distributiof® exactly, some generalize better out of distribution? The term “out-of-
distribution” is of course extremely vague as it refers to all distributions that were not seen during
training. To make some progress, one has to be speci c about which distributions one would like
to generalize to. The decision theory framework allows us to do exactly that. To achieve this, we
let the “state of nature” capture all the distributions or tasks one should care about in a given
context, and let the loss functiof ; ) measure how well the parametemperforms on each

these tasks. In Chapter 8, we provide examples in causal discovery, disentanglement and clustering
where identi ability is a key ingredient in obtaining out-of-distribution performance guarantees.
Intuitively, all these examples consist in (i) noticing some structure in the data and the tasks one
wishes to solve, (ii) show this structure can be recovered from data via an identi ability result, and
(iii) leverage the learned structure to guarantee improved performance on a downstream task. This
is idea is developed in much more depth in Chapter 8.
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2.3. Causal graphical models

The language of probability allows us to describe the uncertainty state of a system. Here is
a simple example: “What is the probability that a patient recovers from some illjne=s that
she received the drug?”. Mathematically, this question can be formalized using conditional
probabilities:p(r =1 j d = A) wherer andd stand for “recovery” and “drug”. Ip(r =1 jd=
A) >p(r =1 jd= B), can we automatically conclude that drags more effective than drug
B ? Put differently, if you are forced to give the same drug to everyone, should you choosk drug
to maximize the proportion of recovery? Although it might be tempting to say “yes”, the correct
answer is “not necessarily”. We now provide an informal argument for why that is.

There is a third variable that we must consider: the health status of the patient prior to taking
the drug, which we denote by Consider the following factorization of the joint distribution over
all three variables

p(r;h;d) = p(h)p(dj h)p(r j h;d): (2.11)

This factorization implies no conditional independences, which means we could have chosen a
different and equally valid factorization, likgd)p(r j d)p(h j r; d). However, the factorization of
(2.11)is “nice” in the following sense: the conditional distributions appearing in it are such that
the variables on the right of*have a direct causal effect on the variable on the leftjafihdeed,

as suggested by(r j h;d), the health status of the patieht,and the drug she tookl, have a
causal effect om. Also, as suggested Ipfd j h), h has an effect od since the drug is typically
prescribed by a physician based on the health of the patient. For instanc®, driggnt be given

only to patients that are seriously ill because of its greater cost.

Using the de nition of conditional probability, we can show that

X
pr=1jd=A)= p(r=1jh;d=A)p(hjd= A): (2.12)
h

Now imagine a different world in which everyone must take diug A, regardless of their health
statush. Would the mode(2.11)still be a good description of this situation? No, because, in this
model,d depends ot. A better model would be the following:

pdod=A)(r:h;d) = p(h)1(d= A)p(r j h;d); (2.13)

where we replaced(d j h) by an indicator functiori(d = A), which models the fact that the drug
is chosen deterministically to . This new distribution can be marginalized oveaindd to obtain

X
pdo@=A)(r = 1) = p(r=1jh;d= A)p(h): (2.14)
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We now have two different quantities that are also simipér:= 1 j d = A) is the probability of
recovery given that the patient received dAugwhile p@=A)(r = 1) is the probability of recovery
in the world where everyone receivAs

When deciding which drug is more ef cient in the sense that it would maximize recovery rate
among the population, we should use mo@el 3)since it properly captures the fact that everyone
receives the same drug. It turns out that it is possible to have simultaneously

pr=1jd=A)>p(r=1jd= B)andp™®B)(r = 1) > pd=A( =1):

This is an instance of th®impson's paradgxand it could occur for instance when drBgs the

most effective drug but also more expensive, so that physicians prescribe it only for seriously ill
patients. However, in a world where money was not an issue, everyone should receive this treatment
to maximize the proportion of recovery.

The distributionp?®® we just constructed is so important that it has a name: it ign-
ventional distribution In contrastp is called theobservational distributionWe will see that the
framework of causality generalizes these ideas. Roughly speaking, causality can be separated in
two categoriescausal inferencandcausal structure learning

Causal inference deals with the problem of expressing queries thatamneentionalin nature,
like p?(@=A)(r = 1), in terms of purelyobservationabjuantities, likep(r =1 j d = A). We already
saw an example where this is possible. Ind¢2d,4)shows thap®d=A)(r = 1) can be written in
terms of factors that can be computed from the observational distriquitidhe practical relevance
of this is clear: it allows us to estimate the effects of interventions without actually performing them
in the real world.

However, causal inference typically requires the knowledge of “what causes what”. Indeed,
in the example we just saw, we said that the factorizatio(2dfl) corresponded to the causal
structure of the problem. Importantly, we made use of this causal factorization to compute the
interventional distributiop®(® . A different causal factorization would have led to a diffeng#t® .

This structure is captured by what is calledaasal graph In our example, the causal graph could

be determined simply by common sense. In some situations, the causal graph can be uncovered
only by an expert in the eld of interest. There are also situations where the causal graph is simply
unknown and must be discoverddausal structure learninga.k.a.causal discoveryis the problem

of discovering a causal graph from observational and, potentially, interventional data. The rst and
second contributions of this thesis (Chapters 3 and 4) are mainly concerned with the causal structure
learning problem, rather than causal inference.

The rest of this section is strongly inspired by the presentation of Peters et al. [2017].
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2.3.1. Graph terminology

The causal framework is articulated via directed graphs, which make for a compact and visual
tool to describe and reason about conditional independences and causal relationships. This section
presents important graph terminology necessary to understand central notions presented later on.

A directed graph G = (V; E) consists of anode setV = f1;:::;dg and anedge seE  V?
containing the directed edges, i.@;] ) 2 E when there is a directed edge frono j. When
(i;j) 2 E, we sometimes write! | 2 Ginstead. A node is aparentofj ifi! j 2 Gand
achild ofj if j I i 2 G. We note the set of parents phby J-G. Three nodes, ] andk form
animmorality in Gwheni ! j 2 G andj k2 G, buti! k62 Giori k 62 GWe say
two graphsG, = (V;E;) andG = (V; E,) share skeletonif for all (i;j) 2 V, (i;j) 2 E, or
(;i) 2 Eqifandonlyif (i;j) 2 Eyor (J;1) 2 E,. A path is a sequence distinctnodesi; i im
suchthaiy, ! igsp Orig  igsg forallk =21;:m L Ifig 1! ixandix i+ inapath, the
nodeiy is acollider relative to the path. If iy ! iy for all k, we say there is directed path for
i, toiy, andi, is called amancestorof i, andiy, is called adescendantfi,. A directed grapt
is acyclicif there is no directed cycles, i.e. there is no @iy ) such that there is a directed path
fromi toj and a directed path frointo i. We then callG adirected acyclic graph(DAG).

2.3.2. Causal graphical models (CGM) and Interventions

We are now ready to present the formal de nition of a causal graphical model (CGM).
De nition 2.4. (Causal graphical model) A causal graphical model over random variavles

I RY%is a DAGG together with a collection of functiorig(x jx J_e) such that
z
fi(x;jx jG)de =1 8x o (2.15)

These functions induce a distributi® overx via the density function

vd
p(x) := fi(xjJx jo): (2.16)
j=1
This is referred to as the observational distribution. Given an interventional targetV and
functionsfj (x; j x J_G) forall j 2 I (also integrating to 1), a CGM induces an interventional

distribution via the following expression:
| Y . Y — .
PO = fi(xjix o) f(xjix e): (2.17)
j62 j21
This is referred to as the interventional distribution entailed byVhen multiple interventions are
observed, we regroup all the interventional targets into an interventional fam#y(14; :::; 1k)

and use the shorthang®) = p('©) to refer to thekth interventional distribution.

20



The de nition of intervention presented above captures the idea of sparse or localized change
in a distribution. Each conditional can be thought of as a mechanism which can be manipulated
or intervened upon. This interpretation is sometimes referred to as the “principle of independent
mechanisms” [Peters et al., 2017, Section 2.1]. This de nition generalizes the example we saw in
Section 2.3. Indeed, it can be veri ed thaf(®=4) from (2.13)is an interventional distribution in
the sense of De nition 2.4.

This de nition already shows how the causal gradpimposes constraints anvarianceson
the distributions; g ; p@; :::p®). It should be clear that different graphs will result in different
invariances.

2.3.3. Markov property and Markov equivalence

We rst present the notion od-separation in directed graphs. This notion is important because,
in a causal graphical model;separations in the graghimply analogous conditional independences
in the observational distributio®, . This provides a useful tool to read off conditional independence
statements from the grafgh See De nition 2.6 for more on this.

De nition 2.5. (Pearl's d-separation; Pearl [1985, 1988]) In a DAG, a pathiy;:::; iy, is blocked
by a setS (with neitheri, nori,, in it) whenever there is a nodg such that one of the following
possibility holds:

(1) ik 2 Sand
ik 1! k! ik (2.18)
orig 1 g kst (2.19)
orig 1 g ! kst (2.20)
(2) neitheriy nor any of its descendant is Band
ik 1! ik iker (2.21)

Furthermore, in a DAGS, we say that two disjoints subsets of vertiéeandB are d-separated by
a third (also disjoint) subsés if every path between nodesAnandB is blocked bys. We then
writeA? B | S.

The Markov property relates the notionakeparation to conditional independence statements
in a distribution. This property is important since it is satis ed in causal graphical models.
De nition 2.6. (Markov Property) Given a DA, a distributionPy is said to satisfy

(1) theglobal Markov propertywith respect to the DAG if

A’)GBJC:) XA?pXXBjXC (222)

for all disjoint node set#\, B andC (where? p,_ denotes conditional independenceFy),
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(2) thelocal Markov propertywith respect to the DA if each variable is independent of its
non-descendants given its parents,
(3) theMarkov factorization propertywith respect to the DA& if P, has a density and

Yj
)= B ixX s); (2.23)
j=1
R .
where p;(Xj ] X je)dxj =1.

It turns out that these three Markov properties are equivald?yt Has a density [Lauritzen,
1996, Theorem 3.27]. In that case, we say thdis&ribution P, is Markov toG when it satis es
the equivalent Markov properties of De nition 2.6. It should be clear from the de nitions that, in
a CGM, the observational distributid?y is Markov toG. These conditional independences can
be thought of as constraints or invariances in a distribution, alluding again at the idea that graph
imposes constraints on a distribution.

An important question for causal discovery and structure learning more generally is whether
multiple graphs can entail the same set of conditional independences. The answer is “yes” and this
fact is captured by the notion of Markov equivalence. This fact should be depressing to anyone
willing to learn the causal graph from observations (i.e. people interested in structure learning, like
us), since it suggests that recovering the graph from the distribution is impossible (at least without
further assumptions and/or interventions).

De nition 2.7. (Markov equivalence) We dendi (G) to be the set of all distributions that are
Markov toG. Two DAGSG, and G, are Markov equivalent iM (G,) = M (G). This is the case

if and only ifG, and G, contains the samé-separations. The set of all DAGs which are Markov
equivalent taGis called the Markov equivalence class@&fdenoted by MECS).

Verma and Pearl [1990] showed a simple graphical characterization of equivalence which
simpli es the veri cation of whether two DAGs are Markov equivalent.

Lemma 2.1. (Graphical criteria for Markov equivalence; Verma and Pearl [1990]) Two DA&sS
andG, are Markov equivalent if and only if they share skeletons and have the same immoralities.

The Markov property and the notion of Markov equivalence can be extended to interventional
distributions. Given amterventional family := (14;:::; 1k ), where eachy is an interventional
target (De nition 2.4), thd -Markov property can be de ned as well as the notior eflarkov
equivalence of graphs. Appendix A.1 of Chapter 4 contains a condensed presentation of these
notions, as introduced by Yang et al. [2018].

2.4. Causal structure learning

We already saw that, when the causal graph is known, causal inference allows one to answer
a wide variety of interventional queriegthout having to actually perform these interventions in
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the real world Examples of such queries include: “What will be the effect of passing a law that
requires wearing a mask in public on the daily new cases of COVID-197?” or "What will be the
impact of giving drug X on symptom Y?". In many cases, expertise in an area (or sometimes simple
common sense) can tell us a lot about what the causal graph actually is [Pearl, 2009a, Chapter 5].
But in many other situations such as genomics [Dixit et al., 2016], the causal graph is unknown and
must be inferred. This is where causal structure learning comes in.

Causal structure learning (or causal discovery) is the problem of learning a graph from obser-
vations. The observations are assumed to come from a causal graphical model with DA&
observations can come from either the purely observational distribution or interventional distribu-
tions. In this section, we concentrate on the case where all observations come from the observational
distribution, i.e. without any interventions. Causal structure learning from interventions will be
covered in Chapter 4.

2.4.1. Structure identi ability

The learner is given samples from the observational distributipnof a CGM and wants to
infer its corresponding causal gragh Given in nite datd, is it possible to recover the ground truth
graphG? In general, it is impossible without further assumptions, as we already brie y mentioned
in Section 2.3.3. Given in nite data, is it possible to recover even just the Markov equivalence class
of G? Again, no, unless we make further assumptions. To render the Markov equivalence class
identi able, it is suf cient to assume faithfulness.
De nition 2.8. (Faithfulness) A distributio®y is faithful toGif for all disjoint setsA; B;C  V,

XA ? Py XBjXC =) A? G BJC (224)

It should be noted that faithfulness is the converse of the global Markov property (De nition 2.6).
See Peters et al. [2017, p.107] for an example of a causal model which violates faithfulness. This
assumption is considered reasonable since constructing an unfaithful distribution requires careful
“tuning” of the parameters. For instance for linear models, the set of unfaithful distributions has a
Lebesgue measure of zero [Spirtes et al., 2000, Theorem 3.2].

Intuitively, this assumption ensures that conditional independences in the distribution are actually
represented in the graph. This is useful for causal discovery since it allows one to extract information
aboutG by looking at conditional independencesRyp. Faithfulness and the Markov property
establishes a one-to-one correspondence between conditional independences in the distribution and
d-separations in graph. This means we can infer the seisaejparations present (B but since
many graphs have the same setlafeparations, we can only recover the Markov equivalence class
of G.

“We are referring to the hypothetical situations where the actual distribBgias fully known.
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One can improve graph identi ability further by making stronger assumptions about the nature
of the data-generating CGM. The idea is to restrict the class of functions in which the ground
truthp; (X j X jG) belongs. In Chapter 3, we leverage such a result which was initially introduced
by Peters et al. [2014].

Having access to interventional data also improves identi ability substantially. Given some
assumptions analogous to faithfulness (De nition 2.8), it can be shown that interventions allow
to identify what is called thé -Markov equivalence class & which is typically much smaller
than the standard Markov equivalence class. Appendix A.1 of Chapter 4 de ne these notions as
originally introduced by Yang et al. [2018]. Appendix A.2 goes further and provides an original
identi ability results based on the maximization of a regularized maximum likelihood score.

2.4.2. Algorithms

Knowing that a graph (or an equivalence class) can be identi ed from the distribution suggests
that we should be able to come up with algorithms to estimate it from observations sampld®) from
Most algorithms fall into one of these categorigglependence-baseshdscore-baseanethods.

We brie y present a few instances of these types of methods.

Independence-based methodsin a sequence of (conditional) independence tests to discover
which d-separations hold in the underlying ground truth DA&G The faithfulness assumption
allows us to make the jump from (conditional) independence statemedisdparations in the
graph. Any conditional independence tests can be used as long as it is exible enough to capture
the potentially nonlinear dependencies present in the distribution. For instance, a popular option is
the Hilbert-Schmidt independence criterion (HSIC) [Gretton et al., 2007]. Algorithms for selecting
which independence tests to run differ only by the order in which they perform the tests, which
can sometimes have a drastic effect on the running time of the algorithm. Some algorithms like
the IC algorithm [Pearl, 2009a] and the SGS algorithm [Spirtes et al., 2000] test for all possible
conditional independences of pairs given a subset while the PC algorithm [Spirtes et al., 2000] does
not have to run all tests to be exhaustive [Peters et al., 2017].

Score-based methodsast the problem of learning a DAG as an optimization problem of the
form

max S(D;5); (2.25)
G2DAG

whereS(D: G) is a score function to maximize afilis a dataset. A typical choice of score is the
Bayesian Information Criterion (BIC) which is given by

S(0;6) = max logp(D] &) "6 (2.26)
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wherelogp(D | ™ &) is the log-likelihood function given some model (e.g. Gaussian linear model)
andjGjis the number of parameters to estimate with gr@pfthe number of parameters tends to
grow with the size of the graph, for instance if we are considering a Gaussian linear model, each
edge in the graph requires its own scalar parameteii@jés the number of edges. This term is
encouraging sparsity.

The discrete optimization problem {8.25) presents a serious computational challenge since
the space of DAGs grows super-exponentially in the number of nodes and the set of feasible directed
graphs is rather involved. When we are only looking for a Markov equivalence class, the problem
can be modi ed to search directly in the space of Markov equivalence classes, which reduces
the search space substantially. This is the approach proposed by the Greedy Equivalence Search
algorithm (GES) [Chickering, 2003]. This approach has been extended to support interventional
data as well [Hauser and Buhlmann, 2012].

In some situations, recovering the causal graph only up to its Markov equivalence class is
unsatisfactory. To obtain exact identi ability of the graph, we might want to restrict the model class.
The causal additive model (CAM) [Buhlmann et al., 2014] employ this approach and search the
space of DAG greedily. To allow for large graphs (50 nodes or more), CAM reliegoglianinary
neighborhood selectiophase which blacklists some edges in the graph via statistical tests before
starting the search, thus reducing the search space.

The continuous-constrained optimization approach.The algorithms presented so far all
embraced the discrete nature of the problem head on by performing some form of greedy opti-
mization. In Section 3.2.3, we present a formulation of the structure learning problem proposed
by Zheng et al. [2018] which recast this combinatorial problem as a continuous-constrained opti-
mization problem. This formulation allows us to explore drastically different learning algorithms
based on numerical optimization. The challenges of discrete optimization are replaced by those of
nonconvex-constrained optimization. In its rst iteration, the approach assumed a Gaussian linear
model and could not make use of interventional data. The contribution of Chapter 3 shows how
this formulation can be extended to support nonlinear relationships with neural networks while the
contribution of Chapter 4 shows this approach can support various types of interventional data and
can be extended to work with powerful density estimators such as normalizing ows [Rezende and
Mohamed, 2015].

2.5. Representation learning

The success of deep learning [Goodfellow et al., 2016] is attributable in part to the idea of
learningthe features that are useful for a given task inseagineeringhem. This strategy comes
with all sorts of computational and statistical challenges, but these were largely overcame, as was
exempli ed by the groundbreaking success of &lexNetarchitecture at thtmageNet Large Scale
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Visual Recognition Challend&rizhevsky et al., 2012]. The initial successes of deep learning were
initially limited to thesupervised learningegime, where a very large dataset of input/label pairs
(x;y) is used to train a neural network to predict the lap&lom the inputx. The intermediate
representations learned in this way tend to be tightly tailored to the task on which it was trained and
has limited utility when used for other tasks.

Representation learningan be understood as going one step further, i.e. learning a repre-
sentation that is suitable for many tasks, sometimes even without knowing what these will be. A
pre-trained representation can be used in a downstream task for instance by training a linear classi er
to predict the labels from the representation using a relatively small dataset of labelled samples from
the new task. One can also decide to eithertune or freezethe pre-trained representation when
doing so. A plethora of strategies for representation learning have been contributed to the literature.
Murphy [2023] classi es these approaches into the following categories:

(i) Supervised representation learning and transferresponds to reusing the representation

learned via supervised learning, sometimes in a multi-tasks setting.

(i) Latent variable modelare probabilistic models of the forp{x j z)p(z) wherez is hidden
and taken to be the representation of the observation

(i) Autoregressive modedse probabilistic models of the form id;l p(XijX<i ), which include
neural architecture such as Transformers, where the representation is taken to be the output
of an intermediate hidden layer.

(iv) Autoencodersonsists in minimizing a loss of the forBkx ~ Ded Engx))k? where the
representation of is taken to be Enx), which has a much lower dimensionality than

(v) Self-supervisionefers to various approaches in which a model is trained to solve a “synthetic”

task such as denoising an input or classifying which transformation an input received.

(vi) Contrastive learningan be considered as a special case of the above in which the synthetic
task consists in classifying which pairs of inputs positive and which arenegative For
example, a positive pair could be an image together with its transformed version (e.g. rotated
or cropped) while a negative pair could be two completely unrelated images. When image-
caption pairs are available for training, positive pairs would be correctly matched while the
negative pairs would be incorrectly matched. The latter is the strategy employed to train
the now popular CLIP model [Radford et al., 2021]. In these models, the classi cation
logit for a pair(x; x9 is typically given byf (x)> g(x% wheref andg are neural networks
outputting the representationsyfandx °.

Chapter 5 will be mainly concerned with latent variable models, Chapter 6 with representation
learning via multi-task learning, and Chapter 7 with autoencoders. All three of these contributions
explore thadenti ability of the representations learned in each of these settings. To explain what
we mean by representation identi ability, we will focus on the case of latent variable models.
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2.5.1. Disentanglement & identi ability in latent variable models

In some cases, the primary goal of representation learningdis¢over interesting structure in
the data as opposed to learning a representation that is suitable for multiple downstream tasks. For
instance, we might want to extract an interpretable representation of brain images that exbvbits a
dimensionablndinterpretabledescription of some neural processes [Monti and Hyvarinen, 2018]. In
fact, many biological systems are still not fully understood and could bene t from machine learning
similarly [Lopez et al., 2023]. This idea is sometimes referred tdissntanglemerBengio et al.,
2013, Higgins et al., 2017, Locatello et al., 2020a], where the goal is to learn a representation in
which each coordinate corresponds to a so-called “natural factor of variation” of the dataset. A
canonical example would be to learn a representation of images in which the positions of the objects,
their colors and orientations are represented as individual coordinates. Various strategies to achieve
this have been contributed to the literature, with many of them based on heuristics. Locatello et al.
[2020a] brought to light the identi ability problem in disentangled representation learning and
motivated multiple works to pursue more principled strategies backed by identi ability guarantees
(see Sections 5.7, 6.4 & 7.2 for more exhaustive literature reviews).
We recall the de nition of identi ability covered in Section 2.2.1. Given a parameterized family

of distributionsfP j 2 g, we say that is identi able fromP if the following holds:

8;"2 ;P=P.=) =7 (2.27)
or, in other words, the map 7! P is injective. This means that, given the distributién we
can determine unambiguously which parametagave rise to it. In a learning setting where
we assume that the ground-truth data distributioR i®nd that we managed to learn it exactly
such thaP~ = P (for instance with maximum likelihood estimation in the in nite data regime),
identi ability allows us to conclude that = . Typically, when the modd?P has many degrees
of freedom, identifying exactly might be impossible, so instead we aim to identifyp to some
equivalence relation . This yield the following de nition:

N

8 ;"2 ;P =P.2) (2.28)

We will see concrete examples of equivalence relations in a few paragraphs.

In many settings, we only care about nding a mo@elthat describes faithfully the data and
have no interest in whether or not we found the “right” (equivalence class. dfy some sense,
all the " such thafP~ = P are equally valid in that they describe the data distribution perfectly.
That being said, it is possible that, among all parame’fehat ts the data perfectly, some of them
are moreanterpretablethan others. This is where identi ability becomes interesting. Chapter 8
provides further motivations to study identi ability, especially regarding downstream performance.
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Let me make the discussion more concrete by considering a latent variable model of the form
x = f (z) wherez P,. Inthat case, we set our parameter to be (f ;P,) and our parameter
spacetobe:= F P ,whereF is some class of functions (assume bijective for now) Rnd
some class of distributior,. This model induces a distribution overgiven byP = P, f 1,
i.e. the pushforward d?, underf . Assume that the speci c model= (f ;P,) is interpretable,
in the sense that each coordinate aforresponds to natural factors of variations in the data, such
as object positions, colors and orientations. Note that Chapters 5, 6 & 7 expand further on what it
could mean to benterpretablein different settings. Now, notice that we can very easily nd another
model " = (" P,) that (i) yields exactly the same distribution owerand (ii) that does not have
necessarily an interpretable representation. For any invertible transfornaati@can choose

f*:=f v 'andP, := P, v !(the latter is the distribution of(z) whenz ~ P,);

wherev is an arbitrary bijective transformation. Intuitively, we are simply applying an invertible
transformatiorv onz and undoing it at the input df. Of course, this is not changing the distribution
overx since, formally, we have

P.=P, =P, v v f l=p, f 1=P:

And, importantly, the representationofin both modelsf *(x) andf” 1(x), could be drastically
different. Indeed, we have thit x)=v f %(x),i.e. both representations are relatedvby
This means thaf' (x) might not be interpretable, even(if; P,) matches the data distribution
exactly. This is problematic, since it shows that simply nding a parameteat perfectly ts the
data distribution is not enough to guarantee that the learned model is interpretable.

We would then like to restrict the classesand/orP such that the only transformatiomghat
keepf v linF andP, v linP are “trivial indeterminacies”. In many settings, we tolerate
element-wise transformations and permutations of the coordinates. This suggests a weaker notion
of identi ability tailored to disentanglement:

8(F P (NP) 2F P iPapy = Pp,y 3 f =1 d Py (229)

whered is some element-wise transformation d@ds some permutation. This is weaker than
(2.27)because we do not require tat= ", but only thatf andf” are related by a permutatidh
and an element-wise transformatidn

In many works on identi able representation learning, there is an asymmetry between the
assumptions made on the ground-truth model and the learned model. Ins{gaz2bByfthese results
typically show

N\

8(f:P;)2F P ;(fiP)2F PiPypy=Ppp, =) f=1 d P; (2:30)
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whereF P F P, i.e. the assumptions on the ground-truth are stronger than on the learned
model. This latter point will be illustrated in Sections 2.5.2 & 2.5.3. These results are applied to a
learning scenario as follows: we assume that the data generating process, or ground-truth, is some
unknown model(f ;P,) 2F P . Then, we searchif P for a model(f"; B,) that ts the data
distribution, i.e.Pgp y = P r,)> Then,(2.30)guarantees that the functiéhwe found is the

same as the ground-truth up to permutation and element-wise rescaling. Note that we could also
just search oveF P to t the ground-truth distribution, but in practic& P is typically much

easier to optimize over, and results of the form (2.30) guarantee that this is in fact enough.

The discussion so far has been fairly abstract. In Section 2.5.2 & 2.5.3, we will see how linear
independent component analysis (ICA) ts nicely into this framework.

A lot of the current research in this area, including this thesis, boils down to nding expressive
hypothesis classés P that remain identi able in the sense (#.30) The strategy employed in
Chapter 5 consists in restricting the distribution oxdp have sparse dependencies, either with
an observed auxiliary variable or a past latent vector (if the data present temporal dependencies).
Chapters 6 & 7 do not t exactly in the latent variable model setting describe above, but they are
similar in spirit. Chapter 6 considers a multi-task setting in which a common representation is used
across tasks. The identi ability up to permutation and element-wise rescaling is guaranteed by the
fact that each task requires only a sparse subset of the features to be solved. Chapter 7 considers an
autoencoder approach in which identi ability is ensured by restriciinip be the set of additive
functions. We note that all ve contributions of this thesis will be uni ed further under the umbrella
of statistical decision theory in Chapter 8.

2.5.2. Independent component analysis

Independent component analy§i€A) [Hyvarinen et al., 2001] consists in nding a linear
transformationL of the datax such that the transformed ddta has mutually independent
components. Many principles have been proposed to achieve this, like maximizing non-Gaussianity,
minimizing mutual information or tting a likelihood model with independent latent factors. The
following discussion is limited to the identi ability of ICA as a latent variable model. Details about
various algorithms for ICA can be found in Hyvarinen et al. [2001].

In the language established in the previous section, ICA assumes that

F := flinear maps fronR% to R%g (2.31)
P := fP, such that the factors are mutually independent

SIn practice, this could be achieved approximately by doing maximum likelihood estimation (Section 2.2.1).
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Note that throughout, we assurdg  dy. Furthermore, the standard result assumes that the
ground-truth modeff ; P,) belongs to

F := F\f injective mapg (2.32)

P := P\f P, with at most one Gaussian marginal and no deterministic marginals

sothatF P F P, as discussed in Section 2.5.1.

The goal of this section will be to established identi ability of linear ICA, in the seng@ (0)
Formally, we want to show the following.

Corollary 2.1. Let(A;P,) 2F P and(A;P,) 2 F P whereF;F;P;P are de ned in(2.31)
and(2.32) Then, wheneveP 4.5y = Pap,), We haveA = ADP whereP is a permutation
matrix andD is an invertible diagonal matrix.

The proof of this result, which will be presented at the end of this section, relies on a few
intermediary results. We start with the following lemma in which we uSBth denote equality in
distribution.

Lemma2.2.Let(A;P,)2F P and(A;P,)2 F P whereF;F;P;P are de nedin(2.31)
and(2.32) Then, wheneve? 4.5 , = P(a.p,), We have that (iRang¢A) = Rang€A ), and (ii)
2?2 AYAz where2 P,,z P, andAY is the pseudo-inverse &.
Proof We start withP 4.5 ) = P(a:p,), Which is equivalent o2 £ Az. This implies that
supA'2) = supfAz ). This further implies thati\supp%\) = Asupr(z).® Note that, because
z has independent components, we have sogf{z) = ~;Z; supfz;). Furthermore, because
no componentz; is deterministic, we have that, for al|l there exists two distinct values
0. 12 supfz;). This means thatupgz) containg ¢; 1ig f 9; &9 whichcan be
thought of as the vertices of@-dimensional hyperrectangle. This implies tsapgz) must

vectors into matriceg :=[z@)  Z(q,)] and, sincef’supf(2) = A sup(z), we know there exists
2 :=[2q 2u,lsuchthanz = AZ. We have thaf is full column-rank by hypothesis and
Z is invertible since its columns are linearly independent. This mé@@nshas full column-rank,
and so doe&'Z . This implies that must also have full column-rank a@imust be invertible.
This means tha€' andA must have the same range (same image). Sidms full-column
rank, its pseudo-invers&Y, is a left-inverse fol, i.e. AYA = | . We can thus writé £ AYAz .

The identi ability of linear ICA relies on thé&armois-Skitovich theorenwhich we state without
proof. For a recent treatment of these classical results, including proofs, see Pavan and Miranda
[2018].

We have thasupgAz ) = A supf{z) by Lemma 5.6 in the Appendix of Chapter 5 combined with the fact that nite
dimensional linear subspaces are closed.
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Theorem 2.1(Darmois-Skitovich, Darmois [1953], Skitivic [1953])etX;;] = 1; P :;n with
n 2 be mutually independent random variables and lgt ; be constants. Let; := j”=1 i Xj

andy, := jn=1 i Xj be two independent random variables. Then, wheneygr 6 0, the variable
X; is either constant or Gaussian.

The following presents the crux of the work and makes use of the Darmois-Skitovich theorem.
Theorem 2.2(Identi ability of linear ICA, Comon [1992]) Suppose that is ad,-dimensional
random vectordq, 2) of mutually independent and non-deterministic random variables in which
at most one component is Gaussian (in other words, the distributiariin P). LetV 2 R%
be an invertible real matrix and lst := V z. If the components of are mutually independent,
thenV = DP for some invertible diagonal matri and permutation matri® .

Proof The matrixcov(z) is diagonal (by independence) and invertible galare non-deterministic
and thus have positive variance). Furthermore, the covariance mayris afiagonal (independence)
and has the formov(y) = V co\z)V ~. SinceV andcov\z) are invertible, so iso\(y). We can
thus write

| = cofy) zV covz)zcoMz)zV > couy) : (2.33)
= (covy) 2V cou(z)?)(couy) 2V couz)?)” (2.34)
= MM ~; (2.35)
where we de nedM = couy) 2V cov(z)% and showed it is orthogonal. We thus have that

V = cov(y)%M cov(z) 2. One can rewritg¢ = Vz as
y=Mz; (2.36)

wherey = co\y) zy andz := co\(z) zz. Of coursey andz still have independent components

(becauseovy) 2 andcov(z) > are diagonal) and has still at most one Gaussian component (for
2 R nf0g, we havex Gaussian iffx Gaussian) and none of its components are deterministic

(co\(z) 2 has no zero on its diagonal). Notice tlyat= s Mz andy, = [ Mgz

are independent. Then, by the Darmois-Skitovich theorem, wheiveyeM »; 6 0, z; must be

constant or Gaussian. But since none ofzhare constant by hypothesig, must be Gaussian.

Since we allow for only one Gaussiap, there has to be at most ofyesuch thaM 1, M »;, 6 0.

But sinceM is orthogonal, its rows must be orthogonal. Herte, M 1. ;M 2.1 = M 1j,M 2j,.

We thus have that the rst and second rowadvbf cannot have nonzero entries at the same locations.

The same argument can be repeated for every pair of rois offience, all pairs of rows do not

have nonzero entries at the same location. The only way this is possibM issfa permutatior .
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Thus,

V = cov(y)%P cov(z) z (2.37)
= covy)? ID cov(fz) %P?} P (2.38)
diagonal
= DP ; (2.39)
whereD := cov(y)%P cov(z) 2P is diagonal. |

We are now ready to prove Corollary 2.1, which is a simple matter of putting everything we saw
together.
Proof (Corollary 2.1) Letz P, and?  P,. Lemma 2.2 implies that £ AYAz , where
V = AYA is invertible (since botiY andA are full rank). The random vectarhas no constant
component and at most one Gaussian componeny arndV z is distributed according t8,, which
has mutually independent components. This means we can apply Theorem 2.2 to\gettiaP .
SinceA' has full column-rank, its pseudo-inverse has a closed form expreg§ton:( A~ A) A .
We thus have the following:

AYA = DP (2.40)
(K> A) ‘A”A = DP (2.41)
1&(#@) 1A\>} A = ADP : (2.42)
projection on the range af
But sinceA’ andA have the same rangé(A> A) A>A = A, and thusA = ADP . u

2.5.3. AMUSE: ICA via temporal correlations

I now present an alternative approach to ICA which leverages temporal correlations as opposed
to non-Gaussianity, as in standard ICA. Although this strategy was originally introduced by Tong
et al. [1990], the following presentation was in part inspired from [Hyvarinen et al., 2001]. This
identi ability result can be thought of as a precursor to the contribution of Chapter 5, where we
relax the linearity of the mixing function and the independence of the latent factors.

We are going to make the assumption that we observe a random sequen¢g')’, explained
by a latent sequence:= (z')L, viax! = Az ' whereA 2 R% % withd, d,. Furthermore, we
will assume thafz')L, is a weak-sense stationary process.

De nition 2.9. A sequence of random vectds ), is said to be weak-sense stationary (WSS) if
E[z!], co(z') andcov(z';z' ) do not depend oh
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We note thatov(z!;z'! ) can depend on, the time lag index. Importantly, we also assume
that the matriceso(z!;z! ) are diagonal for ald <t (and allt, but this is implied by the
WSS condition). This last condition indicates a weak form of mutual independence between the
sequencefz!), . We summarize these assumptions using the framework introduced before:

P:=fP,s.t(z)L, isWSSandcofz';z! )isdiagonalforald <tg
F := flinear mapsA such thaiA (zY)L, = (Az YL, g: (2.43)
We will require the data-generating process to satisfy these slightly stricter assumptions:

cozl;zt ) "

are distinct
var(z{)

P:= P\ P,st foralli,var(z!) > 0and9 s.t. the
i=1

F := F\f injective mapsg: (2.44)

We now show that this model is identi able and discuss practical considerations later on.
Theorem 2.3.Let(A;P,) 2F P and(&;P,) 2 F P whereF;F;P;P are de ned in(2.43)
and(2.44) Then, wheneveP 4.5y = Pap,), We haveA = ADP whereP is a permutation
matrix andD is an invertible diagonal matrix.

