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Résumé

Le triomphe de l’apprentissage profond dans divers domaines tels que la classification d’images,
la reconnaissance vocale, la génération de langage naturel et la génération d’images a été rendu
possible par l’augmentation de la taille des ensembles de données, l’augmentation de la capacité
de calcul, une communauté open source dynamique et des innovations architecturales qui, en-
semble, ont permis d’entrainer des réseaux neuronaux de plus en plus expressifs. Bien que cette
nouvelle approche ait abouti à des percées impressionnantes, elle a été accompagnée d’un manque
d’interprétabilité des modèles et de garanties théoriques. Cette thèse tente de construire des modèles
suffisamment restreints pour être interprétables et/ou analysables théoriquement tout en restant
suffisamment expressifs pour être utiles dans des modalités difficiles telles que les images. La
plupart des contributions se concentrent sur l’identifiabilité, la propriété qu’un modèle statistique
possède lorsque ses paramètres sont déterminés par la distribution qu’ils représentent, à une classe
d’équivalence près. Bien que l’identifiabilité soit centrale en inférence causale, en apprentissage de
graphe causal et en analyse de composantes indépendante, cette propriété n’est pas aussi bien com-
prise dans le contexte de l’apprentissage profond. Cette thèse soutient que l’étude de l’identifiabilité
en apprentissage automatique est utile pour mieux comprendre les modèles existants ainsi que
pour en construire de nouveaux qui soient interprétables et pourvus de garanties de généralisation.
Ce qui en découle sont de nouvelles garanties d’identifiabilité pour des modèles expressifs, pour
l’apprentissage de graphe causal et de représentations.

Les première et deuxième contributions (Chapitres 3 et 4) proposent de nouveaux algorithmes
basés sur les gradients pour apprendre un graphe causal à partir de données observationnelles et
interventionnelles, respectivement. Ces contributions ont étendu des approches contraintes continues
des relations linéaires aux relations non linéaires et ont souligné l’avantage computationnel de ces
approches lorsque l’ensemble de données est très grand.

Les troisième, quatrième et cinquième contributions (Chapitres 5, 6 et 7) fournissent de nouvelles
garanties d’identifiabilité pour le désentrelacement (disentanglement) dans l’apprentissage de
représentations. Le Chapitre 5 montre que, dans un modèle spécifique à variables latentes, les
facteurs latents réels peuvent être identifiés à une permutation et une bijection par élément près
lorsque des variables auxiliaires observées et/ou des facteurs latents passés les affectent de manière
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parcimonieuse (sparse). Ces résultats ne font pas d’hypothèses paramétriques et caractérisent
la structure du désentrelacement en fonction du graphe causal latent sous-jacent. Le Chapitre 6
introduit un problème d’optimisation bi-niveau pour l’apprentissage multi-tâches parcimonieux et
prouve que, avec des tâches suffisamment parcimonieuses et diverses, la représentation apprise doit
être désentrelacée. De plus, il fournit un argument formel montrant comment le désentrelacement est
bénéfique dans un contexte d’apprentissage avec peu d’exemples (few-shot learning). Le Chapitre 7
étudie une classe simple de décodeurs que nous appelons "décodeurs additifs" pour lesquels nous
pouvons prouver à la fois des garanties de désentrelacement et d’extrapolation. Les décodeurs
additifs sont intéressants à étudier car ils ressemblent aux architectures utilisées dans l’apprentissage
de représentations centrées sur les objets (object-centric representation learning) et constituent
une étape vers la compréhension de la créativité et de l’extrapolation dans les modèles génératifs
modernes.

Le Chapitre 8 discute de trois interprétations de l’identifiabilité et unifie les contributions de cette
thèse à l’aide d’un cadre simple en trois étapes mettant en évidence le rôle de l’identifiabilité pour
obtenir des garanties de généralisations. Spécifiquement, quatres types de problème sont couverts:
l’apprentissage de graphes causals, les décodeurs additifs pour l’extrapolation, l’apprentissage
multi-tâches parcimonieux et l’apprentissage semi-supervisé par regroupement (clustering). Les
relations entre ces problèmes sont rendues transparentes grâce au cadre de la théorie de la décision
statistique.