Proof Letz P, and2 P, with x! := Azt andRt! = A2t

First, we have thatov(x!) can be diagonalized with an orthogonal matrix since it is symmetric,
i.e. coux!) = U U~ whereU is orthogonal and is diagonal. Since&ov(x!) is positive
semide nite, the diagonal entries ofare nonnegative. Sin@dv(x') = Acov(z')A~ whereA is
full column-rank anccov(z!) has no zero entries on its diagonal, the rank@f(x!) is d,. Thus,
hasd, positive values on its diagonal. Let2 R% % pe the same as but where we truncated the
lines and columns corresponding to the zero diagonal entries, and analogously\ige can thus
write co(x')= U U”.

Now de nex!':=  ¥2U>x!, so that dinfx') = d,, andz' := cou(z!) *?z'. Note that
x'=  PUTAz'=  PUTAcov(z)Pz'= M Z'; (2.45)
where we de nedM :=  ¥2U>Acov(z')*™2. Note thatM is orthogonal since
MM > = ¥U”Acovz))A”U (2.46)
= F2yrcoyx)u 12 (2.47)
= 2 = (2.48)
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We now investigate the lagged covariance betweeandx' where is given by the condition
on the ground-trutlP; in (2.44).

cov(x";x' )= couM z" ;M z' ) (2.49)
= M cov(z';z" M~ (2.50)
= M cov(z") Pcovz';z' )cov(z' ) M (2.51)
= M cov(z';z! )couz') M~ (2.52)
Furthermore, de nect ;= P2U >Rt andz := co2!) 722! Notice that
xt=  FurA2t= 2y Acov(2)PE = M2 (2.53)
where we de nedM = 72U~ A'col(2')'2. Of course, SiNc®4.p,) = P(a:p,), We have that

cov(x!) = cov(R!). Using steps analogous to equati¢@si6)to (2.48)the fact thatov(x') =
coV(R!), we can show thatf is orthogonal.
Moreover, we can use steps analogous to equations (2.49) to (2.52) to show that

cov(x'; x' )= M cov(2'; 2 )cou2!) M (2.54)
Since coyx'; x' ) = cov(x!;x' ), we have that
M cov(z';z' )couz!) M > = M cov(2'; 2 )cou2') M > : (2.55)

Note thatcov(z';z! )cov(z!) ?!is diagonal with distinct values (by hypothesis). This decom-
position indicates that these diagonal elements are eigenvalues of the coatrik x! ) with
associated eigenvectors given by the columnglaf Because thes#, eigenvalues are distinct, each
associated eigenspace is one dimensional. This means that the matrix of orthogonal eigenvectors
M is unique up to permutation of its columns and sign ips. This implies fhat: M' DP where
P is a permutation matrix an@ is a diagonal matrix made of 1 and -1. We can thus write

M = M DP (2.56)
=2y Acorz) P = U Acov(2!)?DP (2.57)
UU>Acovz!)*? = UU> Acov(2)°DP : (2.58)

Note thatU U~ is the projection orRanggU). We have thaRanggU) = RanggA) =
RanggA') because

Acov(z)A” = covx') = U U> = cov(r!) = Acou(2)A” : (2.59)
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Hence, the projectiot) U> act as the identity when left-multiplying andA’, so that

Acov(z")¥? = Acov(2!)*?DP (2.60)
A = Acov(2')*™?DP cov(z!) 7 (2.61)
A = Aco(2)¥ 2DF|> cov(z 2 =2p > P (2.62)
dlagonal
A = ADP ; (2.63)
whereD := co(2")*DP cov(z') 2P~ is diagonal. |

Practical considerations: The proof strategy presented above suggests a natural algorithm to
estimate the matriR up to permutation and rescaling. First, estimaie(x') from sample, nd
its d, largest eigenvalues and project the observation doing 72U~ x' (whereU U~ is
the “truncated” decomposition of the estimated covariance). Then, we can estoaaté xt )
empirically and compute its ortrpogonal el(g;endecomposMUDM >. Assuming “in nitely

many samples” and that the value%o"(\fT'r(zzg)— - are distinct in the data-generating process, we
can conclude that this decomposition is unique up to permutation and sign ips dd Ehat

122> A cov(z") ¥, allowing us to computé as a function oM (up to permutation).

Although the matrixcov(x!; x' ) is symmetric, its nite-sample estimation might not be, thus
preventing us from computing its orthogonal eigendecomposition. To sidestep this problem, one
can compute the orthogonal decompositiorm(x*; x! )+ cOMx';x"! )> which is symmetric.

This adjustment does not change the argument since
(cov(x';x' )+ coux';x' )7)=2=M couz';z' )covz') M ~: (2.64)

One can also ussimultaneous diagonalizatioto leverage multiple distinct time lags See
Hyvarinen et al. [2001] and Tong et al. [1990] for more details.

2.5.4. Nonlinear ICA

A natural question at this point is whether we can extend the identi ability of ICA to nonlinear
functionsf . l.e., if we takeF to be the set of all invertible transformations fr@ff to R%, and
keepP the same, do we still get identi ability up to permutation and element-wise functions? It
turns out this is not the case. Under mild conditions, Hyvarinen and Pajunen [1999] showed that,
given a random vector 2 R%, it is always possible to nd a transformatign: R% ! R% such
thatg(x) has independent components, and this set of solution is highly non-unique. For instance,
for any giveni, we can choosg so thatg(x); = X;.
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Recent efforts, including the contributions of this thesis, have explored various model classes
in hope of nding expressive models that remain identi able in the seng@.80) sometimes
dropping the assumption of mutual independence. We cover these works in the literature reviews of
Chapters 5,6 & 7.

2.6. Constrained optimization

At the heart of the continuous-constrained methods for causal discovery agmeented
Lagrangian methodavhich transforms a constrained optimization problem into a sequence of un-
constrained problems for which the solutions converge to the solution of the original constrained
problem (see Bertsekas [1999] for regularity conditions). Before diving into the augmented La-
grangian approach, we review concepts of constrained optimization necessary for its understanding.
This section is inspired by the presentation of Bertsekas [1999]

In its most general form, a constrained optimization problem is written as:

mXinf (x) subjectto x 2 X ; (2.65)

whereX is thefeasible setIn this presentation, we always assuin2 C! and the feasible set is
compact and contained R".

A pointx 2 X is aglobal minimumof (2.65)if f (x ) f(x) 8 2 X and is alocal
minimumof (2.65)if there exists a scalar> Osuchthatf (x ) f(x)8x 2X\ B (x ), where
B(x)=1fxjjjx X j2 0,le.itistheclosed ballof radius centered ax .

For simplicity, we consider only problems in whigh can be written with an equality constraint,
ie.

X=fx2R"jh(x)=0g; (2.66)

whereh : R" I R™ js a function assumed to &'. We assumen < n, i.e. the number of
constraints is smaller than the number of variables. The problem can be rewritten as

minf (x) subjectto h(x)=0: (2.67)

We denote by f (x) 2 R" the gradient of and byDh(x) 2 R™ " the Jacobian matrix df.

The de nition of local minimum we presented does not suggest an obvious algorithm to perform
optimization. The following proposition provides a standard rst-order necessary condition for a
point to be a local minimum gf2.67), which lends itself more naturally to numerical optimization.
Proposition 2.1 (First-order necessary conditiond)etx 2 X be a local minimum such that
Dh(x ) is full rank. Then, there exists a vector 2 R™, called the Lagrange multiplier of ,
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such that the following equation holds:
rf(x) + !Dh(x)=0: (2.68)

In practice, many algorithms will nd a feasible point satisfyi(®)68) also called atationary
point of (2.67) This is considered satisfying even though a stationary point will not necessarily be
a local minimum (e.g. could be a saddle point or even a local maximum).

2.6.1. The augmented Lagrangian method

We are now ready to present an algorithm to nd a stationary poif2.6f7) Theaugmented
Lagrangianmethod transforms a constrained problem into a sequence of subproblems such that
their solutions converge to the solution of the original problem. diggmented Lagrangian function
L:R" R™ R! Riscentral tothis method and is given by

L 5 )=f)+ 'hx)+ Ejih(X)Jjg; (2.69)

where is a positive penalty coef cient. The procedure goes like this. First, initial valuesgfand

o are speci ed. Then, we approximately minimize locdllgx; o; o) with respect to<. Next,
the value of is updated via a gradieascentstep on the Lagrangian function with learning rate
ie.

t+1 i+ th (Xee1) - (2.70)

The penalty coef cient is also increased by a multiplicative facfowe then go back to minimizing
the Lagrangian function with respectxogiven the new updated and . The same steps are
repeated until convergence. The detailed procedure is given in Algorithm 1.

Algorithm 1 The augmented Lagrangian method.
1: procedure AUGMENTEDLAGRANGIAN( o; o)

2: t O

3 while Not convergeaio . Insert a stopping criterion
4 Xi+1 argmin, L(X; ¢ ) . Approximate and local minimization
S t+1 ¢+ th (Xe1)

6: t+1 t >0 1 andO < < 1
7 t t+1

8 end while

9: return X

10: end procedure

"Different schedule also exists. For instance, in Chapter 3 & 4, we updatéy when the constraint violation reduction
from the previous minimization is not suf cient.
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Under speci ¢ assumptions, it turns out that if this procedure converges, it is to a stationary
pointx of (2.68) The next proposition, adapted from Bertsekas [1999], makes this statement
precise.

Proposition 2.2. ([Bertsekas, 1999, Adapted from Proposition 4.2.2]) Fer0; 1; :::, letx, satisfy

jir xL(xe o iz 1 (2.71)

wheref (gandf .gsatisfy
0< (< (418t 11 ; (2.72)
0O 8t ! 0: (2.73)

AssumgXxy; ¢) ! (x; )andDh(x ) is full rank. Then(x ; ) satis es the rst order
necessary conditions, i.e.

rf(x)”+ !Dh(x)=0 andh(x )=0: (2.74)

[Bertsekas, 1999, Section 4.2.2] provides additional arguments for why the sedueg@enot
required to go to in nity in order to obtain convergence, contrarily to what Proposition 2.2 might
suggest. This is an advantage of the augmented Lagrangian over penalty methods which require

¢ 11, thus inducing ill-conditioning which can slow down the minimization of the subproblems.

2.7. Important gradient estimators
In machine learning, it is frequent that we wish to solve an optimization problem of the form
minE, p f(2); (2.75)

where the expectation does not allow for a simple analytical form (for instance duleding a

neural network). Stochastic gradient descent (SGD) is often employed to address this issue. The

gradientr E, p f (z) can be approximate in different ways of which two are presented next.
Technical note.In what follows, we always assume that the gradient and the integral signs can

be interchanged. Note that, in general, this is not always true and that, to be rigorous, one should

verify for instance that the assumptions of the “dominated convergence theorem” hold [Durrett,

2011].
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2.7.1. REINFORCE (a.k.a. the log derivative trick)

The REINFORCE estimator [Glynn, 1990, Williams, 1992] makes use of a simple trick to
rewrite the gradient as follows:

Z
r E; pf(z)= f(2)r p(z; )dz (2.76)
= ] )R ) p(pz(;z;))p(z; )dz (2.77)
= f(2)r logp(z; )p(z; )dz (2.78)
=E, pf(z)r logp(z; ); (2.79)

which can be approximated via standard Monte Carlo estimation. This estimator is unbiased but
known to have high variance [Rezende et al., 2014].

2.7.2. The reparameterization trick

The reparameterization trick [Kingma and Welling, 2014, Rezende et al., 2014] uses a different
approach where the random variable p(z; ) isrewrittenagz = g( ; ) with p( ) such
thatg( ; ) p(z; ). This allows us to rewrite

r Ez Pf(z)

r B of(a(; ) (2.80)
E o)r f(a(; ); (2.81)

which, again, can be approximated via Monte Carlo estimation. This estimator can be applied as
long as such a reparameterizatgf; ) exists withg differentiable with respect to and as long
asf is differentiable (two conditions not required by the REINFORCE estimator). This estimator
works well in practice and requires very few samples to give good performance (due to its low
variance).

The discrete caseWhat if z is a multinomial random variable? Can it be reparameterized to
estimata E, p f (z)? One can use the following reparameterization

g( ; )= one_hot (argmax ; +log ;); (2.82)
|

where the ;'s are mutually independent Gumbel random variables and the probability of
samplingclass ( ; ; =1, ; > 0) [Jang et al., 2017]. The problem with this formulation is

that the gradient with respect tois not de ned (speci cally on ties) which prevents the use of

the reparameterization trick. Next, we present how this reparameterization can be replaced by a
differentiable surrogate.
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2.7.3. The Gumbel-Softmax estimator

If we replace thearg maxin (2.82)by the softmax function (which is a differentiable analog),
we obtain

6( ; )= softmaX +log ); (2.83)

which was proposed by Jang et al. [2017] under the nan@uohbel-softmax distributioand
by Maddison et al. [2017] under the nameaaincrete distribution We should emphasize that
6( ; ) does not follow the same distribution@§ ; ). Hence in general,

r E Gumbef (g( ; )) 6r E Gumbef (g( ; ))1 (2-84)

But the right-hand side dR.84)can be approximated using the reparameterization trick, we can
thus use it as a biased approximation.

In Chapter 4, we make use of the Gumbel-Softmax estimator in the context of causal structure
learning, as presented in Ng et al. [2019] (in the context of purely observational data). The idea
is to relax a discrete optimization problem by treating the discrete variables as drscréden
variables and minimizing the expectation of the objective. This application of the Gumbel-Softmax
estimator differs from usual applications in deep learning and we believe it could be applied in
various combinatorial problems. In Appendix B.3 of Chapter 4, we give more details on the speci cs
of our implementation. Note that Chapter 5 also makes use of the Gumbel-softmax estimator to
learn a causal graph over latent variables.
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Prologue to the First Contribution

Article Detalls

Gradient-Based Neural DAG Learning
by Sébastien Lachapelle, Philippe Brouillard, Tristan Deleu & Simon Lacoste-Julieis work
was presented at the Eighth International Conference on Learning Representations (ICLR 2020).

Contributions of the Authors

Sébastien Lachapellalid the majority of the redaction, came up with the adaption of the
acyclicity constraint to neural networks, implemented the method in PyTorch and performed most of
the experimentsPhilippe Brouillard helped with the overall experiment pipeline and implemented
cross-validation for various baselines written in R. He was also responsible for the generation of
synthetic datasets as well as the "Large sample size experimirgtan Deleu integrated the
baselines DAG-GNN and NOTEARS in the experiment pipeline and led the experiments for these
methods Simon Lacoste-Juliensupervised the project and provided guidance on the writing.

Context and Limitations

At the time of writing, the framework of causality had already been proposed as a way to
move past the shortcomings of deep learning methods such as robustness, transferability and
robustness [Pearl, 2019, Peters et al., 2017]. Essentially, the argument was that predictive machine
learning systems are good at learning statistical dependencies present in the training data but
would fail when some dependencies would change at inference time. The claim is that causal
modelling could help to encode which “parts” of the data-generating process are stable across
environments and which are not, thus yielding a more robust system. The idea of learning a causal
graph over latent variables in a generative model was already oating around and was brie y
explored by Bengio et al. [2020] in the bivariate case as a way to integrate causality in deep learning
methods. However, methods for learning causal graphs were based on performing sequences of
conditional independence test [Spirtes et al., 2000], a sequential search in the discrete space of



DAGs [Chickering, 2003, Buhlmann et al., 2014] or on integer linear programming [Jaakkola
et al., 2010, Cussens, 2011] which do not lend themselves naturally to gradient-based optimization
ubiquitous in neural network training. In this context, the work of Zheng et al. [2018], which
formulated the combinatorial problem of learning a DAG into a continuous constrained problem
approachable via gradient-methods, appeared as an obvious candidate to be integrated in modern
deep learning pipelines. However, this approach was limited to linear relationships between
variables, so we proposed GraN-DAG (Chapter 3) as a way to move passed this limitation.

Although Zheng et al. [2018] opened up new possibilities when it comes to optimizing over the
space of DAGs, the optimization problem remains extremely challenging, even in its continuous
constrained form, which remains nonconvex. Identi ability is also a challenge since it requires
strong assumptions on the data-generating process (such as additive noise) that are unlikely to hold
in real-world scenarios (this limitation is addressed in Chapter 4 thanks to interventional data). The
cost of computing the gradient of the acyclicity constraint is cubic in the number of variables which
makes scaling up to more than 100 variables challenging. That being said, Chapter 4 highlights
advantages of continuous constrained methods when it comes to scaling with dataset size, thanks to
stochastic gradient optimization which is also responsible for our ability to train neural networks on
humongous datasets.

The Prologue of Chapter 4 discusses recent works that tackle some of these issues. Furthermore,
we note that other concurrent works have also extended the work of Zheng et al. [2018] to support
nonlinear relationships [Zheng et al., 2020, Ng et al., 2019, Ke et al., 2019].
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Chapter 3

Gradient-Based Neural DAG Learning

Abstract

We propose a novel score-based approach to learning a directed acyclic graph (DAG) from
observational data. We adapt a recently proposed continuous constrained optimization formulation
to allow for nonlinear relationships between variables using neural networks. This extension allows
to model complex interactions while avoiding the combinatorial nature of the problem. In addition to
comparing our method to existing continuous optimization methods, we provide missing empirical
comparisons to nonlinear greedy search methods. On both synthetic and real-world data sets, this
new method outperforms current continuous methods on most tasks, while being competitive with
existing greedy search methods on important metrics for causal inference.

3.1. Introduction

Structure learning and causal inference have many important applications in different areas of
science such as genetics [Koller and Friedman, 2009, Peters et al., 2017], biology [Sachs et al.,
2005] and economics [Pearl, 2009BRpyesian network@N), which encode conditional indepen-
dencies usinglirected acyclic graph$DAG), are powerful models which are both interpretable
and computationally tractableCausal graphical model@€CGM) [Peters et al., 2017] are BNs
which supportinterventionalqueries like:What will happen if someone external to the system
intervenes on variable XRecent work suggests that causality could partially solve challenges faced
by current machine learning systems such as robustness to out-of-distribution samples, adaptability
and explainability [Pearl, 2019, Magliacane et al., 2018]. However, structure and causal learning are
daunting tasks due to both the combinatorial nature of the space of structures (the number of DAGs
growssuper exponentiallwith the number of nodes) and the questiostficture identi ability (see
Section 3.2.2). Nevertheless, these graphical models known qualities and promises of improvement
for machine intelligence renders the quest for structure/causal learning appealing.



The typical motivation for learning a causal graphical model is to predict the effect of various
interventions. A CGM can be best estimated when given interventional data, but interventions are
often costly or impossible to obtained. As an alternative, one can use exclusively observational
data and rely on different assumptions which make the graph identi able from the distribution (see
Section 3.2.2). This is the approach employed in this paper.

We propose a score-based method [Koller and Friedman, 2009] for structure learning named
GraN-DAG which makes use of a recent reformulation of the origioatbinatorial problenof
nding an optimal DAG into acontinuous constrained optimization probleim the original method
named NOTEARS [Zheng et al., 2018], the directed graph is encodeavaghted adjacency
matrix which represents coef cients in a linestructural equation modd€ISEM) [Pearl, 2009a]

(see Section 3.2.3) and enforces acyclicity using a constraint which is both ef ciently computable
and easily differentiable, thus allowing the use of numerical solvers. This continuous approach
improved upon popular methods while avoiding the design of greedy algorithms based on heuristics.

Our rst contribution is to extend the framework of Zheng et al. [2018] to deal with nonlinear
relationships between variables using neural networks (NN) [Goodfellow et al., 2016]. To adapt
the acyclicity constraint to our nonlinear model, we use an argument similar to what is used in
Zheng et al. [2018&and apply it rst at the level oheural network pathand then at the level of
graph paths Although GraN-DAG is general enough to deal with a large variety of parametric fam-
ilies of conditional probability distributions, our experiments focus on the special case of nonlinear
Gaussiaradditive noise modelsince, under speci c assumptions, it provides appealing theoretical
guarantees easing the comparison to other graph search procedures (see Section 3.2.2 & 3.3.3).
On both synthetic and real-world tasks, we show GraN-DAG often outperforms other approaches
which leverage the continuous paradigm, including DAG-GNN [Yu et al., 2019b], a recent nonlinear
extension of Zheng et al. [2018] which uses an evidence lower bound as score.

Our second contribution is to provide a missing empirical comparison to existing methods
that support nonlinear relationships but tackle the optimization problem in its discrete form using
greedy search procedures, namely CAM [Buhlmann et al., 2014] and GSF [Huang et al., 2018a].
We show that GraN-DAG is competitive on the wide range of tasks we considered, while using
pre- and post-processing steps similar to CAM.

We provide an implementation of GraN-DAG here.

3.2. Background

Before presenting GraN-DAG, we review concepts relevant to structure and causal learning.
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3.2.1. Causal graphical models

We suppose the natural phenomenon of interest can be described by a random Ze&br
entailed by an underlying CGNPy ; G) wherePy is a probability distribution ovex andG = (V; E)
is a DAG [Peters et al., 2017]. Each ngd2 V corresponds to exactly one variable in the system.
Let G denote the set of parents of ngden G and letx s denote the random vector containing
the varlables corresponding to the parentg of G. Throughout the paper, we assume there are
no hidden variables. In a CGM, the distributiBp is said to beMarkovto G, i.e. we can write
the probability density function (pdf) & asp(x) = jdzl B (XX jG) wherep; (X)X jG) is the
conditional pdf of variable:; givenx e A CGM can be thought of as a BN in which directed edges

are given a causal meaning, allowing it to answer queries regairttienyentional distributions
[Koller and Friedman, 2009].

3.2.2. Structure identi ability

In general, it is impossible to recovérgiven only samples frorRy, i.e. withoutinterventional
data It is, however, customary to rely on a set of assumptions to render the structure fully or
partially identi able.

De nition 3.1. Given a set of assumptiodson a CGMM = ( Py; G), its graphGis said to be
identi able from Py if there exists no other CGMI™ = ( Py ; G) satisfying all assumptions id such
thatG6 GandP, = Px.

There are many examples of graph identi ability results for continuous variables [Peters et al.,
2014, Peters and Buhlman, 2014, Shimizu et al., 2006, Zhang and Hyvarinen, 2009] as well as for
discrete variables [Peters et al., 2011]. These results are obtained by assuming that the conditional
densities belong to a speci ¢ parametric family. For example, if one assumes that the distribution
Py is entailed by a structural equation model of the form

Xj = fj(X je)+ n; with n; N (O; 2) 8 2V (3.1)

wheref; is a nonlinear function satisfying some mild regularity conditions and the nojsa®
mutually independent, the@ is identi able from P, (see Peters et al. [2014] for the complete
theorem and its proof). This is a particular instancadaditive noise modelANM). We will make
use of this result in our experiments in Section 3.4.

One can consider weaker assumptions sudaitt§ulnesqPeters et al., 2017]. This assumption
allows one to identify, noG itself, but theMarkov equivalence clags which it belongs [Spirtes
et al., 2000]. A Markov equivalence class is a set of DAGs which encode exactly the same set
of conditional independence statements and can be characterized by a graphical object named a
completed partially directed acyclic gragicPDAG) [Koller and Friedman, 2009, Peters et al.,
2017]. Some algorithms we use as baselines in Section 3.4 output only a CPDAG.
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3.2.3. NOTEARS: Continuous optimization for structure learning

Structure learning is the problem of learniGgising a data set af sampled x®; ::;;x(Mg
from P,. Score-based approaches cast this problem as an optimization problem, i.e.
G= arg maXg2pac S(G) where S(G) is a regularized maximum likelihood under gragh
Since the number of DAGSs is super exponential in the number of nodes, most methods rely on
various heuristic greedy search procedures to approximately solve the problem (see Section 3.5 for a
review). We now present the work of Zheng et al. [2018] which proposes to cast this combinatorial
optimization problem into a continuous constrained one.

To do so, the authors propose to encode the gfapm d nodes as a weighted adjacency
matrixU 2 RY 9 which represents (possibly negative) coef cients in a linear SEM of the form
Xj = u7x + n; 8j whereu; is thejth column ofU andn; is a noise variable. Le®, be the
directed graph associated with the SEM andNegt be the (binary) adjacency matrix associated
with G, . One can see that the following equivalence holds:

(Au)j =0 (0 U; =0 (3.2)
To make suré&y, is acyclic, the authors propose the following constraintan

TreY Y d=0 (3.3)

whereeM | i - Mk—,k is thematrix exponentiaind is the Hadamard product.

To see why this constraint characterizes acyclicity, rst note (hat")” is the number of
cycles of lengthk passing through nodein graphG,. Clearly, forG, to be acyclic, we must
haveTr Ay¥ =0 fork = 1;2;:::;1 . By equivalence (3.2), this is true wh@n(U  U)k =0 for
k=1;2;::;1 . Fromthere, one can simply apply the de nition of the matrix exponential to see
why constraint (3.3) characterizes acyclicity (see Zheng et al. [2018] for the full development).

The authors propose to use a regularized negative least square score (maximum likelihood for a
Gaussian noise model). The resulting continuous constrained problem is

mUaxS(U;X), %kx XU k&  kUk; st TreY Y d=0 (3.4)

whereX 2 R" 9is the design matrix containing all samples. The nature of the problem has
been drastically changed: we went from a combinatorial to a continuous problem. The dif culties

of combinatorial optimization have been replaced by those of non-convex optimization, since the
feasible set is non-convex. Nevertheless, a standard numerical solver for constrained optimization
such has aaugmented Lagrangian meth@Bertsekas, 1999] can be applied to get an approximate
solution, hence there is no need to design a greedy search procedure. Moreover, this approach is
more global than greedy methods in the sense that the whole rhatsixpdated at each iteration.
Continuous approaches to combinatorial optimization have sometimes demonstrated improved
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performance over discrete approaches in the literature (see for example Alayrac et al. [2018, 8§85.2]
where they solve the multiple sequence alignment problem with a continuous optimization method).

3.3. GraN-DAG: Gradient-based neural DAG learning

We propose a new nonlinear extension to the framework presented in Section 3.2.3. For

each variable;, we learn a fully connected neural network witthidden layers parametrized by

i) = fW((jl)); Sl ;W(EL)”) gwhereWw ((j‘)) is the"th weight matrix of thg th NN (biases are omitted
for clarity). Each NN takes as input ; 2 RY, i.e. the vectox with thej th component masked to
zero, and outputs(jy 2 R™, them-dimensional parameter vector of the desired distribution family
for variablex; . The fully connected NNs have the following form

b Wi aCiigW Hawx 1)) 8 (3.5)

where g is a nonlinearity applied element-wise. Note that the evaluation of all NNs can
be parallelized on GPU. Distribution families need not be the same for each variable. Let

, T @it (@9 represents all parameters of dlINNs. Without any constraint on its
%arameter (i)» neural network models the conditional pgf (x;jx j; (). Note that the product
le B (XjjX j; ()) does notintegrate to one (i.e. itis not a joint pdf), since it does not decom-

pose according to a DAG. We now show how one can constrachmake sure the product of all
conditionals outputted by the NNs is a joint pdf. The idea is to de ne a new weighted adjacency
matrix A similar to the one encountered in Section 3.2.3, which can be directly used inside the
constraint of Equation 3.3 to enforce acyclicity.

3.3.1. Neural network connectivity

Before de ning the weighted adjacency matiAx , we need to focus on how one can make
some NN outputs unaffected by some inputs. Since we will discuss properties of a single NN, we
drop the NN subscrifj ) to improve readability.

We will use the terrmeural network patiio refer to a computation path in a NN. For example,
in a NN with two hidden layers, the sequence of weigmsffﬂ ; Wr@wliwk(ﬁ)z) is a NN path from
inputi to outputk. We say that a NN path isactiveif at least one weight along the path is zero.
We can loosely interpret theath produclerﬁi)J'jWrff)hljjwk(ﬁ)zj 0 as the strength of the NN path,
where a path product is equal to zero if and only if the path is inactive. Note that if all NN paths
from inputi to outputk are inactive (i.e. the sum of their path products is zero), then oltdoes
not depend on inputanymore since the information in inpuwill never reach output. The sum

of all path products from inputto outputk for all inputi and outpuk can be easily computed by

INot all parameter vectors need to have the same dimensionality, but to simplify the notation, we soppose 8]
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taking the following matrix product.
C, jw®EDjjw @jw ®j2 rm d (3.6)

wherejW j is the element-wise absolute valueif. Let us nameé€ theneural network connectivity
matrix. It can be veri ed thatC,; is the sum of all NN path products from inputo outputk. This
means it is suf cient to hav€,; = 0 to render outpuk independent of inpuit

Remember that each NN in our model outputs a parameter veétora conditional distribution
and that we want the product of all conditionals to be a valid joint pdf, i.e. we want its corresponding
directed graph to be acyclic. With this in mind, we see that it could be useful to make a certain
parameter not dependent on certain inputs of the NN. To havadependent of variabbe;, it is
suf cientto have ., Cy =0.

3.3.2. A weighted adjacency matrix

We now de ne a weighted adjacency matAx that can be used in constraint of Equation 3.3.
8
P
< m . . .
w Cqy ..; ifj6i
(A )ij = . k=1 () «i J .
- 0 otherwise

(3.7)

whereC ;y denotes the connectivity matrix of the NN associated with variaple

As the notation suggest8, 2 RY,% depends on all weights of all NNs. Moreover, it can effec-
tively be interpreted as a weighted adjacency matrix similarly to what we presented in Section 3.2.3,
since we have that

(A )j =0 =) ) does not depend on variabte (3.8)

We noteG to be the directed graph entailed by parametelWWe can now write our adapted
acyclicity constraint:
h( ), Tre® d=0 (3.9

Note that we can compute the gradient¢f ) w.r.t. (except at points of non-differentiability
arising from the absolute value function, similar to standard neural networks with ReLU acti-
vations [Glorot et al., 2011]; these points did not appear problematic in our experiments using
SGD).

3.3.3. Adifferentiable score and its optimization

We propose solving the maximum likelihood optimization problem

xd
maxEx p,  logp(Xjjx ; ¢)) st Tred d=0 (3.10)
J
i=1
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. P . .
where ; denotes the set of parents of ngdie graphG . Note that jdzl logp; (X;jx j ;) isa

valid log-likelihood function when constraint (3.9) is satis ed.

As suggested in Zheng et al. [2018], we apply an augmented Lagrangian approach to get an
approximate solution to program (3.10). Augmented Lagrangian methods consist of optimizing a
sequence of subproblems for which the exact solutions are known to converge to a stationary point
of the constrained problem under some regularity conditions [Bertsekas, 1999]. In our case, each
subproblem is

xd

maxL( ;¢ 0, Exp logp(xjix ;) () 5h() (311

j=1
where ; and ; are the Lagrangian and penalty coef cients of thie subproblem, respectively.
These coef cients are updated after each subproblem is solved. Since GraN-DAG rests on neural
networks, we propose to approximately solve each subproblem using a well-known stochastic
gradient algorithm popular for NN in part for its implicit regularizing effect [Poggio et al., 2018].
See Appendix A for details regarding the optimization procedure.

In the current section, we presented GraN-DAG in a general manner without specifying explicitly
which distribution family is parameterized by;. In principle, any distribution family could be
employed as long as its log-likelihood can be computed and differentiated with respect to its
parameter . However, it is not always clear whether the exact solution of problem (3.10) recovers
the ground truth grapks. It will depend on both the modelling choice of GraN-DAG and the
underlying CGM(Px; G).

Proposition 3.1.Let andG be the optimal solution to (3.10) and its corresponding graph,
respectively. LeM (A) be the set of CGMP? G°) for which the assumptions i are satis ed

and letC be the set of CGMIP% G which can be represented by the model (e.g. NN outputting a
Gaussian distribution). If the underlying CG{®,; G) 2 CandC = M (A) for a speci c set of
assumption& such thatGis identi able fromP,, thenG = G.

Proof. Let P be the joint distribution entailed by parameter Note that the population
log-likelihoodEy p, logp (Xx) is maximal iff P = Py. We know this maximum can be achieved
by a speci c parameter since by hypothesi@y; G) 2 C. SinceGis identi able from Py, we
know there exists no other CGlP,; G) 2 C such thatG 6 GandP, = P,. HenceG hasto be
equal to G.

In Section 3.4.1, we empirically explore the identi able setting of nonlinear Gaussian ANMs
introduced in Section 3.2.2. In practice, one should keep in mind that solving (3.10) exactly is hard
since the problem is non-convex (the augmented Lagrangian converges only to a stationary point)
and moreover we only have access to the empirical log-likelihood (Proposition 3.1 holds for the
population case).
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3.3.4. Thresholding

The solution outputted by the augmented Lagrangian will satisfy the constraint only up to
numerical precision, thus several entriedof might not be exactly zero and require thresholding.
To do so, we mask the inputs of each NNsing a binary matris ¢, 2 f 0;1g° ¢ initialized to
have(M (;))i =1 8i 6 j and zeros everywhere else. Havifl ;))i = 0 means the inpuit
of NN j has been thresholded. This mask is integrated in the product of Equation 3.6 by doing
Ciy » jW((jL)+l)j o :jW(gl))jM (i) Without changing the interpretation &f;, (M (jy can be seen
simply as an extra layer in the NN). During optimization, if the erfxy ); is smaller than the
threshold =10 4, the corresponding mask entiM ()i is set to zero, permanently. The masks
M (;) are never updated via gradient descent. We also add an iterative thresholding step at the end to

ensure the estimated gra@h is acyclic (described in Appendix B).

3.3.5. Over tting

In practice, we maximize an empirical estimate of the objective of problem (3.10). It is well
known that this maximum likelihood score is prone to over tting in the sense that adding edges
can never reduce the maximal likelihood [Koller and Friedman, 2009]. GraN-DAG gets around
this issue in four ways. First, as we optimize a subproblem, we evaluate its objective on a held-out
data set and declare convergence once it has stopped improving. This approach is keakyn as
stopping[Prechelt, 1997]. Second, to optimize (3.11), we use a stochastic gradient algorithm variant
which is now known to have an implicit regularizing effect [Poggio et al., 2018]. Third, once we
have thresholded our graph estimate to be a DAG, we apply a nal pruning step identical to what is
done in CAM [Buhlmann et al., 2014] to remove spurious edges. This step performs a regression of
each node against its parents and uses a signi cance test to decide which parents should be kept
or not. Fourth, for graphs of 50 nodes or more, we apgyediminary neighbors selectiofiPNS)
before running the optimization procedure as was also recommended in Buhlmann et al. [2014].
This procedure selects a set of potential parents for each variables. See Appendix C for details on
PNS and pruning. Many score-based approaches control over tting by penalizing the number of
edges in their score. For example, NOTEARS includes the L1 norm of its weighted adjacency matrix
U in its objective. GraN-DAG regularizes using PNS and pruning for ease of comparision to CAM,
the most competitive approach in our experiments. The importance of PNS and pruning and their
ability to reduce over tting is illustrated in an ablation study presented in Appendix C. The study
shows that PNS and pruning are both very important for the performance of GraN-DAG in terms of
SHD, but do not have a signi cant effect in terms of SID. In these experiments, we also present
NOTEARS and DAG-GNN with PNS and pruning, without noting a signi cant improvement.
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3.3.6. Computational Complexity

To learn a graph, GraN-DAG relies on the proper training of neural networks on which it is
built. We thus propose using a stochastic gradient method which is a standard choice when it comes
to NN training because it scales well with both the sample size and the number of parameters
and it implicitly regularizes learning. Similarly to NOTEARS, GraN-DAG requires the evaluation
of the matrix exponential oA at each iteration costin@(d®). NOTEARS justi es the use
of a batch proximal quasi-Newton algorithm by the low numbe®¢d®) iterations required to
converge. Since GraN-DAG uses a stochastic gradient method, one would expect it will require more
iterations to converge. However, in practice we observe that GraN-DAG performs fewer iterations
than NOTEARS before the augmented Lagrangian converges (see Table 3.4 of Appendix A). We
hypothesize this is due to early stopping which avoids having to wait until the full convergence
of the subproblems hence limiting the total number of iterations. Moreover, for the graph sizes
considered in this paped( 100, the evaluation oh( ) in GraN-DAG, which includes the matrix
exponentiation, does not dominate the cost of each iteratioff for 20 nodes and 13% for 100
nodes graphs). Evaluating the approximate gradient of the log-likelihood (c&3(ifty assuming
a xed minibatch size, NN depth and width) appears to be of greater importande far0Q

3.4. Experiments

In this section, we compare GraN-DAG to various baselines in the continuous paradigm, namely
DAG-GNN [Yu et al., 2019b] and NOTEARS [Zheng et al., 2018], and also in the combinatorial
paradigm, namely CAM [Buhimann et al., 2014], GSF [Huang et al., 2018a], GES [Chickering,
2003] and PC [Spirtes et al., 2000]. These methods are discussed in Section 3.5. In all experiments,
each NN learned by GraN-DAG outputs the mean of a Gaussian distribyfione. ) := ")
andx;jx s N (") "(Zj)) 8j. The parametersa) are learned as well, but do not depend on
the parent variables ¢ (unless otherwise stated). Note that this modelling choice matches the
nonlinear Gaussian AJNM introduced in Section 3.2.2.