Mots clés: Identifiabilité, apprentissage de graphes causals, analyse de composantes indépendentes
non linéaire, apprentissage de représentations causales, apprentissage de représentations identifiable,
extrapolation, généralisation compositionelle, apprentissage représentations centrées sur les objets
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Abstract

The triumph of deep learning in diverse settings such as image classification, speech recognition,
natural language generation and image generation was driven mainly by increasingly large datasets,
cheap compute, architectural innovations and a vibrant open-source community which together
enabled training increasingly expressive neural networks. While this new approach yielded stunning
breakthroughs, it came at the cost of model interpretability and theoretical guarantees. This thesis is
an attempt at building models that are restricted enough to be interpretable and analyzed theoretically
while remaining sufficiently expressive to be useful in high-dimensional data modalities. The focus
of most contributions is on identifiability, the property a statistical model has when its parameters
can be recovered from the distribution it entails, up to some equivalence class. While identifiability is
central to causal inference, causal discovery and independent component analysis, its understanding
in the context of deep learning is underdeveloped. This thesis argues that studying identifiability in
deep learning and machine learning more broadly is useful to gain insights into existing models as
well as to build new ones that are interpretable and amenable to generalization guarantees. What
comes out are novel identifiability guarantees for expressive models, for both causal discovery and
representation learning.

The first and second contributions (Chapters 3 & 4) propose novel gradient-based algorithms to
learn a causal graph from observational and interventional data, respectively. These contributions
extended continuous constrained approaches from linear to nonlinear relationships and highlighted
the computational advantage of gradient-based approaches for large datasets.

The third, fourth and fifth contributions (Chapters 5, 6 & 7) provide novel identifiability
guarantees for disentanglement in representation learning. Chapter 5 shows that, in a specific deep
latent variable model, the ground-truth latent factors can be identified up to a permutation and
an element-wise bijection when an observed auxiliary variable and/or past latent factors sparsely
affect them. The result does not make parametric assumptions and characterizes the entanglement
structure as a function of the ground-truth latent causal graph. Chapter 6 introduces a bilevel
optimization problem to perform sparse multi-task learning and proves that, given sufficiently sparse
and diverse tasks, the learned representation must be disentangled. Furthermore, it provides a formal
argument for why disentanglement is beneficial in a few-shot learning setting. Chapter 7 studies a
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simple class of decoders we call “additive decoders” for which we can prove both disentanglement
and extrapolation guarantees. Additive decoders are interesting to study since they resemble
architectures used in object-centric representation learning and form a step toward understanding
creativity and extrapolation in modern generative models.

Chapter 8 discusses three interpretations of identifiability and unifies the contributions of
this thesis under a simple three-steps framework highlighting the role of identifiability to obtain
generalization guarantees. Specifically, four problem settings are covered: causal discovery, additive
decoders for extrapolation, sparse multi-task learning and semi-supervised learning via clustering.
The connections between all settings are made more transparent by framing them within statistical
decision theory.

Keywords: Identifiability, causal discovery, nonlinear independent component analysis, causal
representation learning, identifiable representation learning, extrapolation, compositional general-
ization, object-centric representation learning
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Chapter 1

Introduction

[...] all inferences from experience suppose, as their foundation, that the future will

resemble the past, and that similar powers will be conjoined with similar sensible

qualities. If there be any suspicion that the course of nature may change, and that

the past may be no rule for the future, all experience becomes useless, and can give

rise to no inference or conclusion. — Hume [1748, Section IV - Part II]

The process of making “inferences from experience”, calledinductive reasoning, is at the heart

of machine learning. Induction is about using experience to infer a general rule, like when one

observes that the sun has risen every day up to now to conclude that the sun will continue rising every

day in the future. In the above quote, Hume describes the fundamental assumption underpinning all

inductive reasoning: that “the future will resemble the past, and that similar powers will be conjoined

with similar sensible qualities”, a principle now known as theuniformity of nature[Salmon, 1953,

Day, 1975]. Without it, experience would be of no use to predict the future. In contrast,deductive

reasoningrefers to the process of discovering statements that are logically entailed by others, like

a mathematician deriving new theorems from known ones. While arti�cial intelligence as a �eld

certainly aims at developing agents capable of both types of reasoning, the sub�elds of statistics

and machine learning are fundamentally about formalizing the former: inductive reasoning.