We report the performance of random graphs sampled usingridees-Rényi(ER) scheme
described in Appendix E (denoted by RANDOM). For each approach, we evaluate the estimated
graph on two metrics: thstructural hamming distancgSHD) and thestructural interventional
distance(SID) [Peters and Buhlmann, 2015]. The former simply counts the number of missing,
falsely detected or reversed edges. The latter is especially well suited for causal inference since
it counts the number of couplggj ) such that the interventional distributigaix;jdo(x; = X))
would be miscalculated if we were to use the estimated graph to form the parent adjustement set.
Note that GSF, GES and PC output only a CPDAG, hence the need to report a lower and an upper
bound on the SID. See Appendix G for more details on SHD and SID. All experiments were ran
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with publicly available code from the authors website. See Appendix H for the details of their
hyperparameters. In Appendix I, we explain how one could use a held-out data set to select the
hyperparameters of score-based approaches and report the results of such a procedure on almost
every settings discussed in the present section.

3.4.1. Synthetic data

We have generated differedéta set typesvhich vary along four dimensions: data generating
process, number of nodes, level of edge sparsity and graph type. We consider two graph sampling
schemesErdos-Rényi(ER) andscale-fregSF) (see Appendix E for details). For each data set type,
we sampled 10 data sets of 1000 examples as follows: First, a ground truttGig\@ndomly
sampled following either the ER or the SF scheme. Then, the data is generated according to a
speci ¢ sampling scheme.

The rst data generating process we consider is the nonlinear Gaussian ANM (Gauss-ANM)
introduced in Section 3.2.2 in which data is sampled followng= f; (x jG) + n; with mutually
independent noiseg N (0; 2) 8j where the function§; are independently sampled from a
Gaussian process with a unit bandwidth RBF kernel and V\ﬁtsampled uniformly. As mentioned
in Section 3.2.2, we knows to be identi able from the distribution. Proposition 3.1 indicates that
the modelling choice of GraN-DAG together with this synthetic data ensure that solving (3.10) to
optimality would recover the correct graph. Note that NOTEARS and CAM also make the correct
Gaussian noise assumption, but do not have enough capacity to reprederfutietions properly.

We considered graphs of 10, 20, 50 and 100 nodes. Tables 3.1 & 3.2 present results only for 10
and 50 nodes since the conclusions do not change with graphs of 20 or 100 nodes (see Appendix F
for these additional experiments). We consider grapltsarfd4d edges (respectively denoted by
ER1 and ER4 in the case of ER graphs). We report the performance of the popular GES and PC in
Appendix F since they are almost never on par with the best methods presented in this section.

ER1 ER4 SF1 SF4
SHD SID SHD SID SHD SID SHD SID

GraN-DAG 1.7 25 1.7 3.1 8328 21889 1211 4161 9940 1646.0
DAG-GNN 114 3.1 37.6 144 35115 81947 9911 29.7 15.8 20.8 1.9 48.4 15.6
NOTEARS 12229 36.6 13.1 32632 79.04.1 10.7 22 32.0153 208 2.7 49.8 15.6

CAM 11 1.1 1124 12227 309132 1416 5461 9843 19375
GSF 6.526 [6.2 108 21.784 [37.2192 1.8 1.7 [2051 8542 [13.2 6.8
17.7 12.3] 62.7 14.9] 6.9 6.2] 20.6 12.1]

RANDOM 26.3 9.8 25.8 104 31.85.0 76.6 7.0 25.1 10.2 24.510.5 285 4.0 47.2 12.2

Table 3.1. Results for ER and SF graphs of 10 nodes with Gauss-ANM data
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ER1 ER4 SF1 SF4
SHD SID SHD SID SHD SID SHD SID

GraN-DAG 5.1 2.8 224 17.8 102.6 21.2 1060.1109.4 2556.2 90.0 18.9 111.312.3 271.265.4
DAG-GNN 49.2 7.9 304.4 105.1 191.915.2 2146.264 49.8 1.3 182.8 42.9 144.913.3 540.8151.1
NOTEARS 62.8 9.2 327.3 1199 202.314.3 2149.176.3 57.7 35 195.7 549 153.7 11.8 558.4 153.5

CAM 43 1.9 22.0 17.9 98.8 20.7 1197.2125.9 24.16.2 85.7 31.9 111.2 13.3 320.7 152.6
GSF 25.6 5.1 [21.1 23.1 81.8 18.8 [906.6 214.7 31.6 6.7 [85.8 29.9 120.2 10.9 [284.7 80.2
79.2 33.5] 1030.2 172.6] 147.3 49.9] 379.9 98.3]

RANDOM 535.7 401.2 272.3125.5 708.4234.4 1921.3203.5 514.0360.0 381.3190.3 660.6 194.9 1198.9304.6

Table 3.2. Results for ER and SF graphs of 50 nodes with Gauss-ANM data

We now examine Tables 3.1 & 3.2 (the errors bars represent the standard deviation across
datasets per task). We can see that, across all settings, GraN-DAG and CAM are the best performing
methods, both in terms of SHD and SID, while GSF is not too far behind. The poor performance
of NOTEARS can be explained by its inability to model nonlinear functions. In terms of SHD,
DAG-GNN performs rarely better than NOTEARS while in terms of SID, it performs similarly
to RANDOM in almost all cases except in scale-free networks of 50 nodes or more. Its poor
performance might be due to its incorrect modelling assumptions and because its architecture uses a
strong form of parameter sharing betweenfthéunctions, which is not justi ed in a setup like ours.

GSF performs always better than DAG-GNN and NOTEARS but performs as good as CAM and
GraN-DAG only about half the time. Among the continuous approaches considered, GraN-DAG is
the best performing on these synthetic tasks.

Even though CAM (wrongly) assumes that the functiohs are additive, i.e.
fi(x jG) = 5 jGfij (x;) 8j, it manages to compete with GraN-DAG which does not make this
incorrect modelling assumptidnThis might partly be explained by a bias-variance trade-off. CAM
is biased but has a lower variance than GraN-DAG due to its restricted capacity, resulting in both
methods performing similarly. In Appendix D, we present an experiment showing that GraN-DAG
can outperform CAM in higher sample size settings, suggesting this explanation is reasonable.

Having con rmed that GraN-DAG is competitive on the ideal Gauss-ANM data, we experi-
mented with settings better adjusted to other models to see whether GraN-DAG remains competitive.
We considered linear Gaussian data (better adjusted to NOTEARS) and nonlinear Gaussian data
with additive functions (better adjusted to CAM) named LIN and ADD-FUNC, respectively. See
Appendix E for the details of their generation. We report the results of GraN-DAG and other
baselines in Table 3.12 & 3.13 of the appendix. On linear Gaussian data, most methods score poorly
in terms of SID which is probably due to the unidenti ability of the linear Gaussian model (when
the noise variances are unequal). GraN-DAG and CAM perform similarly to NOTEARS in terms of
SHD. On ADD-FUNC, CAM dominates all methods on most graph types considered (GraN-DAG
is on par only for the 10 nodes ER1 graph). However, GraN-DAG outperforms all other methods

2AIthough it is true that GraN-DAG does not wrongly assume that the funcfioase additive, it is not clear whether
its neural networks can exactly represent functions sampled from the Gaussian process.
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which can be explained by the fact that the conditions of Proposition 3.1 are satis ed (supposing the
functions |, s fi (Xi) can be represented by the NNs).

We also considered synthetic data sets which do not satisfy the additive Gaussian noise assump-
tion present in GraN-DAG, NOTEARS and CAM. We considered two kindpasft nonlinear
causal model§Zhang and Hyvarinen, 2009], PNL-GP and PNL-MULT (see Appendix E for details
about their generation). A post nonlinear model has the fofn¥ g; (f; (x jG) + n;) wheren; is a
noise variable. Note that GraN-DAG (with the current modelling choice) and CAM do not have the
representational power to express these conditional distributions, hence violating an assumption of
Proposition 3.1. However, these data sets differ from the previous additive noise setup only by the
nonlinearityg; , hence offering a case of mild model misspeci cation. The results are reported in
Table 3.14 of the appendix. GraN-DAG and CAM are outperforming DAG-GNN and NOTEARS
except in SID for certain data sets where all methods score similarly to RANDOM. GraN-DAG and
CAM have similar performance on all data sets except one where CAM is better. GSF performs
worst than GraN-DAG (in both SHD and SID) on PNL-GP but not on PNL-MULT where it performs
better in SID.

3.4.2. Real and pseudo-real data

We have tested all methods considered so far on a well known data set which measures the
expression level of different proteins and phospholipids in human cells [Sachs et al., 2005]. We
trained only on the = 853 observational samples. This dataset and its ground truth graph proposed
in Sachs et al. [2005] (11 nodes and 17 edges) are often used in the probabilistic graphical model
literature [Koller and Friedman, 2009]. We also consider pseudo-real data sets sampled from the
SynTReN generator [Van den Bulcke, 2006]. This generator was designed to create synthetic
transcriptional regulatory networks and produces simulated gene expression data that approximates
experimental data. See Appendix E for details of the generation.

In applications, it is not clear whether the conditions of Proposition 3.1 hold since we do not
know whether(P,; G) 2 C. This departure from identi able settings is an occasion to explore a
different modelling choice for GraN-DAG. In addition to the model presented at the beginning of this
section, we consider an alternative, denoted GraN-DAG++, which allows the variance parameters
"(Zi) to depend on the parent variabbesie through the NN, i.e. (y := (" (i);log "(zi)). Note that
this is violating the additive noise assumption (in ANMs, the noise is independent of the parent
variables).

In addition to metrics used in Section 3.4.1, we also report SHD-C. To compute the SHD-C
between two DAGs, we rst map each of them to their corresponding CPDAG and measure the
SHD between the two. This metric is useful to compare algorithms which only outputs a CPDAG
like GSF, GES and PC to other methods which outputs a DAG. Results are reported in Table 3.3.
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Protein signaling data STSynTReN (20 nodes)

SHD SHD-C SID | SHD SHD-C SID

GraN-DAG 13 11 47 340 85 36483 161.7 53.4
GraN-DAG++ 13 10 48 337 3.7 39449 1275 528

DAG-GNN 16 21 44 936 9.2 97.6 10.3 157.574.6

NOTEARS 21 21 44 151.8 28.2 156.1 28.7 110.7 66.7

CAM 12 9 55 405 6.8 41.47.1 1523 48

GSF 18 10 [44,61] 61.8 9.6  63.3 11.4 [76.7 51.1,109.9 39.9]
GES 26 28  [34,45]|82.6 9.3 856 10 [157.2 48.3,168.8 47.8]
PC 17 11 [47,62]| 41.2 5.1 424 46 [154.8 47.6,179.3 55.6]
RANDOM 21 20 60 84.7 53.8 86.755.8 175.8 64.7

Table 3.3. Results on real and pseudo-real data

First, all methods perform worse than what was reported for graphs of similar size in Sec-
tion 3.4.1, both in terms of SID and SHD. This might be due to the lack of identi ability guarantees
we face in applications. On the protein data set, GraN-DAG outperforms CAM in terms of SID
(which differs from the general trend of Section 3.4.1) and arrive almost on par in terms of SHD
and SHD-C. On this data set, DAG-GNN has a reasonable performance, beating GraN-DAG in
SID, but not in SHD. On SynTReN, GraN-DAG obtains the best SHD but not the best SID. Overall,
GraN-DAG is always competitive with the best methods of each task.

3.5. Related Work

Most methods for structure learning from observational data make use of some identi ability
results similar to the ones raised in Section 3.2.2. Roughly speaking, there are two classes of
methodsindependence-baseshdscore-basednethods. GraN-DAG falls into the second class.

Score-based methods [Koller and Friedman, 2009, Peters et al., 2017] cast the problem of
structure learning as an optimization problem over the space of structures (DAGs or CPDAGS).
Many popular algorithms tackle the combinatorial nature of the problem by performing a form of
greedy search. GES [Chickering, 2003] is a popular example. It usually assumes a linear parametric
model with Gaussian noise and greedily search the space of CPDAGs in order to optimize the
Bayesian information criterion. GSF [Huang et al., 2018a], is based on the same search algorithm as
GES, but uses a generalized score function which can model nonlinear relationships. Other greedy
approaches rely on parametric assumptions which re@digly identi able. For example, Peters
and Buhlman [2014] relies on a linear Gaussian model with equal variances to render the DAG
identi able. RESIT [Peters et al., 2014], assumes nonlinear relationships with additive Gaussian
noise and greedily maximizes an independence-based score. However, RESIT does not scale
well to graph of more than 20 nodes. CAM [Buhlmann et al., 2014] decouples the search for the
optimal node ordering from the parents selection for each node and assumes an additive noise
model (ANM) [Peters et al., 2017] in which the nonlinear functions are additive. As mentioned
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in Section 3.2.3, NOTEARS, proposed in Zheng et al. [2018], tackles the problem of nding
an optimal DAG as a continuous constrained optimization program. This is a drastic departure
from previous combinatorial approaches which enables the application of well studied numerical
solvers for continuous optimizations. Recently, Yu et al. [2019b] proposed DAG-GNN, a graph
neural network architecture (GNN) which can be used to learn DAGs via the maximization of an
evidence lower bound. By design, a GNN makes use of parameter sharing which we hypothesize
is not well suited for most DAG learning tasks. To the best of our knowledge, DAG-GNN is
the rst approach extending the NOTEARS algorithm for structure learning to support nonlinear
relationships. Although Yu et al. [2019b] provides empirical comparisons to linear approaches,
namely NOTEARS and FGS (a faster extension of GES) [Ramsey et al., 2017], comparisons to
greedy approaches supporting nonlinear relationships such as CAM and GSF are missing. Moreover,
GraN-DAG signi cantly outperforms DAG-GNN on our benchmarks. There exists certain score-
based approaches which uses integer linear programming (ILP) [Jaakkola et al., 2010, Cussens,
2011] which internally solve continuous linear relaxations. Connections between such methods and
the continuous constrained approaches are yet to be explored.

When used with the additive Gaussian noise assumption, the theoretical guarantee of GraN-DAG
rests on the identi ability of nonlinear Gaussian ANMs. Analogously to CAM and NOTEARS,
this guarantee holds only if the correct identi ability assumptions hold in the data and if the score
maximization problem is solved exactly (which is not the case in all three algorithms). DAG-
GNN provides no theoretical justi cation for its approach. NOTEARS and CAM are designed to
handle what is sometimes called thigh-dimensional settinop which the number of samples is
signi cantly smaller than the number of nodes. Buihimann et al. [2014] provides consistency results
for CAM in this setting. GraN-DAG and DAG-GNN were not designed with this setting in mind
and would most likely fail if confronted to it. Solutions for tting a neural network on less data
points than input dimensions are not common in the NN literature.

Methods for causal discovery using NNs have already been proposed. SAM [Kalainathan et al.,
2018] learns conditional NN generators using adversarial losses but does not enforce acyclicity.
CGNN [Goudet et al., 2018], when used for multivariate data, requires an initial skeleton to learn
the different functional relationships.

GraN-DAG has strong connections with MADE [Germain et al., 2015], a method used to
learn distributions using a masked NN which enforces the so-calleategressive propertyf he
autoregressive property and acyclicity are in fact equivalent. MADE does not learn the weight
masking, it xes it at the beginning of the procedure. GraN-DAG could be used with a unique NN
taking as input all variables and outputting parameters for all conditional distributions. In this case,
it would be similar to MADE, except the variable ordering would be learned from data instead of
xed a priori.
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3.6. Conclusion

The continuous constrained approach to structure learning has the advantage of being more
global than other approximate greedy methods (since it updates all edges at each step based on
the gradient of the score but also the acyclicity constraint) and allows to replace task-specic
greedy algorithms by appropriate off-the-shelf numerical solvers. In this work, we have introduced
GraN-DAG, a novel score-based approach for structure learning supporting nonlinear relationships
while leveraging a continuous optimization paradigm. The method rests on a novel characterization
of acyclicity for NNs based on the work of Zheng et al. [2018]. We showed GraN-DAG outperforms
other gradient-based approaches, namely NOTEARS and its recent nonlinear extension DAG-GNN,
on the synthetic data sets considered in Section 3.4.1 while being competitive on real and pseudo-
real data sets of Section 3.4.2. Compared to greedy approaches, GraN-DAG is competitive across
all datasets considered. To the best of our knowledge, GraN-DAG is the rst approach leveraging
the continuous paradigm introduced in Zheng et al. [2018] which has been shown to be competitive
with state of the art methods supporting nonlinear relationships.
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Appendices of Chapter 3

A. Optimization
Let us recall the augmented Lagrangian:

xd
maxL( ;i o, Exe logp(xix @) () Sh()? (312)
i=1
where ; and . are the Lagrangian and penalty coef cients of thesubproblem, respectively. In
all our experiments, we initialize those coef cients using= 0 and o =10 3. We approximately
solve each non-convex subproblem using RMSprop [Tieleman and Hinton, 2012], a stochastic

gradient descent variant popular for NNs. We use the following gradient estimate:

rL(; oo r Ii\B( D0 t)
A 1 X X _ N (3.13)
with Ls( ; ¢ ), JF log pi (Xijx o (i) th( ) Eh( )
x2B i=1

whereB is a minibatch sampled from the data set @§¢lis the minibatch size. The gradient
estimate Ls( ; ; ) can be computed using standard deep learning libraries. We consider a
subproblem has converged whén( ; ¢; ) evaluated on a held-out data $étstops increasing.

Let , be the approximate solution to subproblenThen, ; and ; are updated according to the
following rule:

t+1 ¢+ ()

;v ifh( )>nh ¢ 1 (3.14)
t+1 .

1.  otherwise

with =10 and = 0:9. Each subproblemis initialized using the previous subproblem solution
. 1- The augmented Lagrangian method stops wite) 10 &.
Total number of iterations before augmented Lagrangian convergestn GraN-DAG and
NOTEARS, every subproblem is approximately solved using an iterative algorithmT bet
the number of subproblems solved before the convergence of the augmented Lagrangian. For a
given subproblent, let K; be the number of iterations executed to approximately solve it. Let



| = P thl K be thetotal number of iterationdefore the augmented Lagrangian converges.
Table 3.4 reports the total number of iterationfor GraN-DAG and NOTEARS, averaged over ten

data sets. Note that the matrix exponential is evaluated once per iteration. Even though GraN-DAG
uses a stochastic gradient algorithm, it requires less iterations than NOTEARS which uses a batch
proximal quasi-Newton method. We hypothesize early stopping avoids having to wait until full
convergence before moving to the next subproblem, hence reducing the total number of iterations.
Note that GraN-DAG total run time is still larger than NOTEARS due to its gradient requiring more
computation to evaluate (total runtimel10 minutes against 1 minute for 20 nodes graphs and

4 hours against 1 hour for 100 nodes graphs). GraN-DAG runtime on 100 nodes graphs can be
roughly halved when executed on GPU.

20 nodes ER1 20 nodes ER4 100 nodes ER1 100 nodes ER4

GraN-DAG 273 36 304 42 231 07 231 08
NOTEARS 671 353 723 243 2436 123 2324 129

Table 3.4. Total number of iterations (10°) before augmented Lagrangian converges on Gauss-
ANM data.

B. Thresholding to ensure acyclicity

The augmented Lagrangian outputs whereT is the number of subproblems solved before
declaring convergence. Note that the weighted adjacency n#atrixwill most likely not represent
an acyclic graph, even if we threshold as we learn, as explained in Section 3.3.4. We need to remove
additional edges to obtain a DAG (edges are removed using the mask presented in Section 3.3.4).
One option would be to remove edges one by one until a DAG is obtained, starting from the edge
(i;J ) with the lowest(A _); up to the edge with the highe@ _); . This amounts to gradually
increasing the thresholduntil A _ is acyclic. However, this approach has the following aw:
It is possible to havéA _); signi cantly higher than zero while having;, almost completely
independent of variabbe;. This can happen for at least two reasons. First, the NN paths from input
i to outputk might end up cancelling each others, rendering the inmactive. Second, some
neurons of the NNs might always be saturated for the observed range of inputs, rendering some NN
pathseffectively inactivavithout being inactive in the sense described in Section 3.3.1. Those two
observations illustrate the fact that haviffg _); = O is only a suf cient condition to havey;)
independent of variabbe; and not a necessary one.

To avoid this issue, we consider the following alternative. Consider the funictidR? 7! R¢
which maps altl variables to their respective conditional likelihoods, Le(x) , pi(x; jx ) 8i.
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We consider the following expected Jacobian matrix

@’
J, Ex p & (3.15)
where & s the Jacobian matrix df evaluated ax , in absolute value (element-wise). Similarly to
& y

(A )i, the entryd; can be loosely interpreted as the strength of €iigg. We propose removing
edges starting from the lowe3j to the highest, stopping as soon as acyclicity is achieved. We
believeJ is better tharA _ at capturing which NN inputs are effectively inactive since it takes into
account NN paths cancelling each others and saturated neurons. Empirically, we found that using
instead ofA _ yields better results, and thus we report the results With this paper.

C. Preliminary neighborhood selection and DAG Pruning

PNS: For graphs of 50 nodes or more, GraN-DAG performgraliminary neighborhood
selection(PNS) similar to what has been proposed in Buhlmann et al. [2014]. This procedure
applies a variable selection method to get a set of possible parents for each node. This is done
by tting an extremely randomized tregSeurts et al., 2006] (usingxtraTreesRegressor
from scikit-learn ) for each variable against all the other variables. For each node a feature
importance score based on the gain of purity is calculated. Only nodes that have a feature importance
score higher thafi:75 mearare kept as potential parent, wheneans the mean of the feature
importance scores of all nodes. Although the use of PNS in CAM was motivated by gains in
computation time, GraN-DAG uses it to avoid over tting, without reducing the computation time.

Pruning: Once the thresholding is performed and a DAG is obtained as described in B, GraN-
DAG performs a pruning step identical to CAM [Buhlmann et al., 2014] in order to remove spurious
edges. We use the implementation of Bihimann et al. [2014] based on the R fuyetidaoost
from themboost package. For each variabte, a generalized additive model is tted against the
current parents of; and a signi cance test of covariates is applied. Parents with a p-value higher
than 0.001 are removed from the parent set. Similarly to what Bihimann et al. [2014] observed, this
pruning phase generally has the effect of greatly reducing the SHD without considerably changing
the SID.

Ablation study: In Table 3.5, we present an ablation study which shows the effect of
adding PNS and pruning to GraN-DAG on different performance metrics and on the negative
log-likelihood (NLL) of the training and validation set. Note that, before computing both NLL,
we reset all parameters of GraN-DAG except the mask and retrained the model on the training set
without any acyclicity constraint (acyclicity is already ensure by the masks at this point). This
retraining procedure is important since the pruning removes edges (i.e. some additional NN inputs
are masked) and it affects the likelihood of the model (hence the need to retrain).
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PNS Pruning SHD SID NLL (train) NLL (validation)

False False 1086.848.8 31.6 23.6 0.36 0.07 1.44 0.21
True False 540.470.3 17.4 16.7 0.52 0.08 1.16 0.17
False True 11.85.0 39.7 25,5 0.78 0.12 0.84 0.12
True True 6.1 3.3 29.3 19.5 0.78 0.13 0.83 0.12

Table 3.5. PNS and pruning ablation study for GraN-DAG (averaged over 10 datasets from ER1
with 50 nodes)

A rst observation is that adding PNS and pruning improve the NLL on the validation set
while deteriorating the NLL on the training set, showing that those two steps are indeed reducing
over tting. Secondly, the effect on SHD is really important while the effect on SID is almost
nonexistent. This can be explained by the fact that SID has more to do with the ordering of the
nodes than with false positive edges. For instance, if we have a complete DAG with a node ordering
coherent with the ground truth graph, the SID is zero, but the SHD is not due to all the false positive
edges. Without the regularizing effect of PNS and pruning, GraN-DAG manages to nd a DAG
with a good ordering but with many spurious edges (explaining the poor SHD, the good SID and the
big gap between the NLL of the training set and validation set). PNS and pruning helps reducing
the number of spurious edges, hence improving SHD.

We also implemented PNS and pruning for NOTEARS and DAG-GNN to see whether their
performance could also be improved. Table 3.6 reports an ablation study for DAG-GNN and
NOTEARS. First, the SHD improvement is not as important as for GraN-DAG and is almost not
statistically signi cant. The improved SHD does not come close to performance of GraN-DAG.
Second, PNS and pruning do not have a signi cant effect of SID, as was the case for GraN-DAG.
The lack of improvement for those methods is probably due to the fact that they are not over tting
like GraN-DAG, as the training and validation (unregularized) scores shows. NOTEARS captures
only linear relationships, thus it will have a hard time over tting nonlinear data and DAG-GNN
uses a strong form of parameter sharing between its conditional densities which possibly cause
under tting in a setup where all the parameters of the conditionals are sampled independently.

Moreover, DAG-GNN and NOTEARS threshold aggressively their respective weighted adja-
cency matrix at the end of training (with the default parameters used in the code), which also acts
as a form of heavy regularization, and allow them to remove many spurious edges. GraN-DAG
without PNS and pruning does not threshold as strongly by default which explains the high SHD
of Table 3.5. To test this explanation, we removed all edggs for which (A ); < 0:3% for
GraN-DAG and obtained an SHD of 29.45.9 and an SID of 85.645.7, showing a signi cant
improvement over NOTEARS and DAG-GNN, even without PNS and pruning.

3This was the default value of thresholding used in NOTEARS and DAG-GNN.
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Algorithm  PNS Pruning SHD SID Score (train) Score (validation)

DAG-GNN False False 56.811.1 322.9 103.8 -2.8 1.5 -2.2 1.6
True False 55.510.2 314.5107.6 -2.11.6 -2.1 1.7
False True 49.47.8 325.1103.7 -181.1 -1.8 1.2
True True 47.77.3 316.51056 -191.6 -19 1.6

NOTEARS False False 64.2.5 327.11109 -23118 -23.221
True False 54.110.9 32151045 -25.22.7 -254 28
False True 49.58.8 327.7 111.3 -26.72.0 -26.8 2.1
True True 49.07.6 326.4 106.9 -26.232.2 -264 24

Table 3.6. PNS and pruning ablation study for DAG-GNN and NOTEARS (averaged over 10
datasets from ER1 with 50 nodes)

D. Large Sample Size Experiment

In this section, we test the bias-variance hypothesis which attempts to explain why CAM is on
par with GraN-DAG on Gauss-ANM data even if its model wrongly assumes théf flo@ctions
are additive. Table 3.7 reports the performance of GraN-DAG and CAM for different sample sizes.
We can see that, as the sample size grows, GraN-DAG ends up outperforming CAM in terms of
SID while staying on par in terms of SHD. We explain this observation by the fact that a larger
sample size reduces variance for GraN-DAG thus allowing it to leverage its greater capacity against
CAM which is stuck with its modelling bias. Both algorithms were run with their respective default
hyperparameter combination.

This experiment suggests GraN-DAG could be an appealing option in settings where the
sample size is substantial. The present paper focuses on sample sizes typically encountered in the
structure/causal learning litterature and leave this question for future work.

Sample size Method SHD SID

500 CAM 123.5 139 1181.2 160.8
GraN-DAG 130.2 14.4 1246.4 126.1

1000 CAM 103.7 15.2 1074.7 125.8
GraN-DAG 104.4 15.3 942.1 69.8

5000 CAM 74.1 13.2 845.0 159.8
GraN-DAG 719 159 554.1 117.9

10000 CAM 66.3 16.0 808.1 142.9

GraN-DAG 65.9 19.8 4534 171.7

Table 3.7. Effect of sample size - Gauss-ANM 50 nodes ER4 (averaged over 10 datasets)
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E. Details on data sets generation

Synthetic data sets:For each data set type, 10 data sets are sampled with 1000 examples
each. As the synthetic data introduced in Section 3.4.1, for each data set, a ground trui® AG
randomly sampled following the ER scheme and then the data is generated. Unless otherwise stated,
all root variables are sampled frod{ 1;1].

Gauss-ANMs generated following; := f;(x jG)+ n; 8] with mutually independent noises

nj N (0; 2) 8 where the function$; are independently sampled from a Gaussian

process with a unit bandwidth RBF kernel arfd U [0:4; 0:8]. Source nodes are Gaussian

with zero mean and variance sampled froii; 2]

LIN is generated following ; jx o wx o +0:2 N(0; /) 8 where 7 U [1;2]and

w; is a vector of jGj coef cients each sampled frotd[0; 1].

ADD-FUNC s generated following; jx o io J_ij;i (xi)+0:2 N(0; ? 8 where

jz U [1;2]and the function$;; are independently sampled from a Gaussian process with

bandwidth one. This model is adapted from Buhlmann et al. [2014].
PNL-GPis generated following jx s (fj(x J,c;)+ Laplace(0;1;)) 8j with the func-
tionsf; independently sampled from a Gaussian process with bandwidth orle and
U[0; 1]. In the two-variable case, this model is identi able following the Corollary 9
from Zhang and Hyvarinen [2009]. To get identi ability according to this corollary, it is
important to use non-Gaussian noise, explaining our design choices.
PNL-MULT is generated following ; jx o exp(log( |, jGxi)+ iN (0; 2)j) 8j where

jz U [0;1]. Root variables are sampled frddf0; 2]. This model is adapted from Zhang

et al. [2015].
SynTReN: Ten datasets have been generated using the SynTReN generator
(http://bioinformatics.intec.ugent.be/kmarchal/SynTReN/index.html )

using the software default parameters except foptbability for complex 2-regulator interactions
that was set to 1 and the random seeds used were 0 to 9. Each dataset contains 500 samples and
comes from a 20 nodes graph.

Graph types: Erdos-Rényi(ER) graphs are generated by randomly sampling a topological order
and by adding directed edges were it is allowed independently with probab#itgf—ed wereeis
the expected number of edges in the resulting D8CGale-fre§ SF) graphs were generated using
the Barabasi-Albert model [Barabasi and Albert, 1999] which is based on preferential attachment.
Nodes are added one by one. Between the new node and the existingmaztiEges (wheren is
equal tod or 4d) will be added. An existing nodehave the probabilityp(k;) = PT_'kJ to be chosen,
wherek; represents the degree of the nodévhile ER graphs have a degree distribution following
a Poisson distribution, SF graphs have a degree distribution following a power law: few nodes,
often calledhubs have a high degree. Barabasi [2009] have stated that these types of graphs have
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similar properties to real-world networks which can be found in many different elds, although
these claims remain controversial [Clauset et al., 2009].

F. Supplementary experiments

Gauss-ANM: The results for 20 and 100 nodes are presented in Table 3.8 and 3.9 using the
same Gauss-ANM data set types introduced in Section 3.4.1. The conclusions drawn remains
similar to the 10 and 50 nodes experiments. For GES and PC, the SHD and SID are respectively
presented in Table 3.10 and 3.11. Their performances do not compare favorably to the GraN-DAG
nor CAM. Figure 3.1 shows the entries of the weighted adjacency mAatrias training proceeds
in a typical run for 10 nodes.

LIN & ADD-FUNC: Experiments with LIN and ADD-FUNC data is reported in Ta-
ble 3.12 & 3.13. The details of their generation are given in Appendix E.

PNL-GP & PNL-MULT: Table 3.14 contains the performance of GraN-DAG and other base-
lines on post nonlinear data discussed in Section 3.4.1.