While this is an important realization, the question of preciselyhownature is uniform is left

open. A large part of machine learning research is about exploring different inductive biases, i.e.

assumptions about the data made by the learner. The assumption that observations areindependent

and identically distributed(i.i.d.), which is ubiquitous to both statistics and machine learning, can

be thought of as one possible mathematization of “the uniformity of nature”: the observations made

in the past were generated from a random process that will remain the same in the future. Funda-

mental ideas such as the consistency of maximum likelihood estimation [Wasserman, 2010] and

generalization in statistical machine learning [Mohri et al., 2018, Shalev-Shwartz and Ben-David,

2014] crucially rely on this assumption. Breiman [2001] argued that, historically, statisticians had a



tendency to make stronger parametric assumptions about “how the data came about” compared to

machine learning researcher which kept the milder i.i.d. assumption. These allowed statisticians

to provide signi�cance tests for interpretable models, such linear regression, at the cost of lesser

expressivity. In contrast, machine learning researchers have focused on developing more expressive

models with the goal of tackling high-dimensional problems such as image classi�cation and speech

recognition where simple parametric models clearly did not apply, even if that meant interpretability

was compromised [Breiman, 2001]. The advantage of this approach is exempli�ed by the triumph

of deep learning, the sub�eld of machine learning focused on very expressive multilayered neural

networks [Goodfellow et al., 2016], in applications such as computer vision [Krizhevsky et al.,

2012, Radford et al., 2021], natural language processing [Brown et al., 2020] and image genera-

tion [Ramesh et al., 2022]. Although some successful architectures do exploit the structure present

in the data-modality they were designed for, e.g. convolutional neural networks (CNN) which

exploit the translation invariance of object classi�cation, it seems progress in deep learning has

been driven largely by growing datasets, computational capabilities and architectural innovations

facilitating training; as opposed to exploiting structure present in the data. One can even argue that

autoregressive language models such as GPT-3 [Brown et al., 2020] makes even weaker assumptions

about the data by training on very long non-i.i.d. sequences of text. In a similar vein, the recent

visual transformer (ViT) [Dosovitskiy et al., 2021a] demonstrates that adding further capacity and

dropping the translation-invariance of CNNs can yield improved performance when coupled with

more data. Despite the impressive progress coming out of this trend towards making models more

and more expressive and training them on more and more data, machine learning models still appear

to be less data-ef�cient than humans [Tenenbaum et al., 2011, Lake et al., 2017, Kühl et al., 2022],

are hard to interpret, are sensitive to adversarial attacks [Szegedy et al., 2014], and lack robustness

to environmental changes [Peters et al., 2016, Magliacane et al., 2018].

This thesis is an attempt at getting the best of both worlds by proposing models that are

suf�ciently expressive while being restricted enough to be interpretable and amenable to theoretical

analyses. In most contributions, we postulate the existence of some “structure” present in the data,

i.e. some speci�c way in which nature is uniform, and provide theoretical guarantees for when

this structure can be discovered, allowing improved interpretablity and/or improved generalization.

These theoretical results, often building on recent results in nonlinear independent component

analysis (ICA) [Hyvärinen et al., 2023], take the form ofidenti�ability guarantees, which state

that the parameters of a statistical model can be inferred up to some equivalence class from the

distribution it entails. Once the structure is identi�ed, the model can be more easily interpreted

and can be shown to have performance guarantees on speci�c downstream tasks (Chapter 8). This

approach can also be used to explain the behavior of existing models that are already known to

be successful by exposing the structure of the data they unknowingly exploit (Chapter 7). An
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emphasis is placed on making assumptions that capture the essence of the problem at hands without

compromising expressivity. However, progressively moving towards more realistic assumptions

while keeping guarantees remains an important challenge. More future directions are discussed in

Chapter 9.

Section 1.1 presents an overview of the structure of this thesis, Section 1.2 summarizes its

contributions and Section 1.3 lists the contributions excluded from this thesis.

1.1. Overview of the thesis structure

This thesis is organized around �ve articles, each of which has its own Prologue contextualizing

the work and brie�y reviewing recent developments that followed it. In addition, this thesis includes

a background summarizing central notions (Chapter 2), a chapter exploring different interpretations

of identi�ability and unifying most contributions under a three-steps framework (Chapter 8), and a

conclusion discussing perspectives for future work (Chapter 9). The �ve contributions are listed

below:
� Equal contributions.

� First Contribution (Chapter 3 & Prologue):

Gradient-Based Neural DAG Learning by Sébastien Lachapelle, Philippe Brouillard,

Tristan Deleu & Simon Lacoste-Julien. This work was presented at the 8th International

Conference on Learning Representations (ICLR 2020).

� Second Contribution (Chapter 4 & Prologue):

Differentiable Causal Discovery from Interventional Data by Philippe Brouillard � ,

Sébastien Lachapelle� , Alexandre Lacoste, Simon Lacoste-Julien & Alexandre Drouin. This

work was published at the 34th Conference on Neural Information Processing Systems

(NeurIPS 2020) with aspotlight.

� Third Contribution (Chapter 5 & Prologue):

Nonparametric Partial Disentanglement via Mechanism Sparsity: Sparse Actions,

Interventions and Sparse Temporal Dependenciesby Sébastien Lachapelle, Pau Ro-

dríguez López, Yash Sharma, Katie Everett, Rémi Le Priol, Alexandre Lacoste and Simon

Lacoste-Julien.This work was submitted to the Journal of Machine Learning Research

in 2024. This is a signi�cantly extended version of two works: one published at the 1st

Conference on Causal Learning and Reasoning (CLeaR 2022) and one presented at the 1st

Workshop on Causal Representation Learning at UAI 2022, the latter of which received an

oral and abest paper award.

� Fourth Contribution (Chapter 6 & Prologue):

Synergies between Disentanglement and Sparsity: Generalization and Identi�ability in

Multi-Task Learning by Sébastien Lachapelle*, Tristan Deleu*, Divyat Mahajan, Ioannis
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Mitliagkas, Yoshua Bengio, Simon Lacoste-Julien and Quentin Bertrand.This work was

published at the 40th International Conference on Machine Learning (ICML 2023).

� Fifth Contribution (Chapter 7 & Prologue):

Additive Decoders for Latent Variables Identi�cation and Cartesian-Product Ex-

trapolation by Sébastien Lachapelle� , Divyat Mahajan� , Ioannis Mitliagkas and Simon

Lacoste-Julien. This work was published at the 37th Conference on Neural Information

Processing Systems (NeurIPS 2023) with anoral.

1.2. Research contributions

The �rst and second contributions are concerned with the problem of causal discovery (Chap-

ters 3 & 4) while the third, fourth and �fth contributions are about identi�able representation

learning (Chapters 5, 6 & 7). These contributions are then uni�ed under one simple framework in

Chapter 8 which highlights how identi�ability can be seen as an intermediate step when proving

generalization guarantees.

1.2.1. Gradient-based causal discovery (Chapters 3 & 4)

The weaknesses of deep learning systems motivated a recent surge of interest incausality[Pearl,

2019, Schölkopf, 2019, Schölkopf et al., 2021, Goyal and Bengio, 2021]. In a causal model, each

variable is determined by acausal mechanismwhich takes as input other variables: its causal

parents. Importantly, these mechanisms are assumed to remain unchanged unless they are targeted

by anintervention, i.e. a change to the causal system affecting only a few mechanisms. This can be

seen as another formalization of the principle of uniformity of nature which relaxes the “identically

distributed” in “i.i.d.” by allowing the distribution to change, although in some limited way (only a

few mechanisms can change). The various causal relationships can be summarized by a directed

acyclic graph (DAG) called acausal graph. When this graph is known, it can be used to predict the

effect of interventions in the system, such as what will be the effect of taking some treatment on

the health status of a patient, without actually having to perform the intervention in the real world.

Measuring these effects is the concern ofcausal inference. However, in many applications, the

causal graph is unknown, which means it must be discovered from data. This is the problem of

causal discovery, which is the subject of the �rst two contributions.

Chapters 3 & 4 tackle the problem of learning a causal graph from data.1 Both contributions

build on the work of Zheng et al. [2018] which proposed to reformulate the inherently discrete

problem of searching over the space of DAGs into a continuous constrained optimization problem.