ER1 ER4 SF1 SF4
SHD SID SHD SID SHD SID SHD SID

GraN-DAG 4.0 3.4 179 195 452107 165.121.0 7.6 25 28.8 104 36.8 5.1 62.5 18.8
DAG-GNN 25.6 7.5 109.1 53.1 75.0 7.7 3448 17.0 19518 60.1 12.8 49554 115.2 33.3
NOTEARS 30.3 7.8 107.3 47.6 79.0 8.0 346.6 13.2 23935 69.4 19.7 52.04.5 120.5 32.5

CAM 2.7 1.8 10686 410119 1579412 5726 233180 35645 59.1 1838
GSF 12346 [15.0 19.9 41.8 13.8 [153.749.4 7.435 [57 7.1 38.6 3.6 [54.9 14.4
45.6 22.9] 201.6 37.9] 27.3 13.2] 86.7 24.2]

RANDOM 103.0 39.6 94.353.0 117.5259 298.528.7 105.248.8 81.154.4 1215285 204.8 38.5

Table 3.8. Results for ER and SF graphs of 20 nodes with Gauss-ANM data

ER1 ER4 SF1 SF4

SHD SID SHD SID SHD SID SHD SID
GraN-DAG 15.1 6.0 83.9 46.0 206.6 31.5 4207.3419.7 59.27.7 265.4 64.2  262.7 19.6 872.0 130.4
DAG-GNN 110.2 10.5 883.0 320.9 379.524.7 8036.1656.2 97.6 1.5 438.6 112.7 316.014.3 1394.6 165.9
NOTEARS 125.612.1 913.1 343.8 387.825.3 8124.7577.4 111.75.4 484.3 138.4 327.215.8 1442.8 210.1
CAM 17.3 45 124.9 65.0 186.4 28.8 4601.9482.7 52.79.3 230.336.9  255.6 21.7 845.8 161.3
GSF 66.8 7.3 [104.7 59.5 > 12 houré — 71.4 11.2 [212.7 71.1 2759 21.0 [793.9 152.5

238.6 59.3] — 325.3 105.2] 993.4 149.2]

RANDOM 1561.6 1133.4 1175.3547.9 2380.91458.0 7729.71056.0 2222.21141.2 1164.2593.3 2485.01403.9 4206.41642.1

Table 3.9. Results for ER and SF graphs of 100 nodes with Gauss-ANM data

4Note that GSF results are missing for two data set types in Tables 3.9 and 3.14. This is because the search algorithm
could not nish within 12 hours, even when the maximal in-degree was limited to 5. All other methods could run in less
than 6 hours.
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10 nodes 20 nodes 50 nodes 100 nodes

ER1 ER4 ER1 ER4 ER1 ER4 ER1 ER4
GraN-DAG 1725 8328 4.0 34 452 10.7 5.1 2.8 102.6 21.2 15.1 6.0 206.6 31.5
GES 13.84.8 32.3 4.3 433 124 94.6 9.8 106.6 24.7 254.4 39.3 292.9 33.6 542.6 51.2
PC 84 3 34 26 20.B64 6.5 73.158 44.0116 183.620 95.2 9.1 358.8 20.6

SF1 SF4 SF1 SF4 SF1 SF4 SF1 SF4
GraN-DAG 1211 9940 7625 36.8 5.1 255 6.2 111.3 12.3 59.2 7.7 262.7 19.6
GES 8124 17445 26.2 75 50.7 6.2 739 7.4 178.8 16.5 190.3 22 408.7 24.9
PC 48 24 164 28 136 2.1 444 46 43.15.7 135.4 10.7 97.6 6.6 314.2 17.5

Table 3.10. SHD for GES and PC (against GraN-DAG for reference) with Gauss-ANM data

10 nodes 20 nodes 50 nodes 100 nodes
ER1 ER4 ER1 ER4 ER1 ER4 ER1 ER4
GraN-DAG 1.7 3.1 21.8 8.9 17.9 195 165.121.0 22417.8 1060.1 109.4 83.9 46.0 4207.3 419.7
GES [24.1 17.3 [68.5 10.5 [62.1 44 [301.9 19.4 [150.9 72.7 [1996.6 73.1 [582.5 391.1 [8054 524.8
27.2 17.5] 75 7] 65.7 44.5] 319.3 13.3] 155.1 74] 2032.9 88.7] 598.9 408.6] 8124.2 470.2]
pC [22.6 155 [78.1 7.4 [80.9 51.1 [316.7 25.7 [222.7 138 [2167.9 88.4 [620.7 240.9 [8236.9 478.5
27.3 13.1] 79.2 5.7] 94.9 46.1] 328.7 25.6] 256.7 127.3] 2178.8 80.8] 702.5 255.8] 8265.4 470.2]
SF1 SF4 SF1 SF4 SF1 SF4 SF1 SF4
GraN-DAG 4.1 6.1 16.4 6.0 28.8 10.4 62.5 18.8 90.0 18.9 271.2 65.4 265.4 64.2 872.0 130.4
GES [11.6 9.2 [39.3 11.2 [54.9 23.1 [89.5 384 [171.6 70.1 [496.3 154.1 [511.5 257.6 [1421.7 247.4
16.4 11.7] 43.9 14.9] 57.9 24.6] 105.1 44.3] 182.7 77] 529.7 184.5] 524 252.2] 1485.4 233.6]
PC [8.3 4.6 [36.5 6.2 [42.2 14 [95.6 37 [124.2 38.3 [453.2 115.9 [414.5 124.4 [1369.2 259.9
16.8 12.3] 41.7 6.9] 59.7 14.9] 118.5 30] 167.1 41.4] 538 143.7] 486.5 120.9] 1513.7 296.2]

Table 3.11. Lower and upper bound on the SID for GES and PC (against GraN-DAG for reference)
with Gauss-ANM data. See Appendix G for details on how to compute SID for CPDAGSs.
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Figure 3.1. Entries of the weighted adjacency matfix as training proceeds in GraN-DAG for a
synthetic data set ER4 with 10 nodes. Green curves represent edges which appear in the ground
truth graph while red ones represent edges which do not. The horizontal dashed.in¢iatthe
threshold introduced in Section 3.3.4. We can see that GraN-DAG successfully recovers most
edges correctly while keeping few spurious edges.

#Nodes 10 50

Graph Type ER1 ER4 ER1 ER4

Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 7:2 2.0 273 81 307 33 758 69 339 86 255:8 1584 1819 240 20358 1372
DAG-GNN 103 35 396 147 189 4.8 63:7 89 541 92 3304 1171 130:3 17:3 19375 89:8
NOTEARS 9:0 3:0 353 134 279 43 721 79 455 7:8 3107 1259 126:1 13:0 1971:1 134:3

CAM 102 63 312 109 336 33 775 23 36:2 58 2348 1051 1825 176 1948:7 1135
GSF 92 29 [195 146 386 37 [738 76 467 41 [176:4 98:8 > 12hours
316 17:3] 852 83] 215:0 108:9]

RANDOM 220 29 300 138 344 24 788 55 6926 75 3603 1414 7159 160 1932:7 40:2

Table 3.12. Experiments on LIN data
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#Nodes 10 50

Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 2:8 255 75 7:7 145 52 526 108 166 53 1036 529 864 216 13206 1458
DAG-GNN 101 34 233 115 183 36 564 61 455 79 2611 888 2243 316 17410 1383
NOTEARS 111 50 169 113 203 49 535 105 537 95 2761 968 2018 221 18136 1484

CAM 25 20 79 64 60 56 293 193 96 51 390 3411 429 66 8570 1845
GSF 93 39 [139 83 295 43 [603 116 495 51 [1515 738 > 12hours
241 125 750 4:5] 2139 825]

RANDOM 230 22 269 181 335 23 760 62 6897 61 3400 1136 7115 90 19162 658

Table 3.13. Experiments on ADD-FUNC data

PNL-GP PNL-MULT
SHD SID SHD SID

10 nodes ER1 GraN-DAG1.6 3.0 3.9 8.0 13.1 3.8 35.7 12.3
DAG-GNN 11.5 6.8  32.4 19.3 17.900 6.2 40.700 14.743
NOTEARS 10.755  34.4 19.1 140 40 386 11.9
CAM 15 26 6.8 12.1 12.0 6.4 36.3 17.7
GSF 6.2 3.3  [7.7 8.7,18.9 12.4] 10.7 3.0 [9.8 11.9,25.3 11.5]
RANDOM 23.8 29 36.8 19.1 23729 377207

10 nodes ER4 GraN-DAG10.9 6.8  39.8 21.1 321 45 77.759
DAG-GNN 32.3 43 758 9.3 37031 82764
NOTEARS 34.13.2 80.855 37.7 3.0  81.700 7.258
CAM 8.4 48  30.5 20.0 344 39 796 3.8
GSF 25.06.0 [44.3 14.5 66.1 10.1] 31354 [58.6 8.1,76.4 9.9]
RANDOM 35.0 3.3 80.0 5.1 33635 76273

50 nodes ER1 GraN-DAG 16.5.0  64.1 35.4 382 11.4 2138 114.4
DAG-GNN 56.5 11.1 334.3 80.3 83.9 23.8 507.7 253.4
NOTEARS 50.19.9 319.1 76.9 785215 425.7 197.0
CAM 5126 107 12.4 44999 284.3 124.9
GSF 3126.0 [59.5 34.1,122.432.0]  46.3 12.1 [65.8 62.2, 141.6 72.6]
RANDOM 688.4 4.9 307.0 98.5 691.3 7.3 488.0 247.8

50 nodes ER4 GraN-DAG68.7 17.0 1127.0 1885 211.712.6 2047.7 77.7
DAG-GNN 203.8 18.9 2173.187.7 246.7 16.1 2239.142.3
NOTEARS 189.516.0 2134.2 125.6 220.0 9.9 2175.2 58.3
CAM 48.2 10.3 899.5 195.6 208.114.8 2029.7 55.4
GSF 105.2 155 [1573.7 121.2, 1620 102.8] > 12 hours —
RANDOM 722.3 9.0 1897.4 83.7 710295 1935.8 56.9

Table 3.14. Synthetic post nonlinear data sets

G. Metrics

SHD takes two partially directed acyclic graphs (PDAG) and counts the number of edge for
which the edge type differs in both PDAGs. There are four edge typesj,i! j,i | and
i j . Since this distance is de ned over the space of PDAGSs, we can use it to compare DAGs with
DAGs, DAGs with CPDAGs and CPDAGs with CPDAGs. When comparing a DAG with a CPDAG,
havingi ] instead ofi | counts as a mistake.
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SHD-C is very similar to SHD. The only difference is that both DAGs are rst mapped to their
respective CPDAGs before measuring the SHD.

Introduced by Peters and Buhlmann [2015], SID counts the number of interventional distri-
bution of the formp(x;j do(x; = ®;)) that would be miscalculated using tharent adjustment
formula[Pearl, 2009a] if we were to use the predicted DAG instead of the ground truth DAG to form
the parent adjustment set. Some care needs to be taken to evaluate the SID for methods outputting a
CPDAG such as GES and PC. Peters and Buhlmann [2015] proposes to report the SID of the DAGs
which have approximately the minimal and the maximal SID in the Markov equivalence class given
by the CPDAG. See Peters and Buhlmann [2015] for more details.

H. Hyperparameters

All GraN-DAG runs up to this point were performed using the following set of hyperparameters.
We used RMSprop as optimizer with learning ratel©f2 for the rst subproblem and0 # for
all subsequent suproblems. Each NN has two hidden layers with 10 units (except for the real
and pseudo-real data experiments of Table 3.3 which uses only 1 hidden layer). Leaky-RelLU is
used as activation functions. The NN are initialized using the initialization scheme proposed in
Glorot and Bengio [2010a] also known Havier initialization We used minibatches of 64 samples.
This hyperparameter combination have been selected via a small scale experiment in which many
hyperparameter combinations have been tried manually on a single data set of type ER1 with 10
nodes until one yielding a satisfactory SHD was obtained. Of course in practice one cannot select
hyperparameters in this way since we do not have access to the ground truth DAG. In Appendix I,
we explain how one could use a held-out data set to select the hyperparameters of score-based
approaches and report the results of such a procedure on almost settings presented in this paper.

For NOTEARS, DAG-GNN, and GSF, we used the default hyperparameters found in the authors
code. It (rarely) happens that NOTEARS and DAG-GNN returns a cyclic graph. In those cases,
we removed edges starting from the weaker ones to the strongest (according to their respective
weighted adjacency matrices), stopping as soon as acyclicity is achieved (similarly to what was
explained in Appendix B for GraN-DAG). For GES and PC, we used default hyperparameters of
thepcalg R package. For CAM, we used the the default hyperparameters found GAIMB
package, with default PNS and DAG pruning.

|. Hyperparameter Selection via Held-out Score

Most structure/causal learning algorithms have hyperparameters which must be selected prior to
learning. For instance, NOTEARS and GES have a regularizing term in their score controlling the
sparsity level of the resulting graph while CAM has a thresholding level for its pruning phase (also
controlling the sparsity of the DAG). GraN-DAG and DAG-GNN have many hyperparameters such
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as the learning rate and the architecture choice for the neural networks (i.e. number of hidden layers
and hidden units per layer). One approach to selecting hyperparameters in practice consists in trying
multiple hyperparameter combinations and keeping the one yielding the best score evaluated on a
held-out set [Koller and Friedman, 2009, p. 960]. By doing so, one can hopefully avoid nding a
DAG which is too dense or too sparse since if the estimated graph contains many spurious edges, the
score on the held-out data set should be penalized. In the section, we experiment with this approach
on almost all settings and all methods covered in the present paper.

Experiments: We explored multiple hyperparameter combinations using random
search [Bergstra and Bengio, 2012]. Table 3.15 to Table 3.23 report results for each dataset types.
Each table reports the SHD and SID averaged over 10 data sets and for each data set, we tried 50
hyperparameter combinations sampled randomly (see Table 3.24 for sampling schemes). The
hyperparameter combination yielding the best held-out score among all 50 runs is spéedath
set(i.e. the average of SHD and SID scores correspond to potentially different hyperparameter
combinations on different data sets). 80% of the data was used for training and 20% was held
out (GraN-DAG uses the same data for early stopping and hyperparameter selection). Note that
the held-out score is always evaluated without the regularizing term (e.g. the held-out score of
NOTEARS was evaluated without its L1 regularizer).

The symbols™ and* indicate the hyperparameter search improved performance against default
hyperparameter runs above one standard deviation and within one standard deviation, respectively.
Analogously for and which indicate a performance reduction. The agindicate that, on
average, less than 10 hyperparameter combinations among the 50 tried allowed the method to
converge in less than 12 hours. Analogouslyndicates between 10 and 25 runs converged and
indicates between 25 and 45 runs converged.

Discussion:GraN-DAG and DAG-GNN are the methods bene ting the most from the hyperpa-
rameter selection procedure (although rarely signi cantly). This might be explained by the fact that
neural networks are in general very sensitive to the choice of hyperparameters. However, not all
methods improved their performance and no method improves its performance in all settings. GES
and GSF for instance, often have signi cantly worse results. This might be due to some degree of
model misspeci cation which renders the held-out score a poor proxy for graph quality. Moreover,
for some methods the gain from the hyperparameter tuning might be outweighed by the loss due to
the 20% reduction in training samples.

Additional implementation details for held-out score evaluation: GraN-DAG makes use
of a nal pruning step to remove spurious edges. One could simply mask the inputs of the NN
corresponding to removed edges and evaluate the held-out score. However, doing so yields an
unrepresentative score since some masked inputs have an important role in the learned function and
once these inputs are masked, the quality of the t might greatly suffer. To avoid this, we retrained
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the whole model from scratch on the training set with the masking xed to the one recovered after
pruning. Then, we evaluate the held-out score with this retrained architecture. During this retraining
phase, the estimated graph is xed, only the conditional densities are relearned. Since NOTEARS
and DAG-GNN are not always guaranteed to return a DAG (although they almost always do), some
extra thresholding might be needed as mentioned in Appendix H. Similarly to GraN-DAG's pruning
phase, this step can seriously reduce the quality of the t. To avoid this, we also perform a retraining
phase for NOTEARS and DAG-GNN. The model of CAM is also retrained after its pruning phase
prior to evaluating its held-out score.

Graph Type ER1 ER4 SF1 SF4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 1.0 16" 0:4 13" 55 2:8* 9:7 80" 1.3 18 3.0 34F 9:6 45 15:1 6:1*
DAG-GNN 109 26" 355 136" 383 29 844 35 99 17" 303 188 214 21 440 155*
NOTEARS 267 69 352 106" 209 6.6 620 67 204 96 388 167 269 74 611 138

CAM 30 42 22 57 77 31 232 1477 2.4 25 5:2 55" 9.6 3:1° 20:1 68

GSF 53 33" [83 132" 231 79 [561 204 33 25 [7:0 116 142 56 [262 111
154 135] 651 193] 122 110] 369 216]

GES 386 21 [263 154" 330 34 [662 7:0+ 383 24 [88 52 336 48 [327 127
283 184] 766 4:3] 255 182] 520 140]

Table 3.15. Gauss-ANM - 10 nodes with hyperparameter search

Graph Type ER1 ER4 SF1 SF4

Metrics SHD SID SHD SID SHD SID SHD SID

Method

GraN-DAG 3:8 3:3" 15:0 14:.0* 1056 165 1131:7 91:.0 24:7 6.4 86:5 34:6" 112:7 155 268:3 85:8*

DAG-GNN 470 7:8" 2681 1180" 1962 144 19728 1106** 518 56 1665 489° 1442 116° 4734 1054

NOTEARS 1935 773 3260 991" 3695 819 20620 1077* 1048 224 2903 1368 2130 351 7227 1773

CAM 4.0 27" 21:1 22:1*  105:6 20:9 12259 2057 23:8 6:.0" 81:5 15:3* 112:2 14:0 333:8 156:0

GSF 249 T4 [400 263 1293 204 [12808 2023 353 69 [997 417 121:6 117 [310:8 108:1
775 453] 13641 1867] 1519 597] 391:9 93:3]

GES 11501 98 [1127 711" 10661 117 [13943 818" 11617 7.0 [3228 2111 11161 142 [10027 31Q9
1320 890] 14648 638] 3360 2154] 10940 3451]

Table 3.16. Gauss-ANM - 50 nodes with hyperparameter search

Graph Type ER1 ER4 SF1 SF4

Metrics SHD SID SHD SID SHD SID SHD SID

Method

GraN-DAG 2:7 2:3* 9:6 10:3* 359 11:8* 120:4 37:.0" 65 24* 175 6:3** 356 4:1* 54:8 14:3*

DAG-GNN 210 6:1* 988 422 772 65 3456 186 191 O7* 550 201* 502 54 1187 332

NOTEARS 1015 396 1004 470" 1240 163 2670 465™ 550 282 876 269 667 83 1546 430

CAM 2:8 22 11:55 10:2 643 293 121:7 73:1* 55 1.6* 19:3 7:8* 36:0 5:1 66:3 28:6

GSF 116 3.0" [264 133 46:2 126 [1727 408 128 21 [321 140 423 51 [689 277
498 265] 2135 386] 562 138] 951 338]

GES 1699 50 [454 292¢ 1428 77 [2233 336" 1681 33 [467 217t 1622 104 [1511 574
572 366] 2547 220] 533 200] 1958 574]

Table 3.17. Gauss-ANM - 20 nodes with hyperparameter search
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Graph Type ER1 ER4 SF1 SF4
Metrics SHD SID SHD SID SHD SID SHD SID
Method
GraN-DAG 15:1 7:5* 65:1 33:2° 191:6 17:8* 4090:7 418:0* 51:6 10:2*  210:6 51:9** 2557 21:1* 7905 159:7*
DAG-GNN 1039 9:1* 7576 2150* 3871 253 77419 5225 1035 82 3917 600" 3148 163" 12573 1852*
NOTEARS 4213 2070 9457 3397 6311 1366 82724 4442 2443 638 8156 3485 4823 1141 19297 3631
CAM 12:3  4:9** 1280 663 198:8 22:2 46022 5237 5111 94* 2336 62:3 255:7 222 851:4 206:0
GSF 1002 99 [7198 2421 3876 239 [75351 5952 673 140" [2545 354 3151 167 [12140 1564
7211 2429] 75351 5952] 3404 704] 12140 1564]
GES 47825 229  [3623 26%7" 45701 279  [54007 2992 47691 267  [13111 6166 46913 473  [38827 10106
3841 2936] 55115 3085] 13862 7139] 39967 10757]
Table 3.18. Gauss-ANM - 100 nodes with hyperparameter search
#Nodes 10 50
Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method
GraN-DAG 1:2 2:2* 1.9 4:2¢ 9:8 4:9° 29:0 17:6* 128 49" 553 242 739 168 1107:2  144:7*
DAG-GNN 106 49" 358 196 386 20 822 57 481 84" 3304 699° 1925 192* 20795 1209*
NOTEARS 206 114 305 188" 242 65" 664 69" 1021 273 2998 858* 6600 2582 17440 2329*
CAM 2:7 40 6:4 118" 8:7 45 30:9 2014 4.0 2:4* 10:7 12:4* 52:3 85 913:9 209:3
GSF 129 39 [105 87 407 13 [792 38 488 3.9 [2816 707 1999 152 [18780 1224
536 238] 792 38 2816 707] 19484 1396]
Table 3.19. PNL-GP with hyperparameter search
#Nodes 10 50
Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method
GraN-DAG 10:0 4:5* 291 97* 329 33 767 41° 59:8 28:2 213:6 97:3* 2721 694 20216 1858*
DAG-GNN 146 31** 36:9 10:6* 389 20 858 1.2 64:3 27:8* 5088 3172 212:5 12:3** 22189 956"
NOTEARS 288 91 30:3 11:8* 354 3:8* 784 75 1602 675 4435 2051 2292 254 21588 70:3*
CAM 172 80 33:7 144 32:3 65" 766 82 975 711 282:3 123:8* 2510 259 20262 582°
GSF 156 44 [10:0 6:3 393 22 [760 96 66:4 14:4 [1451 961 > 12 hours
60:1 17:2] 799 53] 6188 2570]
Table 3.20. PNL-MULT with hyperparameter search
#Nodes 10 50
Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method
GraN-DAG 10:1 3:9 287 1477 347 29 795 44 40:8 10:3 236:3 101:7* 2569 557 21514 1443
DAG-GNN 9:0 2:7** 35:6 11:4 196 4.6 639 75 483 6:8* 3817 1454 149:7 17:2** 20707 519
NOTEARS 14.0 4:1 322 79 207 51" 63:1 80" 877 443 294:3 99:3* 2003 671 1772:7  143:7*
CAM 8:8 6:.0" 25:8 13:5" 339 28 771 45 34:8 7:0f 221:2 98:3" 2022 143 19908 975
GSF 10:7 35 [15:8 84 334 33" [7L7 115" 544 65 [1581 1159 1956 99 [20049 852
45:2  20:2] 773 61] 5609 2207] 20049 852]

Table 3.21. LIN with hyperparameter search
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#Nodes 10 50

Graph Type ER1 ER4 ER1 ER4

Metrics SHD SID SHD SID SHD SID SHD SID

Method

GraN-DAG 2:6 2:4* 43 43* 7.0 31* 371 12:4* 132 67 72:1 55:2* 901 256 12417 2898*

DAG-GNN 87 28" 223 94+ 253 38" 636 86" 447 9T 3069 1147* 1940 204" 19493 1071*

NOTEARS 212 115 155 99" 133 43" 41:3 11:5** 1868 830 2769 921 7184 1704 11059 25Q01**

CAM 3.0 22 8:1 6:3 6:2 55 28:5 21:5* 10:0 46 44:2 32:1 46:6 95 882:5 1865

GSF 55 4:1° [75 123" 191 7:0** [445 197" 298 7:6** [44:6 42:6** 1404 317 [16744 1339

163 129] 604 165] 96:8 46:7] 17276 1452]
Table 3.22. ADD-FUNC with hyperparameter search

Data Type Protein signaling data set SynTReN - 20 nodes

Metrics SHD SHD-C SID SHD SHD-C SID

Method

GraN-DAG 120 9:.0* 480 412 96 437 83 1443 613"

GraN-DAG++ 140 110 57.0 469 149 495 147 1584 615

DAG-GNN 160 140" 590 32:2 50" 32:3 56" 1942 502

NOTEARS 150" 140" 580 442 275" 458 277" 1831 484

CAM 11:0° 9:0 510" 1017 372 1056 366 111:5 25:3*

GSF 200 140 [37.0" 27:8 54™ 27:8 54" [2076 554
60:.0] 2096 591]

GES 470 500 [37:0" 1675 56 1722 7.0 [75:3 24:4*
47:0] 97:6 30:8]

Table 3.23. Results for real and pseudo real data sets with hyperparameter search
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| Hyperparameter space

GraN-DAG

Log(learning rate) U[ 2; 3](rstsubproblem)

Log(learning rate) U[ 3; 4] (other subproblems)
Uf10 3;10 4,10 5g

Log(pruning cutoff) Uf 55 4; 3; 2, 1g

# hidden units Uf4; 8; 16,329

# hidden layers Uf 1;2; 3g

Constraint convergence toleranceUf 10 6;10 8;10 °g

PNS threshold U[0:5;0:75; 1; 2]

Log(learning rate) U[ 4; 2]
# hidden units in encoder Uf 16,32, 64; 128 256y

DAG-GNN | # hidden units in decoder Uf 16, 32 64; 128 256y
Bottleneck dimension (dimension @f) Uf 1;5; 10,50, 100y
Constraint convergence toleranceUf 10 6;10 8;10 °g
L1 regularizer coef cient Uf0:003 0:005 0:01; 0:05; 0:1; 0:59
NOTEARS | Final threshold Uf0:003; 0:003 0:01; 0:03,0:1; 0:3; 1g
Constraint convergence toleranceUf 10 6;10 8;10 °g
CAM Log(Pruning cutoff) U[ 6;0]
GSF Log(RKHS regression regularizer) U[ 4, 4]
GES Log(Regularizer coef cient) U[ 4;4]

Table 3.24. Hyperparameter search spaces for each algorithm
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Prologue to the Second Contribution

Article Detalls

Differentiable Causal Discovery from Interventional Data
by Philippe Brouillard , Sébastien Lachapelle Alexandre Lacoste, Simon Lacoste-Julien &
Alexandre Drouin This work was published at the Thirty-fourth Conference on Neural Information
Processing Systems (NeurlPS 2020) wittpatlight.

Equal contributions.

Contributions of the Authors

Philippe Brouillard implemented the method, led the experiments, made an extensive literature
review on structure learning methods using interventional data, integrated baseline methods in
our experiment pipelineSébastien Lachapellesuggested the objective that DCDI maximizes,
wrote the theory and proofs and led the scalability experimeéiexandre LacosteandSimon
Lacoste-Juliencontributed to the writing and provided supervisiétexandre Drouin provided
supervision, contributed to the writing, led large scale experiments with hyperparameter search and
integrated theleep sigmoidal own the code base.

Context and Limitations

Differentiable causal discovery from interventional data (DCDI) can be thought of as a direct
extension of GraN-DAG along two axes: (i) DCDI can leverage interventional data (which alleviates
the problem of identi ability); and (ii) it can model much more complex causal dependencies
than GraN-DAG, thanks to normalizing ows. We also highlighted an advantage of continuous
constrained methods for DAG learning: they scale seamlessly with dataset size, especially when
contrasted with constrained-based methods which rely on kernel-based independence tests.

Although optimization was improved by the usage of Gumbel-sigmoid masks to learn the causal
graph (see also Ng et al. [2019], Ke et al. [2019] which were also using such masks) as opposed to
GraN-DAG which was using a holistic constraint on the weights of the neural networks, optimization



remains perhaps the most important challenge. Computationally, DCDI suffers from the same issues
as GraN-DAG, namely the cubic cost as a function of the number of variables. However, more
recent developments have proposed solutions, which we discuss next.

Recent developments

Lopez et al. [2022] proposed differentiable causal discovery of factor graphs (DCD-FG), an
extension of DCDI which scales to thousands of variables and showed it could beat the state of
the art when predicting the effect of unseen perturbations in gene regulatory networks (also see
Weinstock et al. [2023] for a similar application of causal discovery). The idea is to limit the space
of graphs to some type of low-rank graphs they call factor-DAGs, which encodes the assumption that
sets of variables tend to act together as parents of other variables. This constraint on the structure of
the dependencies can be combined with the computationally cheaper algebraic characterization of
acyclicity proposed by Lee et al. [2020] to get a cosOdnd) for the evaluation of the gradient of
the constraint, down fror®(d®), whered is the number of nodes amd is the number of factors
(which is picked so thatn << d ). This contribution illustrates the exibility of gradient-based
approaches to structure learning. Indeed, the neural networks used to model the conditional densities
can be adapted to encode speci c types of inductive biases that are suitable for the task at hand.
In the case of DCD-FG, the low-rank assumption appears to be very well suited for learning a
gene regulatory network, where genes are believed to act in group. Note that Fang et al. [2023]
also explored low-rank assumptions on the weighted adjacency graph and proposed a low-rank
variant of GraN-DAG. Different variations of NOTEARS [Zheng et al., 2018] and DCDI have
been proposed, for instance SDCD [Nazaret et al., 2023], which proposed a more stable acyclicity
constraint, and NODAGS-Flow [Guruswamy Sethuraman et al., 2023], which extends differentiable
causal discovery to cyclic graphs.

The optimization of most differentiable causal discovery methods rely on the augmented
Lagrangian (Section 2.6.1) to enforce the acyclicity constraint. The original motivation to use this
approach in this context is that, the penalty term does not have to go to in nity in order to converge
to a feasible solution, contrarily to the penalty method, a simpler alternative to the augmented
Lagrangian [Zheng et al., 2018, Bertsekas, 1999]. In Ng et al. [2022], we clari ed that, for this
argument to hold, the constraint must satisfy some regularity condition which is not satis ed by
the acyclicity constraints. We further show empirically that, in the differentiable causal discovery
setting, the augmented Lagrangian method and the penalty method have very similar behaviors.
A consequence of this observation is that, in order to converge to a feasible solution, the penalty
coef cient must go to in nity, which might result in an ill-conditioned loss landscape making
optimization especially challenging.
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DCDI treats the estimated causal graph, which is discrete, as random to enable the use of
gradient descent to optimize the parameters of its distribution, which are continuous. Even if this
approach effectively learns a distribution over graphs, this should be thought of as a trick to allow
for gradient-based optimization where the end goal is still to output a single causal graph, not a
distribution over graphs (the distribution converges to a point mass on a single graph in practice).
More recent works have proposed Bayesian approaches where one commits to a prior distribution
over graphsp(G), and somehow estimates a posterior over graphs given a dgu@sgtp), which
guanti es our uncertainty about the graph, either due to limited data or lack of identi ability. For
instances, Annadani et al. [2021] and [Lorch et al., 2021] propose variational methods to estimate the
intractable posterior over graphs while Deleu et al. [2022] and Nishikawa-Toomey et al. [2023] rely
on the recently proposed framework of generative ow networks (GFlowNets) [Bengio et al., 2023].
This class of approach seems particularly promising when integrated within an active learning loop
which, based on the uncertainty of various edges, decides which intervention is more likely to
reduce our uncertainty about the causal graph or a speci ¢ causal query of interest [Toth et al., 2022,
Scherrer et al., 2022].

A whole other approach to causal discovery consists in training a black-box model to predict a
causal graph from a dataset of observations [Lopez-Paz et al., 2015, Li et al., 2020, Wu et al., 2024],
possibly with interventions [Ke et al., 2023]. These models are trained on synthetically generated
datasets sampled from randomly generated causal models where the known causal graph can be
used as a label for supervised learning. The methodology is sound: (i) choose assumptions you are
willing to make about the ground-truth causal model, (ii) generate datasets sampled from causal
models satisfying your assumptions, (iii) train a model to predict causal graphs from datasets and (iv)
use that predictor as a causal discovery algorithm for new datasets. If the assumptions made in the
rst place are suf cient to have identi ability, the graph predictor should be able to predict the causal
graph correctly, given it was trained on suf ciently many causal discovery tasks. This approach
mirrors more classical discovery techniques: Choose assumptions and then design an algorithm that
can leverage these assumptions to estimate a causal graph from (interventional) observations. These
black-box supervised methods show a surprising ability to generalize to novel synthetic causal
discovery tasks, with potentially different kinds of functional relationships, but it remains dif cult
to show that this is not due to the black-box predictor “picking up” on artifacts speci c to how the
synthetic data is generated. This is less of a concern for more standard causal discovery algorithms
which are not “discovered” by training on generated dataset-graph pairs. Encouragingly, some
of these studies have shown that these learned predictors signi cantly outperform more standard
methods (including DCDI) on more realistic data such as Sachs et al. [2005] and the BnLearn
repository [Elidan, 2001]. It will be exciting to see whether further studies on real-data will con rm
this trend.
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Chapter 4

Differentiable Causal Discovery from Interventional
Data

Abstract

Learning a causal directed acyclic graph from data is a challenging task that involves solving
a combinatorial problem for which the solution is not always identi able. A new line of work
reformulates this problem as a continuous constrained optimization one, which is solved via the
augmented Lagrangian method. However, most methods based on this idea do not make use of
interventional data, which can signi cantly alleviate identi ability issues. This work constitutes a
new step in this direction by proposing a theoretically-grounded method based on neural networks
that can leverage interventional data. We illustrate the exibility of the continuous-constrained
framework by taking advantage of expressive neural architectures such as normalizing ows. We
show that our approach compares favorably to the state of the art in a variety of settings, including
perfect and imperfect interventions for which the targeted nodes may even be unknown.

4.1. Introduction

The inference of causal relationships is a problem of fundamental interest in science. In all elds
of research, experiments are systematically performed with the goal of elucidating the underlying
causal dynamics of systems. This quest for causality is motivated by the desire to take actions that
induce a controlled change in a system. Achieving this requires to answer questions, such as “what
would be the impact on the system if this variable were changed from xalug?”, which cannot
be answered without causal knowledge [Pearl, 2009b].

In this work, we address the problem of data-driven causal discovery [Heinze-Deml et al.,
2018a]. Our goal is to design an algorithm that can automatically discover causal relationships from
data. More formally, we aim to learncausal graphical modgICGM) [Peters et al., 2017], which



consists of a joint distribution coupled with a directed acyclic graph (DAG), where edges indicate
direct causal relationships. Achieving this based on observational data alone is challenging since,
under the faithfulness assumption, the true DAG is only identi able upNtagov equivalence
class[Verma and Pearl, 1990]. Fortunately, identi ability can be improved by considering interven-
tional data, i.e., the outcome of some experiments. In this case, the DAG is identi able up to an
interventional Markov equivalence clasghich is a subset of the Markov equivalence class [Yang

et al., 2018, Hauser and Buhlmann, 2012], and, when observing enough interventions [Eberhardt,
2008, Eberhardt et al., 2005], the DAG is exactly identi able. In practice, it may be possible for
domain experts to collect such interventional data, resulting in clear gains in identi ability. For in-
stance, in genomics, recent advances in gene editing technologies have given rise to high-throughput
methods for interventional gene expression data [Dixit et al., 2016].

Nevertheless, even with interventional data at hand, nding the right DAG is challenging. The
solution space is immense and grows super-exponentially with the number of variables. Recently,
Zheng et al. [2018] proposed to cast this search problem as a constrained continuous-optimization
problem, avoiding the computationally-intensive search typically performed by score-based and
constraint-based methods [Peters et al., 2017]. The work of Zheng et al. [2018] was limited to
linear relationships, but was quickly extended to nonlinear ones via neural networks [Lachapelle
et al., 2020, Yu et al., 2019a, Zheng et al., 2020, Ng et al., 2019, Kalainathan et al., 2018, Zhu
and Chen, 2020]. Yet, these approaches do not make use of interventional data and must therefore
rely on strong parametric assumptions (e.g., gaussian additive noise models). Bengio et al. [2020]
leveraged interventions and continuous optimization to learn the causal direction in the bivariate
setting. The follow-up work of Ke et al. [2019] generalized to the multivariate setting by optimizing
an unconstrained objective with regularization inspired by Zheng et al. [2018], but lacked theoretical
guarantees. In this work, we propose a theoretically-grounded differentiable approach to causal dis-
covery that can make use ioterventionaldata (with potentially unknown targets) and that relies on
the constrained-optimization framework of Zheng et al. [2018] without making strong assumptions
about the functional form of causal mechanisms, thanks to expressive density estimators.

4.1.1. Contributions

We propose Differentiable Causal Discovery with Interventions (DCDI): a general differen-
tiable causal structure learning method that can leverage perfect, imperfect and unknown-
target interventions (Section 4.3). We propose two instantiations, one of which is a universal
density approximator that relies on normalizing ows (Section 4.3.4).

We show that the exact maximization of the proposed score will identify tMarkov
equivalence class [Yang et al., 2018] of the ground truth graph (under regularity conditions)
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Figure 4.1. Different intervention types (shown in red). In imperfect interventions, the causal
relationships are altered. In perfect interventions, the targeted node is cut out from its parents.

for both the known- and unknown-target settings (Thm. 4.1 in Section 4.3.1 & Thm. 4.2 in
Section 4.3.3, respectively).

We provide an extensive comparison of DCDI to state-of-the-art methods in a wide variety
of conditions, including multiple functional forms and types of interventions (Section 4.4).

4.2. Background and related work

4.2.1. De nitions

Causal graphical models. A CGM is de ned by a distributi®pn over a random vectox =
(Xx1;  ;Xg)andaDAGG=(V;E). Eachnode 2 V = f1; dgis associated with a random
variablex; and each edg;j ) 2 E represents a direct causal relation from varialéo x;. The
distributionPy is Markov to the grapl@, which means that the joint distribution can be factorized

as
Y

p(X1; i Xa) = (XX jG)i (4.1)
i=1

where jG is the set of parents of the nogen the graphG, andx g, for a subseB  V, denotes the
entries of the vectax with indices inB. In this work, we assumeausal suf ciencyi.e., there is no
hidden common cause that is causing more than one variakl®#gters et al. [2017].
Interventions. In contrast with standard Bayesian Networks, CGMs support interventions. Formally,
an intervention on a variabbe; corresponds to replacing its conditionm(x;jx J_e) by a new
conditionalp; (X jx je) in Equation(4.1), thus modifying the distribution only locally. Interventions
can be performed on multiple variables simultaneously and we cailhtberentional targethe
setl V of such variables. When considering more than one intervention, we denote the
interventional target of th&th intervention byl,. Throughout this paper, we assume that the
observational distribution (the original distribution without interventions) is observed, and denote it
byl; := ;. We de ne theinterventional familyby | :=(1; ;Ix), whereK is the number of
interventions (including the observational setting). Finally,ktteinterventional joint density is
Y Y
Pxs xa)= pPxgix o) B XX o) (4.2)

j2lk j21k
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where the assumption of causal suf ciency is implicit to this de nition of interventions.

Type of interventions. The general type of interventions describéd.) are called imperfect

(or soft, parametric) Peters et al. [2017], Eaton and Murphy [2007], Eberhardt [2007]. A speci c
case that is often considered is (stochastic) perfect interventions (or hard, structural) Eberhardt
and Scheines [2007], Yang et al. [2018], Korb et al. [2004] wm-&r"i’e(xjjx J_G) = pj(k)(xj) for

all j 2 Iy, thus removing the dependencies with their parents (see Figure 4.1). Real-world
examples of these types of interventions include gene knockout/knockdown in biology. Analogous
to a perfect intervention, a gene knockout completely suppresses the expression of one gene and
removes dependencies to regulators of gene expression. In contrast, a gene knockdown hinders the
expression of one gene without removing dependencies with regulators [Zimmer et al., 2019], and
is thus an imperfect intervention.

4.2.2. Causal structure learning

In causal structure learning, the goal is to recover the causal GA&Nng samples fror®, and,
when available, from interventional distributions. This problem presents two main challenges: 1)
the size of the search space is super-exponential in the number of nodes [Chickering, 2003] and 2)
the true DAG is not always identi able (more severe without interventional data). Methods for this
task are often divided into three groups: constraint-based, score-based, and hybrid methods. We
brie y review these below.

Constraint-based methodgypically rely on conditional independence testing to identify edges
in G. The PC algorithm [Spirtes et al., 2000] is a classical example that works with observational
data. It performs conditional independence tests with a conditioning set that increases at each step of
the algorithm and nds an equivalence class that satis es all independencies. Methods that support
interventional data include COmbINE [Trianta llou and Tsamardinos, 2015], HEJ [Hyttinen et al.,
2014], which both rely on Boolean satis ability solvers to nd a graph that satis es all constraints;
and Kocaoglu et al. [2019], which proposes an algorithm inspired by FCI Spirtes et al. [2000]. In
contrast with our method, these methods account for latent confoundergoifiheausal inference
framework (JCI) Mooij et al. [2020] supports latent confounders and can deal with interventions
with unknown targets. This framework can be used with various observational constraint-based
algorithms such as PC or FCI. Another type of constraint-based method exploits the invariance of
causal mechanisms across interventional distributions, e.g., ICP [Peters et al., 2016, Heinze-Deml
et al., 2018b]. As will later be presented in Section 4.3, our loss function also accounts for such
invariances.
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Score-based method$ormulate the problem of estimating the ground truth D&G by
optimizing a score functio® over the space of DAGs. The estimated DAGs given by
G 2 argmaxS(G) : (4.3)
G2DAG

A typical choice of score in the purely observational setting is the regularized maximum likelihood:
S(G) :=max Ex p, logf (x) |Gj; (4.4)

wheref is a density function parameterized byjGjis the number of edges @and is a positive

scalart Since the space of DAGs is super-exponential in the number of nodes, these methods
often rely on greedy combinatorial search algorithms. A typical example is GIES [Hauser and
Buhlmann, 2012], an adaptation of GES [Chickering, 2003] to perfect interventions. In contrast
with our method, GIES assumedigear gaussian model and optimizes the Bayesian information
criterion (BIC) over the space df-Markov equivalence classes (see De nition 4.3 in Appendix A.1).
CAM [Buhlmann et al., 2014] is also a score-based method using greedy search, but it is nonlinear:
it assumes an additive noise model where the nonlinear functions are additive. In the original paper,
CAM only addresses the observational case where additive noise models are identi able, however
code is available to support perfect interventions.

Hybrid methods combine constraint and score-based approaches. Among these, IGSP [Wang
etal., 2017, Yang et al., 2018] is a method that optimizes a score based on conditional independence
tests. Contrary to GIES, this method has been shown to be consistent under the faithfulness
assumption. Furthermore, this method has recently been extended to support interventions with
unknown targets (UT-IGSP) [Squires et al., 2020], which are also supported by our method.

4.2.3. Continuous constrained optimization for structure learning

A new line of research initiated by Zheng et al. [2018], which serves as the basis for our work,
reformulates the combinatorial problem of nding the optimal DAG as a continuous constrained-
optimization problem, effectively avoiding the combinatorial search. Analogous to standard score-
based approaches, these methods rely on a niogelrametrized by, though also encodes the
graphG. Central to this class of methods are both the useighted adjacency matrix 2 RY ¢
(which depends on the parameters of the model) and the acyclicity constraint introduced by Zheng
et al. [2018] in the context of linear models:

Tred  d

0: (4.5)

This turns into the BIC score when the expectation is estimatedmséimples, the model has one parameter per edge
(like in linear models) and = '02% [Peters et al., 2017, Section 7.2.2].
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The weighted adjacency matrix encodes the DAG estinfams (A )i >0 il j26G
Zheng et al. [2018] showed, in the context of linear models, Ghistacyclic if and only if the
constrainflr & d = 0 is satis ed. The general optimization problem is then

maxE, p, logf (x) ( )st Tred d=0; (4.6)

where () is a regularizing term penalizing the number of edge&.nThis problem is then
approximately solved using an augmented Lagrangian procedure, as proposed by Zheng et al. [2018].
Note that the problem in Equatiqi.6)is very similar to the one resulting from Equatidds3)

and (4.4).

Continuous-constrained methods differ in their choice of model, weighted adjacency matrix, and
the speci cs of their optimization procedures. For instance, NOTEARS [Zheng et al., 2018] assumes
a Gaussian linear model with equal variances where W 2 RY 9 is the matrix of regression
coefcients, () := jjWjjs andA = W W is the weighted adjacency matrix. Several
other methods use neural networks to model nonlinear relatiorfs &ad have been shown to be
competitive with classical methods [Lachapelle et al., 2020, Zheng et al., 2020]. In some methods,
the parameter can be partitioned into; and , suchthaf =f  andA = A , [Kalainathan
et al., 2018, Ng et al., 2019, Ke et al., 2019] while in others, such a decoupling is not possible,
i.e., the adjacency matriX is a function of the neural networks parameters [Lachapelle et al.,
2020, Zheng et al., 2020]. In terms of scoring, most methods rely on maximum likelihood or
variants like implicit maximum likelihood [Kalainathan et al., 2018] and evidence lower bound [Yu
et al., 2019a]. Zhu and Chen [2020] also rely on the acyclicity constraint, but use reinforcement
learning as a search strategy to estimate the DAG. Ke et al. [2019] learn a DAG from interventional
data by optimizing an unconstrained objective with a regularization term inspired by the acyclicity
constraint, but that penalizes only cycles of length two. However, their work is limited to discrete
distributions and single-node interventions. To the best of our knowledge, no work has investigated,
in a general manner, the use of continuous-constrained approaches in the context of interventions as
we present in the next section.

4.3. DCDI: Differentiable causal discovery from interventional
data

In this section, we present a score for imperfect interventions, provide a theorem showing its
validity, and show how it can be maximized using the continuous-constrained approach to structure
learning. We also provide a theoretically grounded extension to interventions with unknown targets.
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4.3.1. A score for imperfect interventions

The model we consider uses neural networks to model conditional densities. Moreover, we
encode the DAGS with a binary adjacency matrid © 2 f 0;1g® ¢ which acts as a mask on the
neural networks inputs. We similarly encode the interventional familyith a binary matrixR' 2
f0;1g¢ ¢, whereR}; =1 meansthax; is a targetir . In line with the de nition of interventions
in Equation (4.2), we model the joint density of tkign intervention by

fOX:MER'; )=

FOGNNM S xg () REFOGNNMM S x; )R @)
j=1

where :=f ®; ; (g theNN's are neural networks parameterized by’ or (), the
operator denotes the Hadamard product (eIement-wise)Mq%Idenotes th¢th column ofM ©,
which enables selecting the parents of npde the graphG. The neural networks output the
parameters of a density functiéf which in principle, could be any density. We experiment with
Gaussian distributions and more expressive normalizing ows (see Section 4.3.4).

We denoteG andl := (1;::;1,) to be the ground truth causal DAG and ground truth
interventional family, respectively. In this section, we assumelth& known, but we will relax
this assumption in Section 4.3.3. We propose maximizing with respé&tte following regularized

maximum log-likelihood score:

S (G):=sup g Ex o logf ®x;M &R ;) jGj; (4.8)
k=1

wherep® stands for théth ground truth interventional distribution from which the data is sampled.
A careful inspection of4.7) reveals that the conditionals of the model are invariant across interven-
tionsin which they are not targetedntuitively, this means that maximizing@.8) will favor graphs
Gin which a conditionap(x jx jG) is invariant across all interventional distributions in whichis
not a target, i.ej, 62 ,. This is a fundamental property of causal graphical models.

We now present our rst theoretical result (see Appendix A.2 for the proof). This theorem
states that, under appropriate assumptions, maximging3) yields an estimated DAG that is
| -Markov equivalent to the true DAG . We use the notion df -Markov equivalence introduced
by Yang et al. [2018] and recall its meaning in De nition 4.3 of Appendix A.1. Briey, the
Markov equivalence class @ is a set of DAGs which are indistinguishable fr@n given the
interventional targets ih . This means identifying the -Markov equivalence class & is the
bestone can hope for given the interventidnswithout making further distributional assumptions
Theorem 4.1(Identi cation via score maximization)Suppose the interventional famlly is such
thatl, := ;. LetG be the ground truth DAG an@ 2 arg maxsopac S (G). Assume that the
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density model has enough capacity to represent the ground truth distributions, tf@ithfulness

holds, that the density model is strictly positive and that the ground truth dengitldsave nite
differential entropy, respectively Assumptions 4.1, 4.2, 4.3 & 4.4 (see Appendix A.2 for precise
statements). Then for> 0 small enough, we have thétis| -Markov equivalent ta .

Proof idea. Using the graphical characterizationlofMarkov equivalence from Yang et al.
[2018], we verify that every graph outside the equivalence class has a lower score than that of the
ground truth graph. We show this by noticing that any such graph will either have more edges than
G or limit the distributions expressible by the model in such a way as to prevent it from properly
tting the ground truth. Moreover, the coef cient must be chosen small enough to avoid too
sparse solutions.

| -faithfulness (Assumption 4.2) enforces two conditions. The rst one is the usual faithfulness
condition, i.e., whenever a conditional independence statement holds in the observational distribu-
tion, the corresponding d-separation hold&sin The second one requires that the interventions are
non-pathological in the sense that every variable that can be potentially affected by the intervention
are indeed affected. See Appendix A.2 for more details and examplesfaithfulness violations.

To interpret this result, note that the-Markov equivalence class @& tends to get smaller
as we add interventional targets to the interventional farmnily As an example, wheh =
(;;flg; ;fdg), i.e., when each node is individually targeted by an interventidns alone
in its equivalence class and, if assumptions of Theorem 4.1 fotd,G . See Corollary 4.1 in
Appendix A.1 for details.

Perfect interventions. The score5, (G) can be specialized for perfect interventions, i.e., where
the targeted nodes are completely disconnected from their parents. The idea is to leverage the fact
that the conditionals targeted by the intervention in Equaon) should not depend on the gra@h
anymore. This means that these terms can be removed without affecting the maximizati@ w.r.t.
We use this version of the score when experimenting with perfect interventions and present it in
Appendix A.4.

4.3.2. A continuous-constrained formulation

To allow for gradient-based stochastic optimization, we follow Kalainathan et al. [2018], Ng
et al. [2019] and treat the adjacency matix® asrandom where the entries ijG are independent
Bernoulli variables with success probability ;) ( is the sigmoid function) and;; is a scalar
parameter. We group thesg's into a matrix 2 R? 9. We then replace the sco® (G) (4.8)
with the following relaxation:

" #
X
Si()=sup E E logf ®(;MR' ;) jiMjjo ; (4.9)
M () k=1 X p(k)
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where we dropped thé superscript irM to lighten notation. This score tends asymptotically
toS, (G) as ( ) progressively concentrates its mass@h While the expectation of the log-
likelihood term is intractable, the expectation of the regularizing term simply evaluatgs o )jj ;.
This score can then be maximized under the acyclicity constraint presented in Section 4.2.3:

supS () st Tre() d=0: (4.10)

This problem presents two main challenges: it is a constrained problem and it contains intractable
expectations. As proposed by Zheng et al. [2018], we rely omatiggnented Lagrangiaprocedure

to optimize and jointly under the acyclicity constraint. This procedure transforms the con-
strained problem into a sequence of unconstrained subproblems which can themselves be optimized
via a standard stochastic gradient descent algorithm for neural networks such as RMSprop. The
procedure should converge to a stationary point of the original constrained problem (which is not
necessarily the global optimum due to the non-convexity of the problem). In Appendix B.3, we
give details on the augmented Lagrangian procedure and show the learning process in details with a
concrete example.

The gradient of the likelihood part & ( ) w.r.t. is estimated using the Straight-Through
Gumbel estimator. This amounts to using Bernoulli samples in the forward pass and Gumbel-
Softmax samples in the backward pass which can be differentiated wwmid the reparametrization
trick Jang et al. [2017], Maddison et al. [2017]. This approach was already shown to give good
results in the context of continuous optimization for causal discovery in the purely observational
case Ng et al. [2019], Kalainathan et al. [2018]. We emphasize that our approach belongs to the
general framework presented in Section 4.2.3 where the global paramster ; g, the weighted
adjacency matriA is ( ) andtheregularizingtern@ )isjj ( )jjz1-

4.3.3. Interventions with unknown targets

Until now, we have assumed that the ground truth interventional familg known. We now
consider the case were it is unknown and, thus, needs to be learned. To do so, we propose a simple
modi cation of score(4.8) which consists in adding regularization to favor sparse interventional
families.

X
S(Gl)=sup  E, ywlogf @(x;M &R ) iG] Rilj; (4.11)
k=1

P
wherejlj = E=1 jlkj. The following theorem, proved in Appendix A.3, extends Theorem 4.1
by showing that, under the same assumptions, maxim&(&)| ) with respect to botl& andl
recovers both the -Markov equivalence class @& and the ground truth interventional family .

2In practice, we observe tha{ ) tends to become deterministic as we optimize.
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Theorem 4.2 (Unknown targets identi cation) Supposd is such thatl, = ;. LetG be
the ground truth DAG andG; (") 2 arg Mmaxcapact S(G;1). Under the same assumptions as
Theorem 4.1 and for g > O0small enough(Gis| -Markov equivalent t& and(* = |
Proof idea.We simply append a few steps at the beginning of the proof of Theorem 4.1 which
show that whenevdr6= | , the resulting score is worse th&(G ;1 ), and hence is not optimal.
This is done using arguments very similar to Theorem 4.1 and choosang g small enough.
Theorem 4.2 informs us that ignoring which nodes are targeted during interventions does not
affect identi ability. However, this result assumes implicitly that the learner knows which data set
is the observational one.
Similarly to the development of Section 4.3.2, the sc8(6; | ) can be relaxed by treating
entries ofM € andR' as independent Bernoulli random variables parameterized by) and
( « ), respectively. We thus introduced a new learnable paramefEne resulting relaxed score is
similar to(4.9), but the expectation is taken w.r.t.#d andR. Similarly to , the Straight-Through
Gumbel estimator is used to estimate the gradient of the score w.r.t. the paramet&ia perfect
interventions, we adapt this score by masking all inputs of the neural networks under interventions.
The related work of Ke et al. [2019], which also support unknown targets, bears similarity to
DCDI but addresses a different setting in which interventions are obtained sequentially in an online
fashion. One important difference is that their method attempts to identifsitigée noddhat has
been intervened upon (as a hard prediction), whereas DCDI learns a distribution over all potential
interventional families via the continuous paramete(rs,; ), which typically becomes deterministic
at convergence. Ke et al. [2019] also use random masks to encode the graph structure but estimates
the gradient w.r.t. their distribution parameters using the log-trick which is known to have high
variance Rezende et al. [2014] compared to reparameterized gradient Maddison et al. [2017].

4.3.4. DCDI with normalizing ows

In this section, we describe how the scores presented in Sections 4.3.2 & 4.3.3 can accommodate
powerful density approximators. In the purely observational setting, very expressive models
usually hinder identi ability, but this problem vanishes when enough interventions are available.
There are many possibilities when it comes to the choice of the density furictiorthis paper,
we experimented with simple Gaussian distributions as welloasializing ows[Rezende and
Mohamed, 2015] which can represent complex causal relationships, e.g., multi-modal distributions
that can occur in the presence of latent variables that are parent of only one variable.

A normalizing ow ( ;! ) is an invertible function (e.g., a neural network) parameterized by
with a tractable Jacobian, which can be used to model complex densities by transforming a simple
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random variable via the change of variable formula:

¥
rzit)= det 28y @y, (4.12)
@
where% is the Jacobian matrix of ( ;! ) andp( ) is a simple density function, e.g., a Gaussian.

The functionfT ;! ) can be plugged directly into the scores presented earlier by letting the neural
networksNN( ; J-(k)) output the parametér; of the normalizing ow ; for each variable; . In

our implementation, we usgeep sigmoidal owgDSF), a speci c instantiation of normalizing
ows which is a universal density approximator Huang et al. [2018b]. Details about DSF are relayed
to Appendix B.2.

4.4. Experiments

We tested DCDI with Gaussian densities (DCDI-G) and with normalizing ows (DCDI-DSF)
on a real-world data set and several synthetic data sets. The real-world task is a ow cytometry
data set from Sachs et al. [2005]. Our results, reported in Appendix C.1, show that our approach
performs comparably to state-of-the-art methods. In this section, we focus on synthetic data sets,
since these allow for a more systematic comparison of methods against various factors of variation
(type of interventions, graph size, density, type of mechanisms).

We consider synthetic data sets with three interventional settings: perfect/known, imperfect/-
known, and perfect/unknown. Each data set has one of the three different types of causal mechanisms:
i) linear Squires et al. [2020], ii) nonlinear additive noise model (ANM) Bihlmann et al. [2014],
and iii) nonlinear with non-additive noise using neural networks (NN) Kalainathan et al. [2018].
For each data set type, graphs vary in stte (L0 or 20) and densitye(= 1 or 4 wheree dis the
average number of edges). For conciseness, we present results for 20-node graphs in the main text
and report results on 10-node graphs in Appendix C.7; conclusions are similar for all sizes. For
each condition, ten graphs are sampled with their causal mechanisms and then observational and
interventional data are generated. Each data set has 10 000 samples uniformly distributed in the
different interventional settings. A total dfinterventions were performed, each by sampling up
to 0:1d target nodes. For more details on the generation process, see Appendix B.1.

Most methods have an hyperparameter controlling DAG sparsity. Although performance is
sensitive to this hyperparameter, many papers do not specify how it was selected. For score-
based methods (GIES, CAM and DCDI), we select it by maximizing the held-out likelihood as
explained in Appendix B.5 (without using the ground truth DAG). In contrast, since constraint-based
methods (IGSP, UT-IGSP, JCI-PC) do not yield a likelihood model to evaluate on held-out data,
we use a xed cutoff parameter (= 1le 3) that leads to good results. We report additional
results with different cutoff values in Appendix C.7. For IGSP and UT-IGSP, we always use the
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independence test well tailored to the data set type: partial correlation test for Gaussian linear data
and KCl-test [Zhang et al., 2011] for nonlinear data.

The performance of each method is assessed by two metrics comparing the estimated graph to
the ground truth graph: i) th&ructural Hamming distanc¢SHD) which is simply the number of
edges that differ between two DAGSs (either reversed, missing or super uous) andstydicéural
interventional distanc€SID) which assesses how two DAGs differ with respect to their causal
inference statements [Peters and Buhlmann, 2015]. In Appendix C.6, we also report how well
the graph can be used to predict the effect of unseen interventions Gentzel et al. [2019]. Our
implementation is available here and additional information about the baseline methods is provided
in Appendix B.4.

4.4.1. Results for different intervention types

Perfect interventions. We compare our methods to GIES [Hauser and Buhlmann, 2012], a
modi ed version of CAM [Buhlmann et al., 2014] that support interventions and IGSP [Wang
et al., 2017]. The conditionals of targeted nodes were replaced by the maMdi2al) similarly
to Hauser and Buhlmann [2012], Squires et al. [2020]. Boxplots for SHD and SID over 10 graphs
are shown in Figure 4.2. For all conditions, DCDI-G and DCDI-DSF shows competitive results in
term of SHD and SID. For graphs with a higher number of average edges, DCDI-G and DCDI-DSF
outperform all methods. GIES often shows the best performance for the linear data set, which is not
surprising given that it makes the right assumptions, i.e., linear functions with Gaussian noise.

Imperfect interventions. Our conclusions are similar to the perfect intervention setting. As
shown in Figure 4.3, DCDI-G and DCDI-DSF show competitive results and outperform other
methods for graphs with a higher connectivity. The nature of the imperfect interventions are
explained in Appendix B.1.

Perfect unknown interventions. We compare to UT-IGSP [Squires et al., 2020], an extension of
IGSP that deal with unknown interventions. The data used are the same as in the perfect intervention
setting, but the intervention targets are hidden. Results are shown in Figure 4.4. Except for linear
data sets with sparse graphs, DCDI-G and DCDI-DSF show an overall better performance than
UT-IGSP.

Summary. For all intervention settings, DCDI has overall the best performance. In Appen-
dix C.5, we show similar results for different types of perfect/imperfect interventions. While the
advantage of DCDI-DSF over DCDI-G is marginal, it might be explained by the fact that the
densities can be suf ciently well modeled by DCDI-G. In Appendix C.2, we show cases where
DCDI-G fails to detect the right causal direction due to its lack of capacity, whereas DCDI-DSF
systematically succeeds. In Appendix C.4, we present an ablation study con rming the advantage
of neural networks against linear models and the ability of our score to leverage interventional data.
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Figure 4.2. Perfect interventions.SHD and SID (lower is better) for 20-node graphs

Figure 4.3. Imperfect interventions. SHD and SID for 20-node graphs

Figure 4.4. Unknown interventions.SHD and SID for 20-node graphs

4.4.2. Scalability experiments

So far the experiments focused on moderate size data sets, both in terms of number of variables
(10 or 20) and number of examples (L0%). In Appendix C.3, we compare the running times of
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DCDI to those of other methods on graphs of up to 100 nodes and on data sets of up to 1 million
examples.

The augmented Lagrangian procedure on which DCDI relies requires the computation of the
matrix exponential at each gradient step, which c@ts®). We found this does not prevent
DCDI from being applied to 100 nodes graphs. Several constraint-based methods use kernel-based
conditional independence tests [Zhang et al., 2011, Fukumizu et al., 2008], which scale poorly with
the number of examples. For example, KCl-test scalg3(im?) [Strobl et al., 2019] and HSIC
in O(n?) [Zhang et al., 2018]. On the other hand, DCDI is not greatly affected by the sample
size since it relies on stochastic gradient descent which is known to scale well with the data set
size Bottou [2010]. Our comparison shows that, among all considered methods, DCDI is the only
one supporting nonlinear relationships that can scale to as much as one million examples. We
believe that this can open the way to new applications of causal discovery where data is abundant.

4.5. Conclusion

We proposed a general continuous-constrained method for causal discovery which can leverage
various types of interventional data as well as expressive neural architectures, such as normalizing
ows. This approach is rooted in a sound theoretical framework and is competitive with other
state-of-the-art algorithms on real and simulated data sets, both in terms of graph recovery and
scalability. This work opens interesting opportunities for future research. One direction is to extend
DCDI to time-series data, where non-stationarities can be modeled as unknown interventions P ster
et al. [2019]. Another exciting direction is to learn representations of variables across multiple
systems that could serve as prior knowledge for causal discovery in low data settings.

Broader impact

Causal structure learning algorithms are general tools that address two high-leveltasks:
derstandingandacting That is, they can help a user understand a complex system and, once
such an understanding is achieved, they can help in recommending actions. We envision positive
impacts of our work in elds such as scienti c investigation (e.g., interpreting and anticipating
the outcome of experiments), policy making for decision-makers (e.g., identifying actions that
could stimulate economic growth), and improving policies in autonomous agents (e.g., learning
causal relationships in the world via interaction). As a concrete example, consider the case of gene
knockouts/knockdowns experiments in the eld of genomics, which aim to understand how speci ¢
genes and diseases interact Zimmer et al. [2019]. Learning causal models using interventions
performed in this setting could help gain precious insight into gene pathways, which may catalyze
the development of better pharmaceutic targets and broaden our understanding of complex diseases
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such as cancer. Of course, applications are likely to extend beyond these examples which seem
natural from our current position.

Like any methodological contribution, our work is not immune to undesirable applications
that could have negative impacts. For instance, it would be possible, yet unethical for a policy-
maker to use our algorithm to understand how speci ¢ human-rights violations can reduce crime
and recommend their enforcement. The burden of using our work within ethical and benevolent
boundaries would rely on the user. Furthermore, even when used in a positive application, our
method could have unintended consequences if used without understanding its assumptions.

In order to use our method correctly, it is crucial to understand the assumptions that it makes
about the data. When such assumptions are not met, the results may still be valid, but should be
used as a support to decision rather than be considered as the absolute truth. These assumptions are:

Causal suf ciency: there are no hidden confounding variables
The samples for a given interventional distribution are independent and identically dis-
tributed
The causal relationships form an acyclic graph (no feedback loops)
Our theoretical results are valid in the in nite-data regime
We encourage users to be mindful of this and to carefully analyze their results before making
decisions that could have a signi cant downstream impact.
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Appendices of Chapter 4

A. Theory

A.1l. Theoretical Foundations for Causal Discovery with Imperfect Interven-
tions

Before showing results about our regularized maximum likelihood score from Section 4.3.1,
we start by brie y presenting useful de nitions and results from Yang et al. [2018]. We refer the
reader to the original paper for a more comprehensive introduction to these notions, examples, and
proofs. Throughout the appendix, we assume that the reader is comfortable with the concept of
d-separation and immorality in directed graphs. These notions are presented in any standard book
on probabilistic graphical models, e.g. Koller and Friedman [2009]. Recall tta( 1 ;35 1k)
and that we always assurhg:= ;. Following the approach of Yang et al. [2018] and to simplify
the presentation, we consider only densities which are strictly positive everywhere throught this
appendix. We also note that while we present proofs for the cases where the distributions have
densities with respect to the Lebesgue measure, all our results also hold for discrete distributions
by simply replacing the Lebesgue measure with the counting measure in the integrals. We use
the notationi ! | 2 G to indicate that the edgg;j ) is in the edge set oB. Given disjoint
A;B;C V,whenC d-separateé from B in graphG, we writeA ? ¢ B j C and when random
variablesx 5, andxg are independent givenc in distributionf , we writex, ? ¢ Xg j Xc.

De nition 4.1. For a DAGG, letM (G) be the set of strictly positive densities RY! R such

that
Y

Flxa Sxa) = fi(X 0% e); (4.13)
j
whereRRfj (xj ] x e)dm(x;) = 1 forall x o 2 R 1 and allj 2 [d], wherem is the Lebesgue
measure onR.
Next proposition is adapted from Lauritzen [1996, Theorem 3.27]. It relates the factorization
of (4.13) to d-separation statements.



Proposition 4.1. For a DAG G and a strictly positive densitfy,> we havef 2 M (G) if and only if
for any disjoint set®\;B;C  V we have

A?sBjC =) Xa?¢Xp]Xc:
De nition 4.2. For a DAGG and an interventional family, let
M1 (G) = F(f ©)oprj 8k 2 [K; £ 2 M (G) and8j 624 (x; jx o) = £ (x; jx o)g:

De nition 4.2 de nes a setM | (G) which contains all the sets of distributiofs™®)y2
which are coherent with the de nition of interventions provided at Equaio?).* Note that the
assumption of causal suf ciency is implicit to this de nition of interventions. Analogously to the
observational case, two different DAG@s andG, can induce the same interventional distributions.
De nition 4.3 (I -Markov Equivalence Class)lwo DAGSG, andG; are| -Markov equivalent iff
M, (G)= M, (&). We denote by/-MEC(G,) the set of all DAGs which are-Markov equivalent
to G, this is thel -Markov equivalence class .

We now de ne an augmented graph containing exactly one node for each interviention
De nition 4.4. Given a DAGG and an interventional family, the associatetl-DAG, denoted
by G , is the graphG augmented with nodeg and edgesy ! i forall k 2 [K]nflgand all
i 2 .

In the observational case, we say that a distributidras the Markov property w.r.t. a graph
Gif whenever some d-separation holds in the graph, the corresponding conditional independence
holds inf . We now de ne thd -Markov property, which generalizes this idea to interventions. This
property is important since it holds in causal graphical models, as Proposition 4.2 states.

De nition 4.5 (I -Markov property) Letl be interventional family such thét := ; and(f ),
be a family of strictly positive densities ower We say thatf ),k satis es thel -Markov
property w.r.t. thd -DAG G' iff

(1) Forany disjointA;B;C  V,A ? ¢ BjC impliesxa ? ;) XgjXc forall k 2 [K].

(2) For any disjointA;C  V andk 2 [K]nf1g,

A? o «jC[ «impliesf® (xajxc)=f® (xajxc), Where 1= inf1kg-

The next proposition relates the de nition of interventions with khiarkov property that we
just de ned.

Proposition 4.2. (Yang et al. [2018]) Suppose the interventional fanilig such that; := ;. Then
(F s 2 M (G iff (F 0)opc is | -Markov toG' .

The next theorem gives a graphical characterizatidn-bfarkov equivalence classes, which
will be crucial in the proof of Theorem 4.1.
3Note that Proposition 4.1 holds even for distributions with densities which are not strictly positive.

4Yang et al. [2018] de neM | (G) slightly differently, but show their de nition to be equivalent to the one used here.
See Lemma A.1 in Yang et al. [2018]
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Figure 4.5. Different] -DAGs with a single intervention. The rst graph is alone inlitsMlarkov
equivalence class since reversing 1the 2 edge would break the immorality! 2 . The
second graph is also alone in its equivalence class since revdrsing? would create a new
immorality ! 1 2. The third DAG is not alone in its equivalence class since reverking2

would preserve the skeleton without adding or removing an immorality. It should become apparent
that adding more interventions will likely reduce the size of ithBlarkov equivalence class by
introducing more immoralities.

Theorem 4.3.(Yang et al. [2018]) Suppose the interventional fanilis such that, := ;. Two
DAGsG, andG; are | -Markov equivalent iff theit -DAGsG, andG, share the same skeleton and
immoralities.

See Figure 4.5 for a simple illustration of this concept.

We now present a very simple corollary which gives a situation wherke-darkov equivalence
class contains a unique graph.
Corollary 4.1. LetGbe a DAG and let = (;;f1lg; ;fdg). ThenGis alone in itsl -Markov
equivalence class.

Proof. By Theorem 4.3, all -Markov equivalent graphs will share its skeleton whso we
consider only graphs obtained by reversing edgés in

Consider any edge! j in G. We note that ! | j+1 forms an immorality in the
| -DAG G . Reversing ! j would break this immorality which would imply that the resulting
DAG is notl -Markov equivalent td5, by Theorem 4.3. Henc&is alone in its equivalence class.

A.2. Proof of Theorem 4.1

We are now ready to present the main result of this section. We recall the score function
introduced in Section 4.3.1:

X
S (G :=sup E, ywlogf W(x;M &R ;) G (4.14)
k=1
where
(k) G I ¥ G DOyw1 R G (K)\R ..
fFYOGMZRY )= FIX;NNM P x; 7)) T NN(M 7 x; 7)) Tk

j=1
(4.15)
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Recall that(p®),. x| are the ground truth interventional distributions with ground truth g@ph
and ground truth interventional family . We will sometimes use the notatitbék,) (x) to refer to
fW(x;M & R'; ). We de neF, (G) to be the set of alff )y, ; which are expressible by the
model speci ed in Equation (4.15). More precisely,

Fl(O:=f(f®)or ]9 st8k2[KfW=1g: (4.16)

Theorem 4.1 relies on four assumptions. The rst one requires that the model is expressive
enough to represent the ground truth distributions exactly.
Assumption 4.1(Suf cient capacity) The ground truth interventional distributiod®*) all have
a densityp® w.r.t. the Lebesgue measure Bf such that(p®)oi<; 2 F1 (G ), i.e. the model
speci ed in Equation4.15)is expressive enough to represent the ground truth distributions.
The second assumption is a generalization of faithfulness to interventions.
Assumption 4.2(1 -Faithfulness)
(1) For any disjointA; B;C  V,

A 6?2 BjC implies xa 6? j0 XgjXc:
(2) For any disjointA;C  V andk 2 [K],
AB?z «jC[ « impliesp™® (xajxc) 6 p® (xajxc):

The rst condition of Assumption 4.2 is exactly the standard faithfulness assumption for the
ground truth observational distribution. The second condition is simply the converse of the second
condition in thel -Markov property (De nition 4.5) and can be understood as avoiding pathological
interventions to make sure that every variables that can be potentially affected by the intervention
are indeed affected. The simplest case iswherx fjg, A := fjgandC = J-G . In this case the
condition requires that the intervention actually change something. Another simple case is when
C := ;. In this case, the condition requires that all descendants are affected, in the sense that their
marginals change.

As we just saw, a trivial violation of -faithfulness would be when the intervention is not
changing anything, not even the targeted conditional. We now present a non-trivial violation of
| -faithfulness.

Example 4.1(1 -Faithfulness violation)Supposé isx;! X, where both variables are binary.
Assume®(x;=1)= 2, pW(x,=1jx,=0)= Fandp®P(x,=1jx;=1)= 2. From this,
we can compute® (x, = 1) = . Consider the intervention targeting ory which changes
its conditional top® (x, =1 j x; =0) = 2 andp®@(x, =1 jx; =1)= 1. Sothe interventional
family isl = (;;f2g). A simple computation shows the new marginakgrhas not changed, i.e.
p®@ (x,) = p®(x,). This is a violation of -faithfulness since clearly, is not d-separated from
the interventional node, in G'
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The third assumption is a technicality to simplify the presentation of the proofs and to follow
the presentation of Yang et al. [2018]: we require the density model to be strictly positive.
Assumption 4.3(Strict positivity) For all k 2 [K], the model densitf ©(x;M & R'; ) is
strictly positive for all , DAG G and interventional family .

Note that Assumption 4.3 is satis ed for example when for aith the image of NN, the density
f{; ) is strictly positive. This happens when using a Gaussian density with variance strictly
positive or a deep sigmoidal ow.

From Equation(4.16)and Assumption 4.3, it should be clear tiat(G) M | (G) (recall
M, (G) contains only strictly positive densities). Thus, from Proposition 4.2 we see that the
| -Markov property holds for al{f ¥),; 2 F (G). This fact will be useful in the proof of
Theorem 4.1.

The fourth assumption is purely technical. It requires the differential entropy of the densities
p® to be nite, which, as we will see in Lemma 4.1, ensures that the score of the ground truth
graphS, (G) is nite. This will be important to ensure that the score of any other graphs can be
compared to it. In particular, this is avoiding the hypothetical situation wergs ) andS, (G)
are both equal to in nity, which means they cannot be easily compared without de ning a speci c
limiting process.

Assumption 4.4(Finite differential entropies)For all k 2 [K],

jEpmo logp®(x)j < 1 :

Lemma 4.1(Finite scores) Under Assumptions 4.1 & 4.45| (G)j< 1.
Proof. Consider the Kullback-Leibler divergence betwe# andfé"‘)I for an arbitrary .