This formulation allows the exploration of drastically different optimization algorithms such as

the augmented Lagrangian procedure (Section 2.6.1). The �rst contribution extended this work

1Strictly speaking, Chapter 3 does not require any causal interpretation.
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to allow for nonlinear dependencies, thanks to neural networks, while the second contribution

showed how this approach can be adapted to leverage interventional data. Bene�ts of this approach

include a favorable computational complexity as a function of sample size, thanks to stochastic

gradient descent, (Chapter 4) and an ease of integration with deep learning models. The Prologue of

Chapter 3 and the Prologue of Chapter 4 provide further context for how these projects came about,

discuss limitations and review recent works addressing these challenges.

1.2.2. Identi�able representation learning (Chapters 5, 6 & 7)

Chapters 5, 6 & 7 provide novel identi�ability guarantees in representation learning. These give

theoretical grounding for how to extractdisentangled factors of variationsfrom high-dimensional

observations such as images [Bengio et al., 2013]. The term “disentangled” is used to describe

representations in which “natural factors of variations” such as object positions, colors or sizes

are represented individually as single coordinates. Disentanglement is dif�cult largely due to the

problem of unidenti�ability: many representations which are “not natural” yield as good a �t to

the data as the “natural one”. This issue was already present in simple linear models [Hyvärinen

et al., 2001] and got much worse with more expressive neural networks [Hyvärinen and Pajunen,

1999, Locatello et al., 2020b]. The results introduced in the following contributions always restrain

the expressivity of the model to get rid of the “unnatural representations” and assume the data is

generated from a ground-truth model, often building on the seminal work in nonlinear ICA which

�rst showed that the latent factors can be identi�ed even in the nonlinear mixing case [Hyvarinen

and Morioka, 2016, 2017, Hyvärinen et al., 2019, Khemakhem et al., 2020a]. One of the main

motivations for learning disentangled representations is to make deep learning models easier to

interpret, but also to easily obtain representations that are invariant to certain factors of variations.

The following contributions also uncover novel ways in which disentanglement can be bene�cial for

downstream performance (also see Chapter 8). See Section 5.7 for an exhaustive literature review

on identi�able representation learning.

Chapter 5 studies the identi�ability of a deep latent variable model (Section 2.5) in which

sequences of high-dimensional observationsf x tg such as images are explained by a sequence

of lower-dimensional latent factors of variationsf z tg via x t = f (z t ) wheref is a deep neural

network. Identi�ability of the latent factors is obtained by assuming that they are related together via

a sparse causal graphical model, which might include auxiliary variables such as actions and/or an

environment index. We provide conditions such that �tting this model while regularizing the latent

causal graph to be sparse entails disentanglement. While other works have leveraged independence

of latent variables in a temporal setting [Tong et al., 1993, Hyvarinen and Morioka, 2017, Klindt

et al., 2021], this contribution was the �rst to show that more permissive forms of sparse temporal

dependencies are sometimes enough to disentangle. This work was also among the �rst, concurrently

5



with Lippe et al. [2022], to show that interventions on latent variables can be enough to disentangle

them, a principle previously hypothesized by Schölkopf et al. [2021] without formal proofs. The

Prologue of Chapter 5 provides further context and describes recent developments which build on

this contribution.

Chapter 6 explores a multi-task learning setting in which every prediction task has the form

y = w > f (x ) wherey is a label,x is an image,f is a representation �xed across tasks and

w is sparse weight vector that changes from one task to another. We propose solving a bilevel

optimization problem in whichf is learned in the outer-problem while the task-speci�c weight

vector w is learned in the inner-problem, with sparsity regularization. Importantly, we show

that solving this bilevel optimization problem yields a disentangled representation, under some

conditions on both the data- and task-generating processes. We also provide a simple but rigorous

argument for why a disentangled representation is advantageous in a few-shot learning setting where

the future unknown task is sparse. In the Prologue of Chapter 6, I explain how this can be seen as a

formalization of an idea formulated by Bengio et al. [2013] and mention a few recent works which

leveraged the proof techniques we introduced.