0 Di (PNjifd) )= Egw logp®(x) Egologf)  (x); (4.17)

where we applied the linearity of the expectation (which holds bed#&iselogp®(x)j < 1).
We thus have that

Epo logf &) (x)  Epw logp®(x) < 1 : (4.18)

Thus,sup Eyw logf &) (x) < 1, which impliesS; (G)< 1 .
By the assumption of suf cient capacity, there exists somesuch thaf 0 = p® for all
k, hencesup £, Equo logf &) (x) K Epologf & (x) = £ Eqw logp®(x) >

1 . Thisimpliesthat, (G)> 1
The next lemma shows that the differerge(G) S | (G) can be rewritten as a minimization
of a sum of KL divergences plus the difference in regularizing terms.
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Lemma 4.2(Rewriting of score differences)nder Assumption 4.1 & 4.4, we have
X
S (G) S1 (@=inf D (PYifE )+ (G} G i): (4.19)
k2[K]

Proof By Lemma 4.1, we have thi®, (G)j < 1 , which ensures the differen& (G)
S, (G) is well de ned.

S (G) S>2 (®) y (4.20)
=S (G) Epwo logp®(x) S| (G + E 0 logp®(x) (4.21)
k2[K ] k2[K]
(k) X (k)
= sup Egwo logfgy  (x) Epwo logp™ (x)
k2[K)% k2[K]
sup Epo logf & (x) + E o logp® (x)
k2[K ] k2[K]
+ (iG] G J) (4.22)
X ‘ X
= inf Epw logf &) (x)+  Eywo logp®(x)
k2[K)% k2[K
inf Eqw logf & (x) Eq0 logp®(x)
k2[K ] k2[K]
+ (iG] JG ) (4.23)
X (K)iig (K) PR (k)i g (K)
= inf Dic (pjifg ) inf Die (P™jifg) )
k2[K ] k2[K ]
+ (iG] G J) (4.24)

The rst equality holds since by Assumption 4.4 the differential entropg{efis nite for all k.
In (4.24) we use the linearity of the expectation, which holds because the entropy term is nite. By
Assumption 4.1(p%) i 2 Fy (G ) which implies thainf ;D (PVjif &} ) =0.

We will now prove three technical lemmas (Lemma 4.3, 4.4 & 4.5). Their proof can be safely
skipped during a rst reading.

Lemma 4.3 is adapted from Koller and Friedman [2009, Theorem 8.7] to handle cases where
in nite differential entropies might arise.
Lemma 4.3. LetGbe a DAG. Ifp 62 M(G) andp(x) > Ofor all x 2 RY, then

fsz)DKL (pjjf) > 0:
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Proof. We consider a new density function de ned as

w .
T’\(x) = p(Xx; X je) : (4.25)
j=1
where
(XX o) = P(Xjix o) (4.26)
PO Ty -

i.e. itis the conditional density. This should not be con ated v jx s ). It should be clear
from (4.25)and the fact thap is strictly positive that® 2 M (G) hencep 6 . We will show that
"2 arg mins ou (¢ Die (Pijf ).

Pick an arbitraryf 2 M (G). We rst show thatE Iogf(x) can be written as a sum of KL
divergences.

o) - X Pxgix e)
fox)

]
xd p(X;jX @)
Eplogf X, o) (4.28)

i=1
In Equation(4.28) we apply the linearity of the Lebesgue integral, which holds as long as we

are not summing in nities of opposite signs (in which case the sum is unde héd).now show
that it is not the case since each term is an expectation of a KL divergence, whidB;is In ]:

 1og ) _ z z o PR 12
gf(XJj—X) ZD(X G) p(x;j | X G)Ogmx X ¢ (4.29)
= p(x )Dic (P( i X ilf (1% &) (4.30)

This implies thag, Iogf(x) 2 [0;+1 ]. We can now show thdt 2 arg min; oy, ¢ Dk (pjjf):

5The linearity of the Lebesgue integral is typically stated for Lebesgue integrable furfctomi, i.e. ij i; Rjgj <1.

See for exgmple Billingsley [1995, Theorem 16.1]. However, it can be extended to case$ whelgeare not integrable,
aslongas f and gare well-de ned and are not in nities of opposite sign (which would yield the unde ned expression
1 1 ). The proofis a simple adaptation of Theorem 16.1 which makes use of Theorem 15.1 in Billingsley [1995].
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p(x) F(x)

D jjif) = Eplog 4.31
ke (RIiT) TA()f() (4.31)
p(x) f(x)
= Eylo + Eplog 4.32
o) T %00 @32
f(x
= Dy (Pif) + Ep Iong ; (4.33)
Dy (piif) > 0: (4.34)
Equation(4.32)holds as long as we do not hatel . Itis not the case here since (i) the rst

term is a KL divergence, soitis {i©; + 1 ], and (ii) the second term was already shown to be in
[0;+1 ]. The very last inequality holds becaysé f\

We conclude by noting thamf; v (¢ Dk (pjjf ) = Dk (piif) > 0.

The following lemma will make use of the following de nition:

Z§GA) = FED @) jfO(x; jxa)= FO(x; jxa)andf D@ > 0g: (4.35)

Lemmad4.4.Letj 2 VandA Vnfjg. If (p©®;p?) 62 Zj; A) and bothp® andp® are strictly
positive, then

inf D (p©jif @) + Dy, (p@jif @) > 0:
(f@5f@)2Z (A)

Proof. The proof is very similar in spirit to the proof of Lemma 4.3.
We de ne new density functions:

() = pY (x) '; p@ (x)

FRx) = p(xa)p™(X; | xa)P™ (Xvnan ] Xaj) 8k 2f1;2g: (4.37)

(4.36)

We note thap™d, {1 andf® are strictly positive since® andp@ are strictly positive. By
construction, we havB® (x;jxa) = @ (x;jxa), and thugf'®;f?) 2 Z (i; A). This means that
U 6 p® orf@ 6 p@.

102



Pick an arbitrary(f @, f(z)) 2 Z(j;A). We start by showing that the integral
p® (x)log & (X; + p@(x)log fo ™ dx isin[0:+1 .

f@ (x @ (x)
Z
D (x ) . 2 (x)
(1) (2)
p (X)Iogf(l)( x) T PTlog or sy dx ) (4.38)
Z .
_ P (xa) pPMY(X; X a) N P (Xynanj § XA[])

D(x) lo +log B 2LIRA) L |
p ()" gf(l)(xA) gf(l)(XjJXA) f(l)(XVnAanXA[J_)#

PP (xa) +log pMid(x; J_'XA) PP (Xy nanj J:XA[j)
f@(xa)  ~f@OXxa) @ Xynan | Xa[])
Dk (PP ()it P (a)) + Epm Dk (PY Cvnan § Xar)iif @ (vnang § Xarj))

+ DL (P2 ()it @ () + Epe Dk (09 (vnani § Xari)iif @ (vian § Xagj))
2 pW(x)+ pA(x)  pmEx;  xa)

| 2, OGixA)

=EpmiaDkL (P™(jxa)jif & (jixa))

dx (4.39)

+ p@(x) log +log

+2 (4.40)

In (4.39) we used the fact thdt? (x; j xa) = f @(x; j xa). In (4.40) we use the linearity of
the integral (which can be safely apply because each resulting “piece[UsHA ]). Since each
termin (4.40) isin0; + 1 ], their sumisin0;+1 ] as well.

We can now look at the sum of KL-divergences we are interested in.

D (PPjif @) + Dy (p?jif @)
z Z

= p®(x)log ]'f’(l dx +  p@(x)log ]f’((?)dx (4.41)
= ‘ P (x)log Ty p D 4 @ (x)log P o P (4.42)
= p900i0g By %) i X p<1><x)|ogff 09+ p200109 B 02+ 601 1op Fy e (449
= D (1) + D (E25P)+ pO()og o o+ P00 log ﬂ(z)g el @

Die (PVjif) + Diw (p?[if®) > 0: (4.45)

In (4.42) we use the linearity of the integral (which can be safely applied given the initial integrals
were in[0;+1 ]). In (4.44) we again use the linearity of the integral (which is, again, possible

because each resulting piece ar¢irr 1 ]). In (4.45) we use the fact that p® (x) log m—?‘; +

p? (x) Iogf(z) (X)dx 2 [0;+1 Jto getthe while the strict inequality holds because eithé? &
p® or YK g p(k).
This implies that

inf Diw (PPjif @) + Diw (pP?fif @) = Dy (pPjif' M) + Dy (p?jif?) > 0:
(10 £ @)27 (jA)
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The following de nition will be useful for the next lemma.
De nition 4.6. Given a DAGG with node seV and two nodeg | 2 V, we de ne the following
sets:
T
Ly

f 2V jtheimmoralityi! ~ jisinGg (4.46)
DE o(T) [f i) 9; (4.47)

whereDE ¢(S) is the set of descendants®in G, includingsS itself.
Lemma 4.5. LetG be a DAG with node sa&t. Wheni ! j 62 Gindi | 62 Gve have

i?2gjjvnLy: (4.48)

Proof: By contradiction. Suppose there is a path frns ap; as;:::; 8, = j) with p > 1 which
is not d-blocked by n Lﬁa in G. We rst consider the case where the path contains no colliders.

If the path contains no colliders, thes a; ora, ;! a, Moreover, since the path is not
d-blocked and botl; anda, ; are not collidersa;;a, 1 2 L,‘f But this implies that there is a
directed path from = a, to &; and a directed path frojn= a, toa, ;. This creates a directed
cycle: eitherag ! ! ap! aora! ! a, 1! ap. Thisis a contradiction sino8is
acyclic.

Suppose there is a collideg, i.e.ax 1! a a+1 - Since the path is not d-blocked, there
must exists a node 2 DE g(ay) [f axg such thatz 62Lf. Ifi = & ;andj = a1, then clearly
z2 Lf which is a contradiction. Otherwise§ ax ; orj 6 ag.;. Without loss of generality,
assume 6 a, ;. Clearly,a; ;is nota collider and since the path is not d-blockad,; 2 ij3 But
by de nition, Li‘f also contains all the descendantspf; includingz. Again, this is a contradiction
with z 6217

We recall Theorem 1 from Section 4.3.1 and present its proof.

Theorem 4.1(Identi cation via score maximization)Suppose the interventional famlly is such
thatl, := ;. LetG be the ground truth DAG an@ 2 arg maxsopac S (G). Assume that the
density model has enough capacity to represent the ground truth distributions, tfeathfulness
holds, that the density model is strictly positive and that the ground truth dengfitidsave nite
differential entropy, respectively Assumptions 4.1, 4.2, 4.3 & 4.4. ThersfoO small enough, we
have thatGis | -Markov equivalent t@ .

Proof. It is suf cient to prove that, for allG 62 I-MEC(G ), S, (G) > S, (G). We use
Theorem 4.3 which states th@tis notl -Markov equivalent t& if and only if @ does not share
its skeleton or its immoralities wite' . The proof is organized in six cases. Cases 1-2 treat when
GandG do not share the same skeleton, cases 3 & 4 when their immoralities differ and cases 5 &
6 when their immoralities implying interventional nodesdiffer. In almost every cases, the idea is
the same:
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(1) Use Lemma 4.5 to nd a d-separation which hold€3n and show it does not hold iG' ;
(2) Use the fact that~, (G) M (G (by strict positivity), Proposition 4.2 and the
| -faithfulnessassumption to obtain an invariance which holds fo(&{l)oi<; 2 F1 (G)
but not in(p™) k2 1; 5
(3) Use the fact that the invariance forde$ ., Dk. (PjifS) ) to be greater than
zero (by Lemma 4.3 or 4.4) and;
(4) Conclude thag, (G)> S, (G) viaLemma 4.2.
In this proof, we are exclusively referring to. Thus for notational convenience, we set
=1
Case 1: We consider the graphs such that there exisis! j 2 G buti! | 62 Gand
i ] 62G Let G be the set of all sucls. By Lemma 45,1 2 g j jVn Lﬁ but clearly
i 62gjjVn L,‘f Hence, byl -faithfulness (Assumption 4.2) we haxe 6? p(l)xjijnLﬁa. It
implies thatp®™ 62 M(G), by Proposition 4.1.
For notation convenience, let us de ne

X k
(@ :=inf D (Wit ): (4.49)
k2[K ]
Note that
(@ infDw (pWiifg) ) inf D (pViif) > 0; (4.50)

where the rstinequality holds by non-negativity of the KL divergence, the second holds because, for
all % 2M (G) and the third holds by Lemma 4.3 (which applies here becptis62 M(G)).
Using Lemma 4.2, we can write

SI(G) s (9= (O+ (G] jG )): (4.51)

If iG] JG jthenclearlyS,(G) S (G) > 0. LetG" := fG 2 G jGj< |G jg. To make sure
we haveS, (G) S (G) > Oforall G 2 G*, we need to pick suf ciently small. Choosing
0< < mingyg+ JGJ% is suf cient since (and note that minimum exists because th&sas
nite and is strictly positive by (4.50)):

. (G
< Gn;érl m (4.52)
(G +
0 < iG] iG] 8G 2G (4.53)
0 (iGj jGj )< (G) 8G2G" (4.54)
0 O0< (GO+ (jGj jG ))=S(G) S (G 8G2G": (4.55)
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Case 2: We consider the graphs such that there exisis! j 2 G buti! | 62 Gand
i j 62G Wecanassume! " 2G impliesk! “~2Gork " 2G, since otherwise we are
in Case 1. Hence, it meajGj > jG j which in turn implies tha§, (G ) > S, (G).

Cases 1 and 2 completely cover the situations wirandG' do not share the same skeleton.
Next, we assume th& andG' do have the same skeleton (which implies fi&t= jG j). The
remaining cases treat the differences in immoralities.

Case 3:Supposés contains an immorality! = j which is not present is. We rst show
that” 62.?1-3. Suppose the opposite. This mears a descendant of bothandj in G. SinceG and
G share skeleton and because = j is not an immorality inG, we have that ~ 2 G or
"1 j 2 G, which in both cases creates a cycle. This is a contradiction.

The path(i; *;j ) is not d-blocked by n Li‘f inG since” 2 Vn ij3 By | -faithfulness (As-
sumption 4.2), this means that 6? o) X; | XynLS - SinceG andG share the same skeleton, we
knowi! j andi j arenotinG. Using Lemma 4.5, we have tha®P ¢j jV n Lf Hence by
Proposition 4.1pY 62 M(G). Similarly to Case 1, this implies tha{G) > 0which in turn implies
thatS, (G) S | (G) > 0(using the faciG j = jGj).

Case 4: Supposes contains an immorality !~ j which is not present ilts . Since
GandG share the same skeleton an62V n Lf we know there is a (potentially undirected)
path(i; ;j ) which is not d-blocked by n Lﬁ in G. By | -faithfulness (Assumption 4.2), we
know thatx; 6? ;o X; ] XynL However by Lemma 4.5, we havetha? g jV n ij3 which
implies, again by Proposition 4.1, thalt) 62 M(G). Thus, again by the same argument as Case 3,
S(G) Si(g=>0.

So far, all cases did not require interventional nogesCases 5 and 6 treat the difference in
immoralities implying interventional nodeg. Note that the arguments are analog to cases 3 and 4.

Case 5:Suppose that there is an immorality -~ ; inG' which does not appear @ .

The path(i; ; ;) is not d-blocked by ; [ V nLiG'j inG' since’2 [V nLiG'j (by same
argument as presented in Case 3).IBfaithfulness (Assumption 4.2), this means that

PO 1 Xy o) 8 PP X 00): (4.56)
] J

Thus,(p®; pi)) 62 Zi;V n LiG'J_) (de ned in Equation (4.35)).
On the other hand, Lemma 4.5 impliesth& ¢ jj [ Vn LlG'] . Thus by Proposition 4.2
and sincé~, (G) M | (G), we have that for all ,

& XXy e)= 38 (iix, o) ie (1§18 )22 3@V nLe): (4.57)
b b
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This means tha®, (G ) > S, (G) since

X

S (G) S (G =inf Diw (pjjif &)y (4.58)
k2[K ]

inf D (PYjif &) ) + D (PV5iFY) ) (4.59)

inf Dic (BPjif ) + Dy (pVjif D) (4.60)

(F @ ())2Z (iv nLiGIj )
> 0: (4.61)

In (4.60) we use the fact that, for all, (f ((51,) ;fgl) )2Z(i;Vn LiG'j ). The very last strict inequality
holds by Lemma 4.4, which applies here becaée; pi)) 62 Zi;V n LIG'J ).

Case 6:Suppose that there is an immorality ° i in G which does not appear @' .
The path(i;; ;) is not d-blocked by ; [ V n L,G'J inG', since” 62 ;[ Vn LiG'j and both
| -DAGs share the same skeleton. It followslbyaithfulness (Assumption 4.2) that

P (i X0 ) € POX X, o) (4.62)
Ij Ij

On the other hand, Lemma 4.5 impliesthé& ¢ ;)] ;[ Vn |—|GI, Again by thel -Markov
property (Proposition 4.2), it means that, for all

&) iixy )= 18 xiix, o) (4.63)
|j Ij

By an argument identical to that of Case 5, it follows t8afG ) > S, (G).
The proof is complete since there is no other way in wi@thandG' can differ in terms of
skeleton and immoralities.

A.3. Theory for unknown targets

Theorem 4.1 assumes implicitly that, for each intervenkiptine ground truth interventional
targetl, is known. What if we do not have access to this information? We now present an extension
of Theorem 4.1 to unknown targets. In this setting, the interventional fdm#yearned similarly

to G. We denote the ground truth interventional familylby:= (1,; ;1) and assume that
I, := ;. We rstrecall score introduced in Section 4.3.3:
X
S(Gl):=sup  E, ywlogf @M &R ) G Rjlj (4.64)
k=1

P
wheref ®(x;M S R'; )was de nedin(4.15)andjlj = |, jl«j. Notice that the assumption
thatl, = ; is integrated in the joint density ¢#.15)with k = 1 (the row vectoiR}. has no effect).
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The only difference betwee®, (G) andS(G; 1) is that, in the latterl is considered a variable and
the extra regularizing term gjlj .

The result of this section relies on the exact same assumptions as those of Theorem 4.1, namely
Assumptions 4.1, 4.2, 4.3 & 4.4.

The next Lemma is an adaptation of Lemma 4.2 to this new setting.
Lemma 4.6(Rewriting of score differencesnder Assumption 4.1 & 4.4, we have

S@i1) S @)=t D@V )+ (61 I8 D+ wG il D (465)

k2[K ]

Proof. We note thajS(G ;1 )j = |S, (G) ril jj <1 ,bylLemmad4.l. Thisimplies that
the differenceéS(G ;1 ) S (G;1) is always well de ned.

The rest of the proof is identical to Lemma 4.2.

We are now ready to state and prove our identi ability result for unknown targets.
Theorem 4.2 (Unknown targets identi cation) Supposd is such thatl, = ;. LetG be
the ground truth DAG andG; ") 2 arg maxszoas: S(G;1). Under the same assumptions as
Theorem 4.1 and for g > 0small enoughGis| -Markov equivalentt& andl* = | .

Proof: We simply add two cases at the beginning of the proof of Theorem 4.1 to handle cases
wherel 6 | (we will denote them by Case 0.1 and Case 0.2). Similarly to Theorem 4.1, it is
suf cient to prove that, wheneves 62 I-MEC(G ) orl 6= | , we have thaB(G ;I ) > S(GI).

For convenience, let us de ne

X k
(G1) :=inf Die (pRjjif &)y (4.66)
k2[K ]

Case 0.1:Letl be the set of all such that there existg 2 [K]andj 2 [d] suchthaf 2 I,
butj 62,,. Letl 2 | and letG be an arbitrary DAG.
Since the edgey, ! j isin G' , we have thaty, andj are never d-separated. By
| -faithfulness (Assumption 4.2), we have that
pB (x; jx c) 6 ptko) (x; jx e): (4.67)

Note that this is true for any conditioning set. It me4p®; p*)) 62 Zj; °) (de ned in (4.35)).
Sincej 62, we have by de nition from (4.15) that, for all,

F&(x;jx 5) = f &0 (x;jx o) ie. (& t&N 2z G o (4.68)
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This implies that

(G1) inf Dy (PWif & ) + D (P*jif &) (4.69)
inf Die (pVjif @) + Dy (p*)jjf () (4.70)

(F@5f k00)27 (j; )
> 0; (4.71)

where (4.70) holds because, for all (f & ;&) 2Z (j; ©) and (4.71) holds by Lemma 4.4.

If mnfiGy jG j;jlj jI g 0, then clearlyS(G;l ) S (Gl1) > 0. Let
S=1(G1)2DAG 1jminfiGj |G j;jlj jI jg< Og. To make sure we have
S(G;l ) S(GIl)>0forall (Gl) 2 S, we need to pick and r sufciently small.
Choosing + & < MiNG)2s minijjjéG;'j);m  is suf cient since (and note that the minimum
exists because the sets nite, and is strictly positive by (4.71)):

. (G 1)

RS @h2s minfiGj jG ijlj jI g *.72)
0 + (G1) 8(G1)2 S (4.73)

minfiGj jG J;jlj jI jg '
0 ( + r)MINfiGj JG [jlj I jg< (GIl) 8(G1)2S (4.74)
0 0< (GI)+( + p)minfiGj jG §jlj j jg 8(Gl1)2S  (4.75)
G+ (Gj 6 D+ r@Gjj1 ) (4.76)
=S(G:1) S (GI): 4.77)

From now on, we can assurhg | for all k 2 [K], since otherwise we are in Case 0.1.

Case 0.2:Letl :=flj [I, I« 8k]and[9ko;j s.t.j 2 Iy, andj 62, ]g. Letl 2 | and letG
be a DAG. We can already notice thgt > jlI .

IfiGj jG j,thenS(G;l )S (G 1)> Oby(4.65) LetS:= f(G;1)2 DAG 1jjGj< |G jg.
To make sures(G ;1 ) S (GI)> O0forall (G;1) 2 S, we need to pick suf ciently small.
Choosing < min g, s ~ 22281 s suf cient since this implies

iG iG]

G+ =@ 1))
— 8(Gl)2sS 4.78
iG] |G] (G1) (4.78)
0 (GjiGI)< (GI)+ r@ 1 J)8(GI)2S (4.79)
0 O0< (Gh)+ (GjjG )+ wr( I j) 8(GI)2S (4.80)
=S(G;l) S (GI): (4.81)
Cases 0.1 & 0.2 cover all situations whéré | . This implies thal' = | . For the rest of the

proof, we can assume thiat= | . By notingthatS(G;l ) S (Gl)=S (G) S, (G, we
can apply exactly the same steps as in Theorem 4.1 to shotBdt -MEC(G ).
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We will end up with multiple conditions on and r. We now make sure they can all be
satis ed simultaneously. Recall the three conditions we derived:

(G1)

YRS O T mnGG G L 9 (4.82)
G+ @D

< min — = 4.83

@2s iGj iGj (=) (4.83)

< G (4.84)

& 67 161
where the third condition comes from the steps of Theorem 4.1. We can simplypi2k0; )
and 2 (O; minf rR: (R) Q).

A.4. Adapting the score to perfect interventions

The score developed in Section 4.3.1 is designed for general imperfect interventions. Since
perfect interventions are just a special case of imperfect ones, this score will work on perfect
interventions without problems. However, one can leverage the fact that the interventions are perfect
to simplify the score a little bit.

max S (G (4.85)
X (k) G.pl e~
= gggz\(esup ) Ex po logf *(x;M = RY 5 ) Gj (4.86)
5 3
= max sup4X( E, IogY xi:NN(M & x; )5
G2DAG ) xp , I J T
k=1 j 62,
2 3
4X< Y . G . (W5 .
+ sup Ex w0 log X sNN(M > x5 ™) iGj (4.87)
@ O k=p j21
k
2 3
= max sup4X< E, .k IogY fx;;:NN(M & x; )5
G2DAG () x P ' I j v
k=1 j62,
2 3
4X< Y . N CINY - ~i
+ sup Ex polog  f{x;;NN@O x5 7)) 1Gj; (4.88)
@ (O o i21,

where in(4.88)we use the fact that the interventions are perfec{4188) the secondupdoes
not depend oiE, so it can be ignored without changing thie) maxspac.
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Hence, for perfect intervention we use the score
2 3

perf 4X< Y G My 5 i
ST(G = SL(I[)) Ex pwlog  fIX;;NN(M [~ x; 7)) iGj: (4.89)
Vo=t j 62,

B. Additional information

B.1. Synthetic data sets

In this section, we describe how the different synthetic data sets were generated. For each type
of data set, we rst sample a DAG following tHerdos-Rényischeme and then we sample the
parameters of the different causal mechanisms as stated below (in the bulleted list). For 10-node
graphs, single node interventions are performed on every node. For 20-node graphs, interventions
targetl to 2 nodes chosen uniformly at random. Thar(d + 1) examples are sampled for each
interventional setting (i is not divisible byd + 1, some intervention setting may have one extra
sample in order to have a total ofsamples). The data are then normalized: we subtract the mean
and divide by the standard deviation. For all data sets, the source nodes are Gaussian with zero
mean and variance sampled frdsfil; 2]. The noise variablel; are mutually independent and
sampled fronN (0; ?) 8j,where ? U [1;2].

For perfect intervention, the distribution of intervened nodes is replaced by a maxgigal).

This type of intervention, that produce a mean-shift, is similar to those used in Hauser and Biihlmann
[2012], Squires et al. [2020]. For imperfect interventions, besides the initial parameters, an extra
set of parameters were sampled by perturbing the initial parameters as described below. For nodes
without parents, the distribution of intervened nodes is replaced by a makg{@al). Both for
the perfect and imperfect cases, we explore other types of interventions and report the results in
Appendix C.5. We now describe the causal mechanisms and the nature of the imperfect intervention
for the three different types of data set:

Thelinear data sets are generated following := w; x o+ 0:4 n; 8j,wherew; is a

vector ofj jGj coef cients each sampled uniformly from 1; 0:25][ [0:25; 1] (to make

sure there are ne@ close to 0). Imperfect interventions are obtained by adding a random

vector ofU([ 5; 2][ [2;5]) tow;.

Theadditive noise mod€ANM) data sets are generated followirg := f; (x je) +0:4 n;

8j , where the function§; are fully connected neural networks with one hidden layer(f

units andeaky ReLUwith a negative slope d¥:25as nonlinearities. The weights of each

neural network are randomly initialized frolh(0; 1). Imperfect interventions are obtained

by adding a random vector &f (0; 1) to the last layer.

The nonlinear with non-additive noisgNN) data sets are generated followirg :=

fi(x e n;) 8, where the function§; are fully connected neural networks with one hidden
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layer of20units andanhas nonlinearities. The weights of each neural network are randomly
initialized fromN (0O; 1). Similarly to the additive noise model, imperfect intervention are
obtained by adding a random vector{0; 1) to the last layer.

B.2. Deep Sigmoidal Flow: Architectural details

A layer of a Deep Sigmoidal Flow is similar to a fully-connected network with one hidden layer,
a single input, and a single output, but is de ned slightly differently to ensure that the mapping is
invertible and that the Jacobian is tractable. Each laigede ned as follows:

hO(x)=  Yw> (a x+b); (4.90)

whereO< w; < 1, ;w; =1 anda; > 0. In our method, the neural networkiN( ; j(k)) output

the parameteréw;;a;;ly) for each DSF;. To ensure that the determinant of the Jacobian is
calculated in a numerically-stable way, we follow the recommendations of Huang et al. [2018Db].
While other ows like the Deep Dense Sigmoidal Flow have more capacity, DSF was suf cient for
our use.

B.3. Optimization

In this section, we show how the augmented Lagrangian is applied, how the gradient is estimated
and, nally, we illustrate the learning dynamics by analyzing an example.
Let us recall the score and the optimization problem from Section 4.3.2:

#
X
Sw( )i=sup E E logf ®(x;M ;) jiMjjo ; (4.91)
M () k=1 X p(k)
supSn( ) st. Tre() d=0: (4.92)
We optimize for and jointly, which yields the following optimization problem:
" #
X
sup E E logf ®(x;M; ) i ()jjr st. TreC) d=0; (4.93)
M) g x p)

where we used the factthety () jjM jjo=jj ( )jj1. Let us use the notation:
h( )i=Tre() d: (4.94)

The augmented Lagrangian transforms the constrained problem into a sequence of unconstrained

problems of the form
" #
X L :
sup E E logf®0o;M: ) i (Diia h( ) Sh( ) (4.95)
M) oy x p® 2
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where ; and . are the Lagrangian multiplier and the penalty coef cient of tthreunconstrained
problem, respectively. In all our experiments, we initialize= 0 and , = 10 8. Each such
problem is approximately solved using a stochastic gradient descent algorithm (RMSprop Tieleman
and Hinton [2012] in our experiments). We consider that a subproblem has converge{#tn
evaluated on a held-out data set stops increasing( Let ;) be the approximate solution to
subproblent. Then,  and ; are updated according to the following rule:

t+1 (t+ ¢ h( )
oy ifh(C )> h (4.96)

t+1 .
i) otherwise

with =2 and =0:9. Each subproblernis initialized using the previous subproblem'’s solution
( + 17 ¢ v The augmented Lagrangian method stops wier) 10 8 and the graph formed
by adding an edge whenevef ) > 0:5is acyclic.

Gradient estimation. The gradient of (4.95) w.r.tand is estimated by
" #

X . .
L7 logf Ix ;M O; ) () Sh( ) (4.97)

IBJ . 2

i2B

whereB is an index set sampled without replacemeafit,is an example from the training set and
k; is the index of its corresponding intervention. To compute the gradient of the likelihood part
w.rt. , we use the Straight-Through Gumbel-Softmax estimator, adapted to sigmoids Maddison
et al. [2017], Jang et al. [2017]. This approach was already used in the context of causal discovery
without interventional data Ng et al. [2019], Kalainathan et al. [2018]. The mitrfX is given by

M®O:=1C( +LD)>05)+ ( +LD) grad-block ( + LM)): (4.98)

whereL® is ad d matrix lled with independent Logistic samples,is the indicator func-

tion applied element-wise and the functignad-blockis such thatgrad-blockz) = z and

r ,grad-blockz) = 0. This implies that each entry dfl () evaluates to a discrete Bernoulli

sample with probability given by ( ) while the gradient w.r.t. is computed using the soft

Gumbel-Softmax sample. This yields a biased estimation of the actual gradient of objé@bp

but its variance is low compared to the popular unbiased REINFORCE estimator (a Monte Carlo

estimator relying on the log-trick) Rezende et al. [2014], Maddison et al. [2017]. A temperature

term can be added inside the sigmoid, but we found that a temperature of one gave good results.
In addition to this, we experimented with a different relaxation for the discrete vafidble

We tried treatingM directly as a learnable parameter constraing@;ifi] via gradient projection.

However, this approach yielded signi cantly worse results. We believe that thiifaistcontinuous

in this setting is problematic, since as an entryvbfgets closer and closer to zero, the weights of

the rst neural network layer can compensate, without affecting the likelihood whatsoever. This
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cannot happen when using the Straight-Through Gumbel-Softmax estimator because the neural
network weights are only exposed to discriste
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Figure 4.6. Top: Learning curves during trainindhLL andNLL on validationare respectively

the (pseudo) negative log-likelihood (NLL) on training and validation s&tsminus NLLcan be
thought of as the acyclicity constraint violation plus the edge sparsity regulagizemdAL on
validation setare the augmented Lagrangian objectives on training and validation set, respectively.
Middle and bottom: Entries of the matrix ( ) w.r.t. to the number of iterations (green edges =
edge present in the ground truth DAG, red edges = edge not present). The adjacency matrix to the

left correspond to the ground truth DAG. The other matrices correspond tpat20 00Q 30 000
and62 O0Qiterations.
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Learning dynamics. We present in Figure 4.6 the learning curves (top) and the matriy
(middle and bottom) as DCDI-DSF is trained on a linear data set with perfect intervention sampled
from a sparse 10-node graph (the same phenomenon was observed in a wide range of settings). In
the graph at the top, we show the augmented Lagrangian and the (pseudo) negative log-likelihood
(NLL) on train and validation set. To be exact, the NLL corresponds to a negative log-likelihood
only once acyclicity is achieved. In the graph representifig) (middle), each curve represents a

( i ): green edges are edges present in the ground truth DAG and red edges are edges not present.
The same information is presented in matrix form for a few speci c iterations and can be easily
compared to the adjacency matrix of the ground truth DAG (white = presence of an edge, blue =
absence). Recall that when & ;) is equal (or close to) O, it means that the enjtrpf the mask
M will also be 0. This is equivalent to say that the edge is not present in the learned DAG.

In this section, we review some important steps of the learning dynamics. At rst, the NLL on
the training and validation sets decrease sharply as the model ts the data. Around iteration 5000,
the decrease slows down and the weights of the constraint (nanaelgt ) are increased. This
puts pressure on the entrie§ j ) to decrease. At iteratioh0 00Q many ( j ) that correspond to
red edges have diminished close to 0, meaning that edges are correctly removed. It is noteworthy to
mention that the matrix at this stage is close to being symmetric: the algorithm did not yet choose
an orientation for the different edges. While this learned graph still has false-positive edges, the
skeleton is reminiscent of a Markov Equivalence Class. As the training progresses, the weights of
the constraint are greatly increased passe@@@0@h iteration leading to the removal of additional
edges (leading also to an NLL increase). Around itera@®000(the second vertical line), the
stopping criterion is met: the acyclicity constraint is below the threshold fi(e.) 10 8),
the learned DAG is acyclic and the augmented Lagrangian on the validation set is hot improving
anymore. Edges with a( ;) higher thar0:5 are set to 1 and others set to 0. The learned DAG has
a SHD of 1 since it has a reversed edge compared to the ground truth DAG.

Finally, we illustrate the learning of interventional targets in the (perfect) unknown intervention
setting by comparing an example of ), the learned targets, with the ground truth targets in
Figure 4.7. Results are from DCDI-G on 10-node graph with higher connectivity. Each column
corresponds to an interventional targetand each row corresponds to a node. In the right matrix, a
dark grey square in positidp means that the nodewvas intervened on in the interventional setting
l;. Each entry of the left matrix corresponds to the value (0f; ). The binary matrixR (from
Equation 4.15) is sampled following these entries.

B.4. Baseline methods

In this section, we provide additional details on the baseline methods and cite the implementa-
tions that were used. GIES has been designed for the perfect interventions setting. It assumes linear
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Figure 4.7. Learned targets( ;) compared to the ground truth targets.

relations with Gaussian noise and outputd aarkov equivalence classes. In order to obtain the
SHD and SID, we compare a DAG randomly sampled from the returagldirkov equivalence
classes to the ground truth DAG. CAM has been modi ed to support perfect interventions. In
particular, we used the loss that was already present in the code (similarly to the loss proposed for
DCDI in the perfect intervention setting). Also, the preliminary neighbor search (PNS) and pruning
processes were modi ed to not take into account data where variables are intervened on. Note that,
while these two methods yield competitive results in the imperfect intervention setting, they were
designed for perfect interventions: the targeted conditional are not tted by an additional model
(in contrast to our proposed score), they are simply removed from the score. Finally, JCI-PC is
JCI used with the PC method Mooij et al. [2020]. The graph to learn is augmented with context
variables (one per system variable in our case). This modi ed version of PC can deal with unknown
interventions. For the conditional independence test, we only used the gaussian ClI test since using
KCl-test was too slow for this algorithm.