Chapter 7 is about leveraging the additive structure of simple images consisting of multiple

objects for both disentanglement and extrapolation. In Chapter 5, disentanglement was enabled by

a restriction on the distribution of the latent factors (sparse dependencies), while here we instead

restrict the decoderf to be additive and show this makes the latent factors identi�able. Although

additive decoders are very simple and restrictive, they bear similarities with the more expressive

decoders used in object-centric learning [Locatello et al., 2020c]. Studying the identi�ability of

additive decoders might help us gain some theoretical understanding as to why object-centric

decoders can perform segmentations without any supervision. In addition, we show that additivity

allows generation of images that were not part of the training distribution, but that are still on

the manifold of reasonable images. We speculate that this kind of identi�ability analysis leading

to extrapolation guarantees might be applied to understand creativity in modern text-to-image

models [Ramesh et al., 2022].

1.2.3. Interpretations of identi�ability and motivations for downstream per-

formance (Chapter 8)

In addition to the �ve articles described above, Chapter 8 explores three interpretations of

identi�ability and motivates the study of identi�ability as an intermediate step when proving

downstream performance guarantees. I propose a simple three-step framework highlighting the

role of identi�ability for proving generalization guarantees and illustrate it with four seemingly

unrelated problem settings, three of which are based on contributions of this work. The connections

are made more rigorous by framing all four problem settings within statistical decision theory.
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1.3. Excluded publications

The above is a list of publications I have contributed to during my PhD that I decided to exclude.

� A Meta-Transfer Objective for Learning to Disentangle Causal Mechanismsby Yoshua

Bengio, Tristan Deleu, Nasim Rahaman, Rosemary Ke, Sébastien Lachapelle, Olexa Bilaniuk,

Anirudh Goyal and Christopher Pal.This work was presented at the 8th International

Conference on Learning Representations (ICLR 2020).

� On the Convergence of Continuous Constrained Optimization for Structure Learning

by Ignavier Ng, Sébastien Lachapelle, Nan Rosemary Ke and Simon Lacoste-Julien. This

work was presented at the 25th International Conference on Arti�cial Intelligence and

Statistics (AISTATS 2022).

� Disentanglement via Mechanism Sparsity Regularization: A New Principle for Nonlin-

ear ICA by Sébastien Lachapelle, Pau Rodríguez López, Yash Sharma, Katie Everett, Rémi

Le Priol, Alexandre Lacoste and Simon Lacoste-Julien.This work was published at the 1st

Conference on Causal Learning and Reasoning (CLeaR 2022).

� Typing assumptions improve identi�cation in causal discoveryby Philippe Brouillard,

Perouz Taslakian, Alexandre Lacoste, Sébastien Lachapelle and Alexandre Drouin.This

work was published at the 1st Conference on Causal Learning and Reasoning (CLeaR 2022)

with anoral.
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Chapter 2

Background

In this chapter, we cover some important notions necessary to understand this thesis.

� Section 2.1 provides a brief introduction to basic notions of probability such as probability

measures, random variables and (conditional) independence.

� Section 2.2 gives an introduction to the framework of statistical decision theory, maximum

likelihood estimation, the bias-variance trade-off and identi�ability.

� Section 2.3 introduces causal graphical models, how they support interventional queries and

the important Markov property.

� Section 2.4 covers brie�y both constraint-based and score-based approach to the problem of

causal discovery, which consist of learning a causal graph from data.

� Section 2.5 gives a quick overview of existing approaches to representation learning with a

focus on identi�ability in latent variable models and independent component analysis (ICA)

� Section 2.6 covers the basics of constrained optimization, leading up to the augmented

Lagrangian method.

� Section 2.7 gives brief descriptions of two popular gradient estimators, namely REINFORCE

and the reparametrization trick.

2.1. Elementary probability theory

Probability theoryis the branch of mathematics which deals with uncertainty. It provides a

coherent framework to describe quantitatively how much is known about a speci�c system and

provides tools to answer various queries about its precise state. Since this tool is fundamental to

the contribution of this report and to machine learning in general, we present a quick summary of

important notions. For a more in-depth presentation which avoids references to measure theory, we

refer the reader to Ross [2010].

The set of possible states a system can be in is called thesample spaceand is typically denoted

by 
 . Elements of
 , denoted by! , are calledoutcomeswhile subsets of
 , denoted byE, are



calledevents. A probability measureP assigns to each eventE � 
 a numberP(E) 2 [0; 1] which

described how likely it is that the outcome is inE. By de�nition, a probability measure must also

satisfy the following three axioms: (i) for allE � 
 , P(E) 2 [0; 1], (ii) P(
) = 1 , and (iii) for a

countable sequence of mutually disjoint eventsE1; E2; :::, we have thatP(
S 1

i =1 E i ) =
P 1

i =1 P(E i ).