For GIES, we used the implementation from the R packagdg . For CAM, we modi ed
the implementation from the R packagealg . For IGSP and UT-IGSP, we used the imple-
mentation fromhttps://github.com/uhlerlab/causaldag . The cutoff values used for
alpha-inv  was always the same afpha . For JCI-PC, we modi ed the implementation from
the R packagecalg using code from the JCI repositorgttps://github.com/caus-am/
jciltree/master/jci . The normalizing ows that we used for DCDI-DSF were adapted
from the DSF implementation provided by its author Huang et al. [2018b]. We also used several
tools from the Causal Discovery Toolboht{ps://github.com/FenTechSolutions/
CausalDiscoveryToolbox ) Kalainathan and Goudet [2019] to interface R with Python and
to compute the SHD and SID metrics.

B.5. Default hyperparameters and hyperparameter search

For all score-based methods, we performed a hyperparameter search. The models were trained
on 80%examples and evaluated on @%remaining examples. The hyperparameter combination
chosen was the one that induced the lowest negative log-likelihood on the held-out examples. For
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DCDI, a grid search was performed over 10 values of the regularization coef cient (see Table 4.1)
for known interventions (10 hyperparameter combinations in total) and, in the unknown intervention
case 3 values for the regularization coef cient of the learned targetsvere also explored (30
hyperparameter combinations in total). For GIES and CAM, 50 hyperparameter combinations were
considered using a random search following the sampling scheme of Table 4.1.
For IGSP, UT-IGSP and JCI-PC, we could not do a similar hyperparameter search since there

IS no score available to rank hyperparameter combinations. Thus, all examples were used to t
the model. Despite this, for IGSP and UT-IGSP, we explored a range of cutoff values around
10 ° (the value used for all the experiments in Squires et al. [2020D:f2e 1;1e 1;le
2;le 3;1le 5;1le 7;1le 9g. Inthe maintextand gures, we report results with- 1e 3,
which yielded low SHD and SID. For JCI-PC, we tested the following range of cutoff values:

=f2 1;1le 1;1le 2;1le 3gandreportresultswith =1e 3. Note thatin a realistic
setting, we do not have access to the ground truth graphs to choose a good cutoff value.

| Hyperparameter space
pcpy | 109w( ) Uf 76 5 4 3 2 L0129
log,o( r) Uf 4; 3; 2g (only for unknown interventions)
CAM | log;p(pruning cutoff) U [ 7;0]
GIES | log;,(regularizer coef cient) U [ 4;4]

Table 4.1. Hyperparameter search spaces for each algorithm

Except for the normalizing ows of DCDI-DSF, DCDI-G and DCDI-DSF used exactly the same
default hyperparameters that are summarized in Table 4.2. Some of these hyperparagetgrs (
which are related to the optimization process are presented in Appendix B.3. These hyperparameters
were used for almost all experiments, except for the real-world data set and the two-node graphs with
complex densities, where over tting was observed. Smaller architectures were tested until no major
over tting was observed. The default hyperparameters were chosen using small-scale experiments
on perfect-known interventions data sets in order to have a small SHD. Since we observed that
DCDI is not highly sensible to changes in hyperparameter values, only the regularization factors
were part of a more thorough hyperparameter search. The neural networks were initialized following
the Xavier initialization Glorot and Bengio [2010a]. The neural network activation functions were
leaky-ReLU. RMSprop was used as the optimizer Tieleman and Hinton [2012] with minibatches of
size 64.
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DCDI hyperparameters

0:108 40, :2, :09
Augmented Lagrangian constraint threshdl@: 8
learning rate10 3
# hidden units16
# hidden layers2
# ow hidden units: 16 (only for DCDI-DSF)
# ow hidden layers:2 (only for DCDI-DSF)

Table 4.2. Default Hyperparameter for DCDI-G and DCDI-DSF

C. Additional experiments
C.1. Real-world data set

We tested the methods that support perfect intervention on the ow cytometry data set of Sachs
et al. [2005]. The measurements are the level of expression of phosphoproteins and phospholipids
in human cells. Interventions were performed by using reagents to activate or inhibit the measured
proteins. As in Wang et al. [2017], we use a subset of the data set, excluding experimental
conditions where the perturbations were not directly done on a measured protein. This subset
comprised 846measurementd 755measurements are considered observational, while the other
4 091measurements are from ve different single node interventions (with the following proteins
as targets: Akt, PKC, PIP2, Mek, PIP3). The consensus graph from Sachs et al. [2005] that we
use as the ground truth DAG contains 11 nodes and 17 edges. While the ow cytometry data set is
standard in the causal structure learning literature, some concerns have been raised. The “consensus”
network proposed by Sachs et al. [2005] has been challenged by some experts Mooij et al. [2016].
Also, several assumptions of the different models may not be respected in this real-world data set
(for more details, see Mooij et al. [2016]): i) the causal suf ciency assumption may not hold, ii) the
interventions may not be as speci ¢ as stated, and iii) the ground truth network is possibly not a
DAG since feedback loops are common in cellular signaling networks.

Method SHD SID tp fn fp revF; score

IGSP 18 54 4 6 5 7 0.42
GIES 38 34 10 0 41 7 0.33
CAM 35 20 12 1 30 4 0.51
DCDI-G 36 43 6 2 25 9 0.31
DCDI-DSF 33 47 6 2 22 9 0.33

Table 4.3. Results for the ow cytometry data sets
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In Table 4.3 we report SHD and SID for all methods, along with the number of true positive (tp),
false-negative (fn), false positive (fp), reversed (rev) edges, and,teeore. There are no measures
of central tendencies, since there is only one graph. The modi ed version of CAM has overall the
best performance: the highdst score and a low SID. IGSP has a low SHD, but a high SID, which
can be explained by the relatively high number of false negative. DCDI-G and DCDI-DSF have
SHDs comparable to GIES and CAM, but higher than IGSP. In terms of SID, they outperform IGSP,
but not GIES and CAM. Finally, the DCDI models havescores similar to that of GIES. Hence,
we conclude that DCDI performs comparably to the state of the art on this data set, while none of
the methods show great performance across the board.
Hyperparameters. We report the hyperparameters used for Table 4.3. IGSP used the KClI-test
with a cutoff value of10 3. Hyperparameters for CAM and GIES were chosen following the
hyperparameter search described in Appendix B.5. For DCDI, since over tting was observed,
we included some hyperparameters related to the architecture in the hyperparameter grid search
(number of hidden units:4; 8g, number of hidden layers:1; 2g and only for DSF, number of ow
hidden unitsf 4; 8g, number of ow layers: 1; 29), and used the scheme described in Appendix B.5
for choosing the regularization coef cient.

C.2. Learning causal direction from complex distributions

To show that insuf cient capacity can hinder learning the right causal direction, we used toy data
sets with simple 2-node graphs under perfect and imperfect interventions. We show, in Figure 4.8
and 4.9, the joint densities respectively learned by DCDI-DSF and DCDI-G. We tested two different
data sets: X and DNA, which corresponds to the left and right column, respectively. In both data
sets, we experimented with perfect and imperfect interventions, on both the cause and the effect,
i.e.l =(;;flg;f2g). In both gures, the top row corresponds to the learned densities when no
intervention are performed. The bottom row corresponds to the learned densities under an imperfect
intervention on the effect variable (changing the conditional).

For the X data set, both under perfect and imperfect interventions, the incapacity of DCDI-G to
model this complex distribution properly makes it conclude (falsely) that there is no dependency
between the two variables (theoutputted by DCDI-G is constant). Conversely, for the DNA
data set with perfect interventions, it does infer the dependencies between the two variables and
learn the correct causal direction, although the distribution is modeled poorly. Notice that, for the
DNA data set with imperfect interventions, the lack of capacity of DCDI-G has pushed it to learn
the same density with and without interventions (compare the two densities in the second column
of Figure 4.9; the learned density functions remain mostly unchanged from top to bottom). This
prevented DCDI-G from learning the correct causal direction, while DCDI-DSF had no problem.
We believe that if the imperfect interventions were more radical, DCDI-G could have recovered
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Figure 4.8. Joint density learned by DCDI-DSF. White dots are data points and the color represents
the learned density. The x-axis is cause and the y-axis is the effect. First row is observational while
second row is with an imperfect intervention on the effect.

Figure 4.9. Joint density learned by DCDI-G. White dots are data points and the color represents
the learned density. The x-axis is cause and the y-axis is the effect. First row is observational while
second row is with an imperfect intervention on the effect.

the correct direction even though it lacks capacity. In all cases, DCDI-DSF can easily model these
functions and systematically infers the right causal direction.

While the proposed data sets are synthetic, similar multimodal distributions could be observed
in real-world data sets due to latent variables that are parent of only one node (i.e., that are not
confounders). A hidden variable that act as a selector between two different mechanisms could
induce distributions similar to those in Figures 4.8 and 4.9. In fact, this idea was used to produce
the synthetic data sets, i.e., a latent variablef 0; 1g was sampled and, according to its value,
examples were generated following one of two mechanisms. The X dataset (second column in the
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gures) was generated by two linear mechanisms in the following way:
8

Swx+N z=0
y=.
wx+ N z=1;

whereN is a Gaussian noise amdwas randomly sampled from 1; 0:25][ [0:25;1].

C.3. Scalability experiments

Figure 4.10 presents two experiments which study the scalability of various methods in terms of
number of examples (left) and number of variables (right). In these experiments, the runtime was
restricted to 12 hours while the RAM memory was restricted to 16GB. All experiments considered
perfect interventions. Experiments from Figure 4.10 were run with xed hyperparamBtem3l.

Same as Table 4.2 except= 10 2, # hidden units=s 8 and = 10 !. CAM. Pruning cutoff=

10 3. Preliminary neighborhood selection was performed in the large graph experiments (otherwise
CAM cannot run on 50 nodes in less than 12 hou&ES. Regularizing parameter 1. IGSP.

The suf xes -G and -K refers to the partial correlation test and the KClI-test, respectively. The
parameter is set tb0 3.

Number of examples. DCDI was the only algorithm supporting nonlinear relationships that could
run on as much as 1 million examples without running out of time or memory. We believe different
trade-offs between SHD and SID could be achieved with different hyperparameters, especially for
GIES and CAM which achieved very good SID but poor SHD.

Number of variables. We see that using a GPU starts to pay off for graphs of 50 nodes or more.
For 10-50 nodes data sets, DCDI-GPU outperforms the other methods in terms of SHD and SID,
while maintaining a runtime similar to CAM. For the hundred-node data sets, the runtime of
DCDI increases signi cantly with a SHD/SID performance comparable to the much faster GIES.
We believe the weaker performance of DCDI in the hundred-node setting is due to the fact that
the conditionals are high dimensional functions which are prone to over tting. Also, we believe
this runtime could be signi cantly reduced by limiting the number of parents via preliminary
neighborhood selection similar to CAM Bihlmann et al. [2014]. This would have the effect of
reducing the cost of computing the gradient of w.r.t. to the neural network parameters. These
adaptions to higher dimensionality are left as future work.

C.4. Ablation study

In this section, by doing ablation studies, we show that i) that interventions are bene cial to our
method to recover the DAG, ii) that the proposed losses yield better results than a standard loss
ignoring information about interventions, and iii) that the use of high capacity model is relevant for
nonlinear data sets.
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Figure 4.10. We report the runtime (in hours), SHD and SID of multiple methods in multiple

settings. The horizontal dashed lines at 12 hours represents the time limit imposed. When a curve

reaches this dashed line, it means that the method could not nish within 12 hours. We write
16G when the RAM memory needed by the algorithm exceeded 16GB. All data sets have 10

interventional targets containirggld targets. We considered perfect interventidosit: Different

data set sizes. Ten nodes ANM data with connectiwityl. Right: Different number of variables.

NN data set with connectivitg = 4 and 18 samples. Each curve is an average over 5 different

datasets while the error bars are %95 con dence intervals computed via bootstrap.

Effect of number of interventions. In a small scale experiment, we show in Figure 4.11
the effect of the number of interventions on the performance of DCDI-G. The SHD and SID of
DCDI-G and DCD are shown over ten linear data sets (20-node graph with sparse connectivity)
with f0; 5; 10; 15; 20g perfect interventions. The baseline DCD is equivalent to DCDI-G, but
it uses a loss that doesn't take into account the interventions. It can rst be noticed that, as
the number of interventions increases, the performance of DCDI-G increases. This increase is
particularly noticeable from the purely interventional data to data with 5 interventions. While
DCD's performance also increases in terms of SHD, it seems to have no clear gain in terms of SID.
Also, DCDI-G with interventional data is always better than DCD showing that the proposed loss
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Figure 4.11. SHD and SID for DCDI-G and DCD on data sets with a different number of
interventional settings.

for perfect interventions is pertinent. Note that the rst two boxes are the same since DCDI-G on
observational data is equivalent to DCD (the experiment was done only once).

Relevance of DCDI score to leverage interventional datdn a larger scale experiment, with
the same data sets used in the main text (Section 4.4), we compare DCDI-G and DCDI-DSF to
DCD and DCD-no-interv for perfect/known, imperfect/known and perfect/unknown interventions
(shown respectively in Appendix C.4.1, C.4.2, and C.4.3). The values reported are the mean and the
standard deviation of SHD and SID over ten data sets of each condition. DCD-no-interv is DCDI-G
applied to purely observational data. These purely observational data sets were generated from the
same CGM as the other data set containing interventions and had the same total sample size. For
SHD, the advantage of DCDI over DCD and DCD-no-interv is clear over all conditions. For SID,
DCDI has no advantage for sparse graphs, but is usually better for graphs with higher connectivity.
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As in the rst small scale experiment, the bene cial effect of interventions is clear. Also, these
results show that the proposed losses for the different type of interventions are pertinent.

Relevance of neural network modelsAs a sanity check of our proposed method, we trained
DCDI-G without hidden layers, i.e. a linear model. In Table 4.4, 4.5 and 4.6, we report the mean
and standard deviation of SHD and SID over ten 20-node graphs for DCDI-linear and compare it to
results obtained for DCDI-G and DCDI-DSF (both using hidden layers). As expected, this linear
version of DCDI has competitive results for the linear data set, but poorer results on nonlinear data
sets, showing the interest of using high capacity models.

20nodese=1 20 nodesge = 4
Method SHD SID SHD SID

DCDI-linear 5.9 76 7.1 6.9 16.0 67 98.3 314
DCDI-G 54 45 13.4 120 23.7 56 112.8 418
DCDI-DSF 3.6 27 6.0 54 16.6 64 92.5 401

Table 4.4. Results for the linear data set with perfect intervention

20nodese=1 20 nodesg=4

Method SHD SID SHD SID

DCDI-linear 29.6 154 24.8 184 66.2 137 219.0 41.7
DCDI-G 21.8 301 11.6 131 35.2 132 109.8 446
DCDI-DSF 4.3 19 19.7 126 26.7 169 105.3 227

Table 4.5. Results for the additive noise model data set with perfect intervention

20nodese=1 20 nodese =4
Method SHD SID SHD SID

DCDI-linear 19.8 127 14.2 92 456 120 177.9 276
DCDI-G 13.9 203 13.7 s1 16.8 87 82.5 381
DCDI-DSF 8.3 41 324 173 11.8 212 102.3 345

Table 4.6. Results for the nonlinear with non-additive noise data set with perfect intervention
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10nodese=1 10 nodese=4 20 nodese=1 20 nodese=4
Method SHD SID SHD SID SHD SID SHD SID
DCD 6.6 36 14.1 115 24.4 60 67.0 92 18.2 158 30.9 217 56.7 102 227.0 3886
DCD-no-interv 8.9 28 19.5 109 26.7 59 69.0 112 24.6 205 31.2 228 64.4 114 292.9 289
DCDI-G 1.3 19 0.8 18 3.3 22 10.7 120 5.4 a5 13.4 120 23.7 56 112.8 418
DCDI-DSF 0.9 13 0.6 19 3.7 23 189 141 3.6 27 6.0 54 16.6 64 92.5 401

Table 4.7. Results for the linear data set with perfect intervention

10nodese=1 10 nodesg =4 20nodese=1 20 nodeseg=4
Method SHD SID SHD SID SHD SID SHD SID
DCD 115 66 18.2 118 30.4 38 75.5 46 39.3 284 39.8 333 62.7 142 241.0 448
DCD-no-interv 11.6 88 15.8 121 21.3 52 635 123 41.7 441 36.2 271  43.7 92 226.1 428
DCDI-G 52 75 2.4 a9 43 24 16.0 129 21.8 301 11.6 131 35.2 132 109.8 446
DCDI-DSF 42 56 5.6 55 55 24 239 143 4.3 19 19.7 126 26.7 169 105.3 227

Table 4.8. Results for the additive noise model data set with perfect intervention

10nodesg=1 10 nodesg=4 20 nodese=1 20 nodeseg=4
Method SHD SID SHD SID SHD SID SHD SID
DCD 59 69 10.9 104 15.7 49 53.0 99 28.7 130 29.7 93 29.3 89 163.1 484
DCD-no-interv 11.0 93 9.9 110 18.4 64 56.4 110 16.5 228 31.9 175 31.6 113 160.3 463
DCDI-G 2.3 36 2.7 33 2.4 16 13.9 85 13.9 203 13.7 81 16.8 87 82.5 381
DCDI-DSF 7.0 107 7.8 58 1.6 16 7.7 138 83 41 324 173 11.8 22 102.3 345

Table 4.9. Results for the nonlinear with non-additive noise data set with perfect intervention

C.4.1. Perfect interventions.

10nodese=1 10 nodeseg=4 20 nodese=1 20 nodese =4
Method SHD SID SHD SID SHD SID SHD SID
DCD 10.6 54 24.6 182 24.0 421 67.2 76 21.2 115 56.0 315 56.7 90 268.0 254
DCD-no-interv 6.8 44 195 132 27.4 44 74.0 72 19.8 92 48.2 306 58.2 99 288.6 316
DCDI-G 2.7 28 8.2 ss 5.2 35 251 129 15.6 145 29.1 234 34.0 77 180.9 s
DCDI-DSF 1.3 13 4.2 a0 1.7 24 10.2 149 6.9 63 22.7 219 21.7 81 137.4 343

Table 4.10. Results for the linear data set with imperfect intervention

10nodeseg=1 10 nodesg=4 20 nodese=1 20 nodese=4
Method SHD SID SHD SID SHD SID SHD SID
DCD 12.0 92 14.8 104 24.3 38 64.5 111 51.7 417 445 200 54.1 120 196.6 372
DCD-no-interv 14.6 43 12.1 118 24.8 48 69.3 383 495 360 32.7 227  41.2 81 197.7 s01
DCDI-G 6.2 54 7.6 110 13.1 29 48.1 a1 30.5 330 125 ss 43.1 102 96.6 471
DCDI-DSF 13.4 84 17.9 105 14.4 24 53.2 s2 13.1 45 435 192 505 114 172.1 196

Table 4.11. Results for the additive noise model data set with imperfect intervention
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10nodeseg=1 10 nodese=4 20 nodese=1 20 nodese=4

Method SHD SID SHD SID SHD SID SHD SID
DCD 12.7 s4 11.8 73 15.2 37 52.2 91 40.4 547 452 439 30.5 so0 151.2 a7
DCD-no-interv 13.6 9.7 13.0 s1 14.8 35 51.7 125 37.1 407 57.1 s6.2 31.3 55 162.3 405
DCDI-G 39 39 7.5 65 7.3 22 28.0 105 18.2 288 36.9 370 21.7 so 127.3 401

DCDI-DSF 5342 16.3 100 5.9 32 35.1 123 13.2 51 76.5 578 16.8 53 143.6 488

Table 4.12. Results for the nonlinear with non-additive noise data set with imperfect intervention

C.4.2. Imperfect interventions.

10nodese=1 10 nodeseg=4 20 nodese=1 20 nodese=4
Method SHD SID SHD SID SHD SID SHD SID
DCD 6.6 36 14.1 115 24.4 60 67.0 92 18.2 158 30.9 217 56.7 102 227.0 3886
DCD-no-interv 8.9 28 19.5 109 26.7 59 69.0 112 24.6 205 31.2 228 64.4 114 292.9 289
DCDI-G 53 37 129 115 5.2 30 24.3 153 15.4 103 30.8 186 39.2 87 173.7 456

DCDI-DSF 3943 7.1 71 7.1 36 35.8 125 4.3 24 18.4 73 29.7 126 147.8 427

Table 4.13. Results for the linear data set with perfect intervention with unknown targets

10nodese=1 10 nodesg =4 20 nodese=1 20 nodese=4
Method SHD SID SHD SID SHD SID SHD SID
DCD 115 66 18.2 118 30.4 38 75.5 46 39.3 284 39.8 333 62.7 142 241.0 448
DCD-no-interv 11.6 88 15.8 121 21.3 52 635 123 41.7 241 36.2 271  43.7 92 226.1 428
DCDI-G 7.6 103 5.0 54 9.1 38 37.5 141 41.3 392 229 155 39.9 188 153.7 503

DCDI-DSF 11.9 88 13.8 79 6.6 26 32.6 141 22.3 319 33.1 175 425 187 152.9 s34

Table 4.14. Results for the additive noise model data set with perfect intervention with unknown
targets

10nodese=1 10 nodesg =4 20 nodeseg=1 20 nodese=4
Method SHD SID SHD SID SHD SID SHD SID
DCD 59 69 10.9 104 15.7 49 53.0 99 28.7 130 29.7 93 29.3 89 163.1 484
DCD-no-interv 11.0 93 9.9 110 18.4 64 56.4 110 16.5 228 31.9 175 31.6 113 160.3 463
DCDI-G 3.4 42 6.9 75 3.3 13 204 104 21.8 321 20.9 123 20.1 s1 104.6 471

DCDI-DSF 7.8 79 11.8 57 3.3 12 23.2 91 27.4 309 49.3 157 22.2 104 131.0 410

Table 4.15. Results for the nonlinear with non-additive noise data set with perfect intervention with
unknown targets

C.4.3. Unknown interventions.
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C.5. Different kinds of interventions

In this section, we compare DCDI to IGSP using data sets under different kinds of interventions.
We report results in tabular form for 10-node and 20-node graphs. For the perfect interventions,
instead of replacing the target conditional distribution by the margin@; 1) (as in the main
results), we used a marginal that doesn't involve a mean-stfft:1; 1]. The results reported
in Tables 4.16, 4.17, 4.18 of Section C.5.1 are the mean and the standard deviation of SHD and
SID over ten data sets of each condition. From these results, we can conclude that DCDI-G
still outperforms IGSP and, by comparing to DCD (DCDI-G with a loss that doesn't take into
account interventions), that the proposed loss is still bene cial for this kind of interventions. It has
competitive results compared to GIES and CAM on the linear data set and it outperforms them on
the other data sets.

For imperfect intervention, we tried more modest changes in the parameters. For the linear
data set, an imperfect intervention consisted of adtlf@5; 1] to w; if w; > 0 and subtracting
if w, 0. It was done this way to ensure that the intervention would not remove dependencies
between variables. For the additive noise model and the nonlinear with non-additive noise data sets,
N (0; 0:1) was added to each weight of the neural networks. Results are reported in Tables 4.19,
4.20, 4.21 of Section C.5.2. These smaller changes made the difference between DCD and DCDI
imperceptible. For sparse graphs, IGSP has a better or comparable performance to DCDI. For
graphs with higher connectivity, DCDI often has a better performance than IGSP.

10nodese=1 10 nodese =4 20 nodeseg=1 20 nodesg=4
Method SHD SID SHD SID SHD SID SHD SID

IGSP 4.0 48 15.7 154 28.8 20 72.2 s1 9.7 87 45.1 454 68.1 136 295.4 276
GIES 0.3 05 0.0 o0 40 65 6.7 177 15 12 0.3 o9 49.4 222 111.9 514
CAM 0.6 10 0.0 oo 11.8 43 32.2 172 6.3 74 7.6 o938 91.4 213 181.7 605
DCD 6.3 34 14.8 106 26.1 33 66.4 114 11.1 a7 45.8 228 49.0 120 258.6 4156
DCDI-G 0.4 o7 1.3 21 7.5 14 29.7 82 3.2 32 121 1122 21.0 29 147.6 495

Table 4.16. Results for the linear data set with perfect intervention

10nodese=1 10 nodese =4 20 nodesg=1 20 nodesg=4

Method  SHD SID SHD SID SHD SID SHD SID

IGSP 57 23 23.4 136 32.8 24 79.3 32 149 s1 78.8 646 80.5 64 337.6 273
GIES 7551 2.3 25 9.2 20 27.1 1125 23.8 184 3.1 44 89.6 147 143.9 s31
CAM 6.3 69 0.0 oo 6.3 38 146 201 9.2 143 135 251 106.2 146 96.2 579
DCD 6.4 26 22.0 147 31.1 34 77.4 31 18.1 so 51.5 415 55.7 83 261.3 225
DCDI-G 0.9 12 3.9 64 52 19 24.0 93 6.5 556 179 1912 26.8 70 94.4 a5

Table 4.17. Results for the additive noise model data set with perfect intervention
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10nodesg=1 10 nodesg=4 20 nodese=1 20 nodeseg=4
Method SHD SID SHD SID SHD SID SHD SID

IGSP 6.6 39 25.8 179 31.1 33 77.1 57 14.4 48 63.8 265 79.7 81 341.4 181
GIES 6.2 35 0.9 15 95 36 29.0 177 122 21 3.4 32 63.8 111 124.9 369
CAM 4.1 38 2.3 34 11.3 42 354 208 4.2 23 10.9 103 106.6 157 144.2 518
DCD 6.6 35 18.1 s1 20.6 39 65.8 99 94 49 256 162 28.6 68 188.0 287
DCDI-G 2.1 15 4.6 54 50 43 288 176 6.4 38 15.1 so 12.2 27 96.1 189

Table 4.18. Results for the nonlinear with non-additive noise data set with perfect intervention

C.5.1. Perfect interventions.

10nodese=1 10 nodese =4 20 nodesg=1 20 nodesg =4
Method SHD SID SHD SID SHD SID SHD SID
IGSP 1.1 11 54 54 28.7 32 72.4 67 4.2 39 17.7 123 86.1 123 289.8 26.3
DCD 3.8 36 9.4 64 27.7 34 74.6 35 27.2 223 39.3 205 65.0 s0o 306.8 253

DCDI-G 47 a5 115 95 27.4 49 73.8 54 29.6 165 37.7 145 62.8 65 303.2 276
DCDI-DSF 4.1 23 10.3 75 24.3 53 69.1 87 12.2 29 42.6 183 56.1 92 291.4 357

Table 4.19. Results for the linear data set with imperfect intervention

10nodese=1 10 nodese=4 20nodese=1 20nodese=4
Method SHD SID SHD SID SHD SID SHD SID
IGSP 5.7 40 17.4 134 30.3 40 73.9 113 125 66 44.9 267 85.8 44 344.0 9s
DCD 12.0 103 11.3 84 23.5 21 69.7 25 395 423 28.2 139 509 71 247.8 366

DCDI-G 12.7 91 11.8 65 21.7 43 65.2 92 16.2 180 27.8 131 46.2 59 240.1 263
DCDI-DSF 8.1 s2 15.8 93 23.3 63 68.7 82 12.3 241 39.9 195 51.0 71 257.7 316

Table 4.20. Results for the additive noise model data set with imperfect intervention

10nodese=1 10 nodesg =4 20nodesg=1 20 nodese=4
Method SHD SID SHD SID SHD SID SHD SID
IGSP 7.057 227 195 294 s0 74.2 73 18.7 712 86.3 371 81.6 69 344.4 205
DCD 94 s9 13.3 1120 15.1 37 54.2 9s 28.5 250 25.5 168 32.7 98 177.1 375

DCDI-G 6.7 512 13.0 97 14.6 33 53.9 91 28.9 337 25.2 152 32.3 79 177.0 558
DCDI-DSF 12.8 96 22.9 148 14.4 48 54.2 103 13.3 53 54.2 209 28.6 89 199.5 327

Table 4.21. Results for the nonlinear with non-additive noise data set with imperfect intervention

C.5.2. Imperfect interventions.
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Figure 4.12. Log-likelihood on unseen interventional distributions of the nonlinear with non-
additive noise data sets.

C.6. Evaluation on unseen interventional distributions

As advocated by Gentzel et al. [2019], we presetdrventional performance measures the
ow cytometry data set of Sachs et al. [2005] and for the nonlinear with non-additive noise data set.
Interventional performance refers to the ability of the causal graph to model the effetdexn
interventions. To evaluate this, methods are trained on all the data, except for data coming from one
interventional setting. Then, we evaluate the likelihood of the tted model on the remainsggen
interventional distribution. Since some algorithms do not model distributions, for each method,
given its estimated causal graph, we t a distribution using a normalizing ow model, enabling a
fair comparison. We report the log-likelihood evaluated on an unseen intervention. Note that when
evaluating the likelihood, we ignore the conditional of the targeted node.

For the nonlinear data sets with non-additive noise, we report in Figure 4.12 boxplots over 10
dense graphs(= 4) of 10 nodes. For each graph, one interventional setting was chosen randomly
as the unseen intervention. DCDI-G and DCDI-DSF have the best performance, as was the case for
the SHD and SID.

For Sachs, the data where intervention were applied on the pwiteimere used as the “held-
out” distribution. We report in Figure 4.13 the log-likelihood and its standard deviation over these
data samples. The ordering of the methods is different from the structural metrics: IGSP has the
best performance followed by DCDI-G (whereas CAM seemed to have the best performance with
the structural metrics).

C.7. Comprehensive results of the main experiments

In this section, we report the main results presented in Section 4.4 in tabular form for 10-node and
20-node graphs. Recall that the hyperparameters of DCDI, CAM and GIES were selected to yield
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Figure 4.13. Log-likelihood on an unseen interventional distribution of the Sachs data set.

the best likelihood on a held-out data set. However, this is not possible for IGSP, UTIGSP and JCI-
PC since they do not have a likelihood model. To make sure these algorithms are represented fairly,
we report their performance for different hyperparameter values. For IGSP and UT-IGSP, we report
performance for the cutoff hyperparameter f2e 1;1e 1;le 2;1le 3;1le 5/le 7;le 9g.

This range was chosen to be around the cutoff values used in Wang et al. [2017] and Squires et al.
[2020]. We used the same range for JCI-PC, but since most runs withle 5 would not
terminate after 12 hours, we only report results witk f2e 1;1e 1;1le 2;1le 3g. The

overall ranking of the methods does not change for different hyperparameters. To be even fairer
to these methods, we also report the performance one obtains by selecting, for every data set, the
hyperparameter which yields the lowest SHD. These results are denoted by IGSP*, UTIGSP*
and JCI-PC*. Notice that this is unfair to DCDI, CAM and GIES which have not tuned their
hyperparameters to minimize SHD or SID. Even in this unfair comparison, DCDI remains very
competitive. For IGSP and UTIGSP, we also include results using partial correlation test (indicated
with the suf x -lin) and KCl-test for every data sets. The reported values in the following tables are
the mean and the standard deviation of SHD and SID over ten data sets of each condition. As stated
in the main discussion, our conclusions are similar for 10-node graphs: DCDI has competitive
performance in almost all conditions and outperforms the other methods for graphs with higher
connectivity.

131



10nodesg=1 10 nodese=4 20 nodese=1 20 nodese=4

Method SHD SID SHD SID SHD SID SHD SID
IGSP*-lin 2.2 20 115 124 235 18 67.3 33 47 37 191 134 734 79 291.6 464
IGSP* 1.9 18 8.9 95 24.6 33 69.0 103 9.2 48 425 38 785 68 337.0 164

IGSP( =2e-1)-lin 9.3 41 185 156 26.4 39 71.2 39 37.7 107 429 371 94.6 89 271.8 183
IGSP( =1e-1)-lin 5.8 35 17.1 134 27.4 28 71.6 40 18.7 44 25.9 128 84.4 122 264.8 274
IGSP( =1e-2)-lin 2.4 21 11.8 110 27.6 42 70.9 82 7.2 s3 228 173 78.9 106 278.7 195
IGSP( =1e-3)-lin 2.4 21 11.8 1120 26.9 40 68.3 68 85 72 333 204 824 121 304.3 204
IGSP( =1e-5)-lin 2.4 22 11.9 1121 30.6 39 74.8 70 9.4 54 41.1 368 83.9 111 327.8 90
IGSP( =1e-7)-lin 2.7 25 13.8 143 33.7 33 78.8 438 86 51 442 360 81.5 106 338.7 ss
IGSP( =1e-9)-lin 2.6 25 13.4 146 29.3 34 71.0 97 11.6 51 65.1 455 82.0 64 341.5 122
IGSP( =2e-1) 8134 10.7 112 28.6 53 74.0 63 51.8 104 64.7 465 102.4 98 311.4 138
IGSP( =1e-1) 5428 13.1 1121 26.7 37 69.5 1121 31.0 86 52.0 319 93.2 s2 314.3 213
IGSP( =1e-2) 2520 105 103 31.0 38 78.2 a8 12.1 51 40.4 226 86.8 95 336.4 164
IGSP( =1e-3) 2825 13.1 138 31.3 29 76.0 81 124 47 55.6 309 84.7 101 346.3 85
IGSP( =1e-5) 2927 13.8 146 33.3 25 78.8 71 12.9 56 64.9 353 84.4 61 347.7 140
IGSP( =1e-7) 4.1 39 15.6 149 33.0 33 77.7 54 15.2 72 75.6 436 83.9 66 350.1 204
IGSP( =1e-9) 4036 16.3 179 33.6 31 76.2 56 16.7 63 81.9 357 83.0 67 339.7 138

GIES 0.6 1.3 0.0 oo 2.9 30 0.0 oo 32 63 11 35 53.1 258 82.9 849
CAM 1.9 26 1.7 31 10.6 31 345 1120 54 79 8.2 96 91.1 217 167.8 554
DCDI-G 1.3 19 0.8 18 33 21 10.7 120 5.4 45 134 120 23.7 56 112.8 ais
DCDI-DSF 0.9 13 0.6 19 3.7 23 189 141 3.6 27 6.0 54 16.6 64 925 401

Table 4.22. Results for linear data set with perfect intervention

10nodese=1 10 nodeseg=4 20 nodese=1 20 nodese=4
Method SHD SID SHD SID SHD SID SHD SID
IGSP*-lin 7.7 24 241 111 225 20 64.4 63 14.2 s2 58.6 375 75.9 31 307.1 250
IGSP* 5330 209 139 25.8 28 68.0 94 13.6 66 69.6 479 76.7 65 332.6 182

IGSP( =2e-1)-lin 17.0 52 25.0 131 27.3 33 69.2 70 56.3 105 78.3 475 125.3 79 282.9 272
IGSP( =1e-1)-lin 13.2 53 21.1 938 27.3 44 69.4 56 42.0 119 73.4 375 115.8 116 286.0 346
IGSP( =1e-2)-lin 11.4 46 26.4 139 27.8 34 72.4 42 215 96 64.7 420 101.0 101 298.6 202
IGSP( =1e-3)-lin 10.4 39 26.6 118 26.9 29 70.2 73 19.0 s0o 581 342 93.2 a8 3085 183
IGSP( =1e-5)-lin 9.7 23 27.4 ss 28.2 39 70.2 99 20.1 86 84.9 401 829 s3 312.9 196
IGSP( =1e-7)-lin 9.2 23 28.1 104 27.9 38 72.5 82 16.1 52 63.5 373 84.1 s6 322.1 224
IGSP( =1e-9)-lin 9.8 24 315 123 30.9 a7 77.7 54 17.2 63 73.1 373 78.7 57 314.8 239
IGSP( =2e-1) 13.349 23.2 159 28.4 33 715 83 43.2 76 55.8 300 98.0 112 302.3 347
IGSP( =1e-1) 9.753 21.8 146 29.0 29 73.4 a9 30.6 64 64.7 415 88.9 92 320.9 162
IGSP( =1e-2) 7333 219 113 314 25 74.3 97 17.2 60 74.7 202 84.1 101 322.8 158
IGSP( =1e-3) 7.834 242 121 29.6 38 75.1 56 16.5 89 79.6 s3s 85.1 77 334.2 220
IGSP( =1e-5) 8140 29.2 153 30.5 42 77.3 a7 16.6 66 79.7 503 81.2 82 324.4 260
IGSP( =1e-7) 7328 285 11212 33.0 18 78.3 40 15.3 62 75.0 454 825 68 334.3 2238
IGSP( =1e-9) 9452 343 156 30.9 39 73.7 103 153 67 78.2 506 81.6 108 333.4 172

GIES 9.1s85 1.8 36 9.0 27 238 156 40.3 610 7.5 72 103.2 186 120.1 e85
CAM 52 30 1.0 19 85 37 115 134 75 60 5.6 49 105.7 132 108.7 610
DCDI-G 52 75 2.4 19 43 24 16.0 1129 21.8 301 11.6 131 35.2 132 109.8 446
DCDI-DSF 42 56 5.6 55 55 24 239 143 43 19 197 126 26.7 169 105.3 227

Table 4.23. Results for the additive noise model data set with perfect intervention
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10nodese=1 10 nodese=4 20 nodese=1 20 nodese=4

Method SHD SID SHD SID SHD SID SHD SID
IGSP*-lin 4.4 26 15.2 1120 23.3 19 66.0 79 13.4 32 67.4 278 67.0 96 318.4 191
IGSP* 41 28 13.6 119 25.4 38 69.4 53 15.3 45 73.0 288 72.7 96 3294 215

IGSP( =2e-1)-lin 12.4 45 15.2 91 27.6 39 70.1 63 514 91 725 311 102.2 115 297.1 275
IGSP( =1e-1)-lin 9.7 47 175 134 26.5 31 68.5 81 35.8 92 83.4 351 93.6 102 293.9 253
IGSP( =1e-2)-lin 7.1 34 16.4 125 28.7 27 72.7 a9 19.0 51 73.7 337 76.0 129 315.7 142
IGSP( =1e-3)-lin 5.9 35 15.9 105 29.6 30 75.0 28 16.4 44 77.1 322 75.0 1120 325.1 177
IGSP( =1e-5)-lin 6.6 30 21.1 123 27.7 34 73.6 a8 159 s7 79.6 225 73.3 127 323.2 160
IGSP( =1e-7)-lin 7.2 43 24.3 159 30.1 41 75.4 s9 17.3 39 84.1 221 73.2 112 3255 231
IGSP( =1e-9)-lin 5.9 35 20.9 161 31.3 21 76.6 40 19.2 42 94.4 209 77.4 113 347.2 155
IGSP( =2e-1) 10.6 27 12.4 a9 27.0 30 70.8 41 48.2 77 975 208 89.5 155 306.3 17.1
IGSP( =1e-1) 7.7 41 121 88 27.5 50 73.0 52 323 71 875 399 894 164 325.4 216
IGSP( =1e-2) 5425 153 64 29.5 35 74.2 a9 195 52 825 385 83.0 95 337.3 159
IGSP( =1e-3) 6.6 41 21.7 145 31.3 38 75.9 77 17.3 61 83.3 362 80.4 119 331.0 237
IGSP( =1e-5) 6.331 19.8 1212 34.0 42 76.8 120 19.3 46 90.8 326 77.0 95 345.2 938
IGSP( =1e-7) 6.333 214 131 341 19 785 84 19.1 40 91.6 200 75.8 111 344.4 166
IGSP( =1e-9) 5937 21.7 159 34.6 26 79.7 62 18.8 39 94.0 338 77.5 90 3414 245

GIES 44 61 1.0 16 7.9 a7 255 132 26.9 505 9.5 74 80.1 362 96.7 591
CAM 1.8 15 2.8 44 7.9 36 26.7 190 6.1 52 18.1 163 101.8 245 142.5 491
DCDI-G 2.3 36 2.7 33 24 16 139 85 13.9 203 13.7 81 16.8 87 825 381
DCDI-DSF 7.0 107 7.8 538 16 16 7.7 138 83 41 324 173 11.8 21 102.3 345

Table 4.24. Results for the nonlinear with non-additive noise data set with perfect intervention

C.7.1. Perfect interventions.

10nodese=1 10 nodesg=4 20 nodese=1 20 nodeseg =4
Method SHD SID SHD SID SHD SID SHD SID
IGSP*-lin 2.1 o9 11.7 &7 20.7 58 61.4 1120 4.0 29 179 120 62.2 120 256.8 355
IGSP* 3.4 18 149 124 24.1 25 68.9 93 80 57 43.8 336 75.3 92 338.3 223

IGSP( =2e-1)-lin 8.5 27 15.5 8o 23.2 73 65.8 1123 45.3 95 48.0 284 86.1 150 253.7 298
IGSP( =1le-1)-lin 4533 15.3 108 24.4 66 65.4 126 23.4 99 47.3 318 805 137 259.4 272
IGSP( =1e-2)-lin 2.8 19 12.8 656 26.1 48 69.7 88 6.6 44 20.2 133 68.2 137 279.2 224
IGSP( =1e-3)-lin 3.9 28 17.2 91 26.4 56 71.1 o7 7.0 s9 332 263 70.6 162 296.3 208
IGSP( =1e-5)-lin 4.3 26 21.4 134 29.2 51 75.3 74 8.1 50 454 39 755 77 325.3 213
IGSP( =1le-7)-lin 3.4 13 19.1 101 29.1 39 74.8 656 10.7 512 52.8 333 77.9 92 333.1 167
IGSP( =1e-9)-lin 4.6 33 23.7 204 31.3 41 79.1 57 10.5 50 61.6 339 78.0 81 343.4 239
IGSP( =2e-1) 9536 215 136 27.7 54 70.9 104 46.9 103 64.1 346 955 86 306.0 200
IGSP( =1e-1) 5622 159 160 26.8 53 68.8 9s8 32.3 96 54.3 305 89.0 o7 315.5 206
IGSP( =1e-2) 5028 20.2 153 32.0 32 76.3 53 11.8 91 48.8 436 82.7 125 339.2 117
IGSP( =1e-3) 4027 199 143 31.0 41 76.4 638 10.8 60 56.6 323 82.6 s 347.3 83
IGSP( =1e-5) 5.4 44 233 198 30.9 41 80.4 29 12.7 69 71.2 a15 80.3 96 347.6 126
IGSP( =1e-7) 5124 21.6 127 31.4 27 795 34 13.8 74 80.4 421 822 73 351.0 137
IGSP( =1e-9) 6.533 28.0 184 30.6 39 78.3 44 153 77 80.3 452 83.0 ss8 3514 se

GIES 13.7 119 20.9 104 142 71 47.1 168 33.7 88 20.8 224 78.7 204 194.1 610
CAM 81 62 226 188 19.4 47 56.0 101 105 58 36.3 236 111.7 165 232.5 234
DCDI-G 2.7 28 8.2 ss 52 35 251 129 10.8 120 27.0 213 34.7 71 188.0 4838
DCDI-DSF 1.3 13 4.2 a0 1.7 24 10.2 149 7.0 a0 21.0 125 189 59 133.6 339

Table 4.25. Results for the linear data set with imperfect intervention
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10nodesg=1 10 nodeseg=4 20 nodese=1 20 nodese=4

Method SHD SID SHD SID SHD SID SHD SID
IGSP*-lin 9.1 44 23.6 127 22.8 46 62.0 97 18.1 60 67.5 262 81.2 88 322.9 138
IGSP* 6.2 34 15.8 99 27.6 23 67.2 87 17.0 39 79.7 339 757 74 321.0 238

IGSP( =2e-1)-lin 19.7 34 29.9 149 26.0 50 67.0 127 59.0 119 87.0 400 123.7 104 279.5 276
IGSP( =1le-1)-lin 17.8 55 35.4 141 26.1 55 68.9 95 40.1 120 71.4 393 119.2 108 285.5 213
IGSP( =1e-2)-lin 13.0 47 28.1 120 27.7 30 70.0 ss8 24.9 99 67.1 350 109.6 116 291.6 208
IGSP( =1e-3)-lin 13.160 30.6 160 28.7 36 71.8 62 24.4 90 68.8 249 96.5 106 303.7 173
IGSP( =1e-5)-lin 11573 31.0 174 288 60 69.6 128 21.6 51 81.3 322 90.4 108 314.1 153
IGSP( =1le-7)-lin 10.6 58 31.0 158 29.5 50 74.1 81 23.3 51 93.2 359 84.2 89 329.3 156
IGSP( =1e-9)-lin 11.0 64 34.0 207 29.7 28 69.7 95 21.3 s7 86.3 297 834 81 3285 192
IGSP( =2e-1) 11442 23.8 160 29.0 32 72.1 75 48.0 83 77.8 426 97.5 128 307.5 237
IGSP( =1e-1) 10.6 51 26.2 158 31.3 33 73.7 71 36.9 61 86.9 426 88.8 111 318.5 2538
IGSP( =1e-2) 9.144 243 115 324 41 76.9 638 20.9 62 84.8 309 86.1 84 334.3 142
IGSP( =1e-3) 8245 245 135 32.7 22 78.2 83 19.3 44 78.8 322 829 s7 325.1 197
IGSP( =1e-5) 8038 25.8 142 33.8 24 794 41 21.4 54 91.8 405 83.1 78 3434 143
IGSP( =1e-7) 8443 27.6 153 33.2 19 78.1 59 20.3 47 87.2 396 85.6 74 334.9 252
IGSP( =1e-9) 8445 283 163 34.4 34 79.9 44 19.6 31 90.1 331 79.1 74 332.5 209

GIES 19.9 104 23.0 101 18.9 60 59.5 112 74.4 s08 56.4 431 112.2 238 245.2 361
CAM 11.2 93 7.8 87 9.6 30 25.2 108 16.3 99 26.7 272 121.9 116 155.4 415
DCDI-G 6.2 54 7.6 110 13.1 29 48.1 91 26.0 346 23.3 257 36.4 134 88.5 438
DCDI-DSF 13484 179 105 14.4 24 53.2 82 152 27 494 267 44.6 154 149.8 260

Table 4.26. Results for the additive noise model data set with imperfect intervention

10nodesg=1 10 nodesg =4 20 nodese=1 20 nodese=4
Method SHD SID SHD SID SHD SID SHD SID
IGSP*-lin 5.6 36 23.0 196 225 29 63.4 67 13.8 69 86.0 717 65.1 120 315.4 462
IGSP* 51 43 20.8 165 24.3 29 69.1 55 18.2 79 100.3 7a7 717 52 331.7 359

IGSP( =2e-1)-lin 14.1e61 30.8 218 26.9 41 70.1 58 49.7 132 89.7 643 100.2 g8 297.2 139
IGSP( =1le-1)-lin 9.8 48 249 230 25.5 46 68.1 71 39.7 123 104.9 e27 90.2 130 289.0 327
IGSP( =1le-2)-lin 8.0 44 29.6 226 26.4 38 69.9 40 18.1 s2 88.6 s87 70.6 130 301.0 409
IGSP( =1e-3)-lin 7.6 28 26.9 224 28.4 23 73.7 37 16.3 ss 88.5 726 729 87 326.0 181
IGSP( =1e-5)-lin 7.7 53  29.2 247 27.2 40 69.3 86 18.9 69 112.2 ea6 70.7 98 320.2 276
IGSP( =1le-7)-lin 6.7 46 26.3 199 28.8 39 73.1 538 16.8 72 106.1 638 72.6 99 338.0 172
IGSP( =1e-9)-lin 7.7 a3 29.2 179 30.0 32 74.4 74 17.7 68 119.8 779 72.3 96 337.1 238
IGSP( =2e-1) 12555 27.9 210 26.7 44 71.7 42 529 66 113.0 642 91.7 76 311.0 159
IGSP( =1le-1) 9.554 26.7 240 26.2 a7 70.6 64 37.1 101 113.0 797 79.5 90 318.2 303
IGSP( =1e-2) 7.3 45 26.9 194 28.4 33 73.9 43 209 77 100.1 7119 775 75 324.7 287
IGSP( =1e-3) 7452 29.8 218 29.6 29 76.0 30 22.4 78 125.9 894 76.2 76 343.4 213
IGSP( =1e-5) 6.6 51 249 204 31.0 24 76.5 a7 19.6 84 114.6 799 74.4 54 335.7 243
IGSP( =1e-7) 6852 255 202 326 33 77.7 72 21.3 100 129.2 924 76.4 56 341.0 260
IGSP( =1e-9) 6.8 44 257 189 33.0 24 77.2 67 21.3 91 127.6 928 76.8 65 348.4 185

GIES 13.2 1122 16.7 139 18.1 56 53.7 150 36.8 411 67.0 463 92.7 204 215.8 639
CAM 43 33 9.3 638 14.7 s1 45.7 149 20.7 162 53.9 329 121.5 o3 194.1 403
DCDI-G 39 39 75 65 7.4 27 29.8 120 10.0 140 39.2 415 209 72 124.0 390
DCDI-DSF 5342 163 100 56 31 324 146 12.4 53 70.3 552 16.4 49 139.7 426

Table 4.27. Results for the nonlinear with non-additive noise data set with imperfect intervention

C.7.2. Imperfect interventions.
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10nodese=1 10 nodese =4 20 nodeseg=1 20 nodesg=4

Method SHD SID SHD SID SHD SID SHD SID
UTIGSP*-lin 0.7 16 3.4 84 21.1 36 62.9 60 39 36 14.6 91 67.9 108 271.6 386
UTIGSP* 1.7 20 7.4 107 25.8 25 67.4 87 14.3 48 65.5 322 77.9 55 332.2 197

UTIGSP( =2e-1)-lin 7.7 37 15.1 154 245 61 67.6 80 37.6 102 44.4 326 959 97 265.6 245
UTIGSP( =le-1)-lin 3.7 32 10.2 126 26.4 29 68.9 65 18.4 51 16.8 74 83.4 131 255.8 203
UTIGSP( =1e-2)-lin 1.7 22 7.0 93 27.2 58 70.1 98 46 40 139 1121 70.1 120 271.2 199
UTIGSP( =1e-3)-lin 1.6 22 7.2 101 29.6 55 73.1 94 6.9 65 25.6 316 81.0 127 301.1 176
UTIGSP( =1e-5)-lin 1.2 19 5.1 87 29.4 42 73.2 71 8.8 60 36.7 209 815 117 323.1 141
UTIGSP( =1e-7)-lin 1.8 26 7.6 134 29.4 34 72.3 96 88 s5 43.3 401 84.8 97 339.6 118
UTIGSP( =1e-9)-lin 1.8 24 7.8 135 29.2 38 70.2 75 11.6 73 57.3 484 81.2 57 339.4 137
UTIGSP( =2e-1) 8530 9.6 ss 27.8 47 70.7 104 50.3 152 65.1 492 106.7 97 315.7 240
UTIGSP( =1e-1) 6.2 32 13.0 100 30.5 24 743 &7 325 70 57.5 389 97.4 98 317.5 221
UTIGSP( =1e-2) 2627 86 97 30.4 40 74.6 73 179 s6 60.5 271 85.9 81 328.2 201
UTIGSP( =1e-3) 2.7 22 9.3 102 32.1 30 78.1 a6 16.9 65 70.2 341 83.2 86 3414 so
UTIGSP( =1e-5) 4326 152 115 315 22 784 8o 17.0 66 82.8 374 822 52 344.2 141
UTIGSP( =1e-7) 5039 182 166 32.0 28 77.1 59 195 69 89.7 377 82.8 49 346.0 174
UTIGSP( =1e-9) 6.037 222 180 31.7 38 73.6 71 18.8 67 87.4 42 814 s7 345.8 154

JCI-PC* 5.7 26 23.6 132 35.9 17 83.0 65 13.1 35 77.4 222 76.2 70 341.9 225
JCI-PC( =2e-1) 74 21 284 138 36.1 18 83.2 &7 176 42 849 262 76.2 70 341.9 225
JCI-PC( =1e-1) 6.920 26.2 130 36.1 18 83.2 67 15.2 37 83.1 253 76.2 70 3419 225
JCI-PC( =1e-2) 5923 236 132 36.1 18 83.2 67 13.4 34 79.0 231 76.2 70 3419 225
JCI-PC( =1e-3) 5726 236 132 36.1 18 83.2 67 131 35 77.4 222 76.2 70 3419 225
DCDI-G 10.1 42 12.4 ss 16.4 53 52.3 152 14.3 188 23.3 136 59.9 105 237.6 408
DCDI-DSF 44 53 9.4 94 9.3 40 36.9 1129 4.9 31 20.0 120 325 78 161.3 371

Table 4.28. Results for the linear data set with perfect intervention with unknown targets
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10nodeseg=1 10 nodesg=4 20nodese=1 20 nodeseg=4

Method SHD SID SHD SID SHD SID SHD SID
UTIGSP*-lin 7.1 23 20.5 125 22.6 30 59.2 126 14.1 48 56.8 320 76.4 57 312.5 243
UTIGSP* 7.0 a3 20.6 137 249 23 70.8 59 16.8 70 87.1 527  77.9 66 333.4 187

UTIGSP( =2e-1)-lin 16.9 41 24.2 125 259 50 66.5 93 58.0 108 73.7 319 125.5 110 275.8 230
UTIGSP( =le-1)-lin 13.8 60 20.8 150 26.9 41 67.1 118 40.0 117 67.0 s01  117.9 63 290.7 161
UTIGSP( =1e-2)-lin 11.2 43 25.2 131 26.4 46 66.5 134 20.5 105 54.8 416 101.5 76 298.6 193
UTIGSP( =1e-3)-lin 10.3 37 28.1 132 26.2 36 64.6 75 17.3 72 47.6 244 945 79 306.8 201
UTIGSP( =1e-5)-lin 9.3 25 27.4 938 29.0 37 73.0 54 18.3 69 73.0 424 87.9 78 325.2 149
UTIGSP( =1e-7)-lin 8.1 212 249 116 28.2 37 724 s8¢ 16.6 57 65.8 403 80.2 84 316.4 221
UTIGSP( =1e-9)-lin 8.2 28 27.5 107 30.7 39 76.7 53 16.7 59 70.2 420 783 40 318.9 207
UTIGSP( =2e-1) 13539 222 172 27.6 37 73.7 35 45.6 93 66.2 437 98.6 100 297.3 364
UTIGSP( =1e-1) 10.6 61 20.1 128 26.7 29 71.9 &7 31.3 53 68.3 458 87.8 100 301.0 353
UTIGSP( =1e-2) 9.142 253 103 29.0 26 73.1 31 20.8 76 97.6 530 84.4 96 328.2 174
UTIGSP( =1e-3) 10.4 21 28.1 129 305 a7 77.8 54 18.6 70 845 454 83.6 53 335.0 253
UTIGSP( =1e-5) 9943 336 120 321 39 774 67 195 66 95.6 509 819 71 3413 121
UTIGSP( =1e-7) 9.4 49 33.3 144 33.7 39 76.8 94 18.5 69 92.3 40 833 81 3375 215
UTIGSP( =1e-9) 9452 321 152 33.0 42 77.7 87 18.7 68 93.8 520 829 70 329.4 2382

JCI-PC* 8527 33.6 120 355 30 76.5 87 15.2 50 90.8 5212 72.4 54 330.6 128
JCI-PC( =2e-1) 10.2 33 35.8 131 35.5 30 75.6 so0 21.0 36 92.0 496 72.9 54 328.7 138
JCI-PC( =1e-1) 9530 352 129 355 30 75.6 80 175 38 91.2 512 729 54 328.7 138
JCI-PC( =1e-2) 9.130 354 138 355 30 75.6 80 15.2 50 90.8 5212 725 54 330.5 129
JCI-PC( =1e-3) 8.6 28 33.7 121 355 30 75.6 80 15.2 50 90.8 5212 72.4 54 330.6 1238
DCDI-G 18.2 101 16.4 ss8 20.4 68 64.8 104 28.0 335 39.1 205 65.5 116 249.8 261
DCDI-DSF 10.6 70 15.3 105 9.1 38 42.2 124 28.0 209 37.8 226 42.4 156 168.5 3738

Table 4.29. Results for the additive noise model data set with perfect intervention with unknown
targets
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10nodesg=1 10 nodesg =4 20 nodese=1 20 nodesg=4

Method SHD SID SHD SID SHD SID SHD SID
UTIGSP*-lin 3.6 22 145 111 23.1 34 66.3 64 13.7 36 67.2 2838 68.0 118 323.6 157
UTIGSP* 4.1 27 13.9 95 24,2 38 64.2 111 17.8 37 87.2 258 73.4 76  328.7 249

UTIGSP( =2e-1)-lin 11.3 28 13.7 69 24.7 47 675 74 50.2 54 66.2 204 104.3 136 292.4 185
UTIGSP( =le-1)-lin 8532 13.2 103 27.0 42 70.5 63 36.7 85 81.7 381 91.7 76  288.6 204
UTIGSP( =1le-2)-lin 6.6 26 17.0 99 27.4 34 679 87 18.3 37 71.5 370 77.6 121 304.2 224
UTIGSP( =1e-3)-lin 4.4 25 145 108 27.8 36 72.2 60 16.1 s2 77.2 384 72.2 134 319.0 169
UTIGSP( =1e-5)-lin 6.3 36 20.8 148 28.7 34 72.6 57 15.7 37 80.5 190 715 93 323.3 170
UTIGSP( =le-7)-lin 5.7 29 21.6 153 29.9 28 75.1 54 15.7 a2 77.7 257 73.0 128 325.7 178
UTIGSP( =1e-9)-lin 5.3 33 19.6 153 30.2 40 74.3 86 17.1 41 81.3 282 76.2 113 345.8 179
UTIGSP( =2e-1) 10.4 20 12.4 100 26.4 44 69.3 97 48.5 78 93.9 375 90.3 155 306.8 199
UTIGSP( =1e-1) 8133 14.0 76 26.9 41 70.6 638 35.6 65 103.2 288 86.5 139 319.6 281
UTIGSP( =1e-2) 6.1 41 16.6 125 28.1 48 68.4 143 23.0 57 107.1 275 84.5 89 327.3 204
UTIGSP( =1e-3) 6.4 36 195 145 31.0 31 76.8 43 20.6 35 97.3 208 81.1 62 338.5 108
UTIGSP( =1e-5) 6.835 21.1 129 35.0 22 80.6 48 20.5 42 95.8 232 79.4 88  338.1 160
UTIGSP( =1e-7) 6.2 35 20.0 125 325 21 75.2 99 20.0 45 97.4 222 78.8 93  348.1 122
UTIGSP( =1e-9) 7.6 38 223 134 339 20 78.6 69 19.4 39 94.3 271 77.9 75 342.3 187

JCI-PC* 8.1 26 26.7 134 38.8 19 80.8 76 16.3 35 89.8 347 73.7 77 335.8 151
JCI-PC( =2e-1) 10.520 27.3 143 39.2 22 82.9 ss6 23.4 46 99.4 ass8 73.8 7.7 334.4 184
JCI-PC( =1e-1) 9.6 20 27.8 142 39.2 22 829 66 20.5 39 100.0 333 739 77 336.2 154
JCI-PC( =1e-2) 8.2 25 26.7 134 39.4 22 84.8 46 16.8 35 88.8 362 74.0 77 340.0 143
JCI-PC( =1e-3) 8126 26.7 134 395 21 84.9 45 16.4 36 90.9 370 74.1 78 340.1 144
DCDI-G 6.6 101 9.2 94 85 42 37.1 153 16.5 228 20.8 105 354 84 177.3 3838
DCDI-DSF 8.3 114 12.1 66 43 26 28.6 142 17.0 135 52.6 202 27.7 100 126.9 366

Table 4.30. Results for the nonlinear with non-additive noise data set with perfect intervention with
unknown targets
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Nonparametric Partial Disentanglement via Mechanism Sparsity: Sparse Actions, Interven-
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dre Lacoste and Simon Lacoste-Julidinis work was submitted to the Journal of Machine Learning
Research in 2024.
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based method and performed most of the experim&w#émi Le Priol provided valuable feedback
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clari ed the conceptual framework and the motivation and provided supervision.

Contributions of the Authors (CLeaR version)

Sébastien Lachapelleeveloped the idea, the theory and proofs behind mechanism sparsity
regularization for disentanglement, wrote the rst draft of the paper, and designed and implemented
the regularized VAE-based methdélau Rodriguez Lopezran all experiments appearing in the



paper, produced associated gures and ran experiments with image data that are still work in
progressYash Sharmacontributed to the research process, the experimental design in particular,
implemented and ran experiments on image data that did not make it in the nal version, and
contributed to the writing and the literature revidfatie Everett implemented and ran experiments

on image data that did not make it in the nal version and contributed to the writing and gures.
Rémi Le Priol reviewed the proofs of main theorems, simpli ed some arguments and the overall
proof presentation and contributed to the writing and gurslexandre Lacosteproduced image
datasets that did not make it into the nal version and provided superviSiomon Lacoste-Julien
helped with overall paper presentation, clari ed the conceptual framework and the motivation and
provided supervision.

Context and Limitations

The following contribution (of which a rst version was presented at the Workshop on the
Neglected Assumptions in Causal Inference at ICML 2021) was inspired by numerous talks given
by Yoshua Bengio at Mila where he described the idea of learning a “causal graph in latent space”
and how it could alleviate some of the limitations of current deep learning approaches [Bengio, 2019,
Scholkopf et al., 2021]. However, there were no theoretical guarantees showing this vision was
actually achievable despite the apparent lack of identi ability. This state of affairs did not prevent
empirical investigations in this space including Goyal et al. [2021b], which proposed an architecture
in which a sparsely connected latent dynamical system is learned and shown empirically to improve
out-of-distribution generalization, Volodin [2021], which proposed a very similar sparsity principle
to ours without identi ability guarantees, and Trauble et al. [2021], which highlighted the failure
of disentanglement methods to recover correlated latent variables. On the theoretical side, the
dif culty of identi ability in the nonlinear mixing case were already well understood [Hyvarinen
and Pajunen, 1999, Locatello et al., 2020a] and seminal works in nonlinear ICA were proving the

rst identi ability results for nonlinear mixing [Hyvarinen and Morioka, 2016, 2017, Hyvérinen

et al., 2019, Khemakhem et al., 2020a], which were crucial for the following contribution. The
key novelty in our work is to leverage sparsity of the latent causal graphical model to disentangle
with theoretical guarantees. More precisely the framework can leverage auxiliary variables with
sparse effects (like actions), sparse interventions (also see [Lippe et al., 2022, 2023b]) and/or sparse
temporal dependencies. The latter principle was exploited before in an extreme form where each
latentz! can only be in uenced by itsel;! * [Tong et al., 1993, Hyvarinen and Morioka, 2017,

Klindt et al., 2021]. To the best of our knowledge, our framework is the rstto show theoretically that
more permissive dependency structures between latent factors can be also leveraged to disentangle,
even without an observed auxiliary variable (e.g. no actions nor interventions). Our work was also
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the rst to prove that interventions on latent variables can be used to disentangled, concurrently
with Lippe et al. [2022].

We provide a more thorough review of the literature both predating and postdating the CLeaR
2022 version in Section 5.7, where we discuss many recent works in causal representation learning
and disentanglement showing identi ability in various settings. We highlight the fact that Zheng
et al. [2022] largely based their proof strategies and assumptions on the CLeaR 2022 version of our
work, to show that sparsity in the mixing functiér{z) can also be leveraged for disentanglement.

In the last few years, the community went from having no theoretical basis for causal represen-
tation learning to a plethora of new identi ability results showing causal representation learning
is actually possible, at least in the in nite data regime. The next frontier for causal representation
learning, and disentanglement more generally, is to go from success in theory to success in practical
applications. Lopez et al. [2023] adapted our approach in order to apply it to gene expression data
with perturbations and showed that (i) many different perturbations have the same effect on a given
latent factors, suggesting these act on the same pathway, which is corroborated by previous studies,
and (ii) sparse models with a disentangled representation can transfer more easily to held-out
perturbations. Lei et al. [2023] similarly showed that the model we propose (with a sparse latent
graph) can also adapt faster to sparse shift in the latent distribution of simple video data. These
observations might be instantiations of the phenomenon identi ed by Bengio et al. [2020] and
theoretically analyzed by Le Priol et al. [2021] which showed that causal models can sometimes
adapt faster to sparse changes, i.e. with fewer samples. Further investigations are needed to explain
this phenomenon in the causal representation learning setting.

At the moment, training models for causal representation learning is challenging since it inherits
both dif culties of learning a causal graph (which is discrete) and training deep neural networks.
There might also be an inherent trade-off between identi ability and ease of optimization: Overpa-
rameterization is known to make optimization easier but also making the model less identi able.
Nevertheless, Lippe et al. [2023a] have shown important progress when it comes to training these
models, and showed convincing results on image data simulating robot control. More efforts
are needed to demonstrate the applicability of causal representation learning methods to realistic
settings.
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Chapter 5

Nonparametric Partial Disentanglement via
Mechanism Sparsity: Sparse Actions, Interventions
and Sparse Temporal Dependencies

Abstract

This work introduces a novel principle for disentanglement weroalthanism sparsity regu-
larization, which applies when the latent factors of interest depend sparsely on observed auxiliary
variables and/or past latent factors. We propose a representation learning method that induces
disentanglement bgimultaneouslyearning the latent factors and the sparse causal graphical model
that explains them. We develop a nonparametric identi ability theory that formalizes this principle
and shows that the latent factors can be recovered by regularizing the learned causal graph to be
sparse. More precisely, we show identi ablity up to a novel equivalence relation weoradistency
which allows some latent factors to remain entangled (hence thepntial disentanglement). To
describe the structure of this entanglement, we introduce the noti@mariglement graphend
graph preserving functiondVe further provide a graphical criterion which guarante@siplete
disentanglement, that is identi ability up to permutations and element-wise transformations. We
demonstrate the scope of the mechanism sparsity principle as well as the assumptions it relies
on with several worked out examples. For instance, the framework shows how one can leverage
multi-node interventions with unknown targets on the latent factors to disentangle them. We fur-
ther draw connections between our nonparametric results and the now popular exponential family
assumption. Lastly, we propose an estimation procedure based on variational autoencoders and
a sparsity constraint and demonstrate it on various synthetic datasets. This work is meant to be a
signi cantly extended version of Lachapelle et al. [2022].



5.1. Introduction

It has been proposed that causal reasoning will be central to move modern machine learning
algorithms beyond their current shortcomings, such as their lacdboktnesstransferabilityand
interpretability[Pearl, 2019, Schdlkopf, 2019, Goyal and Bengio, 2021]. To achieve this, the eld
of causal representation learnin@CRL) [Scholkopf et al., 2021] aims to learn representations
of high-dimensional observations, such as images, that are suitable to perform causal reasoning
such as predicting the effect of unseen interventions and answering counterfactual queries. A
now popular formalism to do so is to assume that the observatich®k?% are sampled from a
generative model of the form = f (z) wherez 2 R% is a random vector afinobservednd
semantically meaningfuariables, also called latent factors, distributed according to an unknown
causal graphical mod€ICGM) [Pearl, 2009b, Peters et al., 2017] and transformed by a potentially
highly nonlineardecodey or mixing functionf [Kocaoglu et al., 2018, Volodin, 2021, Lachapelle
et al., 2022, Lippe et al., 2023b, Brehmer et al., 2022, Ahuja et al., 2023, Buchholz et al., 2023, von
Klgelgen et al., 2023, Zhang et al., 2023, Jiang and Aragam, 2023]. The goal is then to recover the
latent factors; up to permutation and rescaling as well as the causal relationships explaining them.
This is closely related to the problemditentanglemeriBengio et al., 2013, Higgins et al., 2017,
Locatello et al., 2020a] which also aims at extracting interpretable variables from high-dimensional
observations, but without the emphasis on modelling their causal relations. Such problems are
plagued by the dif cult question aflienti ability, which is of crucial importance to the classical
settings ofcausal discoverjPearl, 2009b, Peters et al., 2017], wheres assumed to be the identity,
andindependent component analyfiGA) [Hyvarinen et al., 2001, 2023], where the causal graph
over latents is assumed empty. In the former, one can only identify the Markov equivalence class
of the causal graph (assuming faithfulness) thus leaving some edge orientations ambiguous [Pearl,
2009b], while in the latter, identi ability of the ground-truth latent factors is impossible when
assuming a general nonlinday [Hyvarinen and Pajunen, 1999]. The general CRL problem inherits
the dif culties from both of these settings, which makes identi ability especially challenging.
Various strategies to improve identi ability have been contributed to the literature such as assuming
access tanterventional datan which latent factors are targeted by interventions [Lachapelle et al.,
2022, Lippe et al., 2022, 2023b, Ahuja et al., 2023], or access &uxritiary variablea that renders
the factorsz; mutually independent when conditioned on [Hyvarinen et al., 2019, Khemakhem
et al., 2020a,b]. A valid auxiliary variabke must be observed and could correspond, for instance,
to a time or an environment index, an action in an interactive environment, or even a previous
observation if the data has temporal structure. See Section 5.7 for a more extensive review of
existing approaches for latent variable identi cation.
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The present paper introdu¢esechanism sparsity regularizatias a new principle for la-
tent variable identi cation. We show that if (i) an auxiliary varialdeis observed and affects
the latent variablesparselyand/or (ii) the latent variables presespgarsetemporal dependen-
cies, then the latent variables can be recovered by learning a graphical modetridia and
regularizing it to be sparse (Theorems 5.1, 5.2, 5.3 & 5.5). More speci cally, we consider
models of the fornx' = f (z') + n', wheren! is independent noise (Assumption 5.1) and
the latent factorg! are mutually independent given the past factors and auxiliary variables, i.e.
p(ztjz<t;a) = f';l p(ztjz<';a) (Assumption 5.2). Crucially, we leverage the assumption
that these mechanisms are sparse in the sensp(#igtz<! ; a<!) factorizes according to a sparse
causal graptc (Assumption 5.3). Interestingly, @ corresponds to an intervention index, our
framework explains how interventions targeting unknown subsets of latent factors can identify them
(Section 5.3.3.1). We emphasize that the settings where the data has no temporal dependencies or no
auxiliary variablea are special cases of our framework. Our identi ability results are summarized
in Table 5.1.

This work is meant to be an extended version of Lachapelle et al. [2022] in which we generalize
along two main axes: First, we relax tegponential familyassumption by providing a fully
nonparameteri¢reatment. Secondly, our results drop the graphical criterion of Lachapelle et al.
[2022] and, thus, allow foarbitrary latent causal graphs. As a consequence of this relaxation,
instead of guaranteeing identi ability up to permutation and element-wise transformation, we
guarantee identi ability up to what we cal-consistencyr z-consistencyDe nitions 5.13 & 5.14),
which might allow certain latent variables to remain entangled. Our results thus have the following
avor: Given a speci ¢ ground-truth causal grafgh overz anda, we describe precisely the
structure of the entanglement between latent factors via what we calhtamglement graph
(De nition 5.3) andgraph preserving functione nition 5.12). See Figure 5.3 for examples.
Interestingly, the stronger identi ability up to permutation and element-wise transformation arises
as a simple consequence of our theory when the graphical criterion of Lachapelle et al. [2022]
is assumed to hold. In addition to these two main axes of generalization, we provide extensive
examples illustrating the scope of our framework, our assumptions and the consequences of our
results (See Table 5.2 for a list). When it comes to the learning algorithm, we replaced the sparsity
penaltyby a sparsityconstraint which improves the learning dynamics and is more interpretable,
which results in easier hyperparameter tuning.

The hypothesis thdtigh-level concepts can be described by a sparse dependencylggaph
been described and leveraged for out-of-distribution generalization by Bengio [2019] and Goyal
et al. [2021b], which were early sources of inspiration for this work. To the best of our knowledge,

1A shorter version of this work originally appeared in Lachapelle et al. [2022].
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