Strictly speaking, if
 = Rn , it is impossible to de�ne a probability measureP (which by de�nition

satis�es all three axioms)that is de�ned over all subsets ofRn . The standard solution to circumvent

this problem is to restrict the domain ofP to suf�ciently nicesubsets ofRn so that the axioms can

be satis�ed. These nice sets are calledLebesgue measurable, but we will not present the de�nition

as most sets encountered in practice are Lebesgue measurable. See Durrett [2011] for details.

A random vectoris a functionx : 
 ! Rd and thedistributionof x is a probability measure

de�ned asPx (E) = P(x � 1(E)) for all eventsE � Rd, wherex � 1(E) denotes the preimage ofE

underx . The output of a random vectorx (! ) 2 Rd can be thought of as a numerical measurement

of the state of the system! 2 
 .

Throughout this chapter, we will assume thatPx can be written asPx (E) =
R

E p(x )dx or

Px (E) =
P

x 2 E p(x ) wherep : Rd ! [0; 1 ).1 In the �rst case, we sayx is continuousandp is

called aprobability density function, while in the second case, we sayx is discreteandp is called a

probability mass function. The second axiom of probability measures implies that
R

p(x )dx = 1 or
P

x p(x ) = 1 . In the following de�nitions, we use integrals everywhere, but one can replace them by

sums to obtain equivalent de�nitions for discrete random vectors. Note that, in many circumstances,

we de�ne a probability measure by �rst specifying its density/mass function. However, one should

keep in mind that not all probability measures can be expressed with density/mass functions as we

de�ned here.

Notation. Given an integern, we use the shorthand[n] to denote the setf 1; :::; ng. Given a

setS � [d], we writex S to refer to the random vector containing random variablesx j for j 2 S

and writex � S to refer to the vector containing random variablesx j for j 2 [d] n S. We usex S to

denote both the random vectorx S : 
 ! RjSj and a realizationx S 2 RjSj since both meanings can

always be disambiguated from context in this thesis. When writing
R

A f (x )dx S for someA � RjSj

and some functionf : Rd ! R, we assume integration with respect to the Lebesgue measure.

We now present the notion of marginal distributions which allows us to answer probabilistic

queries concerning only a subset of variables in the system.

De�nition 2.1. (Marginal density) Letx : 
 ! Rd be a random vector and letPx be its distribution

with densityp. Given a proper subsetS � f 1; :::; dg, the marginal density ofx S is

p(x S) :=
Z

Rd�j S j
p(x )dx � S : (2.1)

1Note that we usex to denote both the random vectorx : 
 ! Rd and a realization of the random vectorx 2 Rd,
since, in this thesis, context is always suf�cient to disambiguate the two possible meanings.
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For instance, given a subsetE � RjSj , the integral
R

E p(x S)dx S gives the probability that

x S 2 E.

Conditional probabilities describe the probability of an event occurring given another event

occurred. This notion is important to de�ne the notion of conditional independence.

De�nition 2.2. (Conditional density) Letx : 
 ! Rd be a random vector and letPx be its

distribution with densityp. Given two disjoint subsetsA; B � f 1; :::; dg, the conditional density of

x A givenx B = x 0
B is

p(x A jx 0
B ) :=

p(x A ; x 0
B )

p(x 0
B )

; (2.2)

where we assumedp(x 0
B ) > 0.

For instance, given a subsetE � RjA j , the integral
R

E p(x A j x B )dx A gives the probability that

x A 2 E given thatx B = x 0
B .

We now introduce the notion of (conditional) independence, a central notion in probabilistic

graphical models.

De�nition 2.3. ((Conditional) independence) Letx : 
 ! Rd be a random vector and letPx be

its distribution with densityp. Given two disjoint setsA; B � [d], we sayx A is independent ofx B

when

p(x A ; x B ) = p(x A )p(x B ); 8x A ; x B : (2.3)

When this is the case, we writex A ?? Px x B . Given three disjoint setsA; B; C � [d], we say that

x A is conditionally independent ofx B givenx C whenever

p(x A ; x B j x C ) = p(x A j x C )p(x B j x C ); 8x A ; x B ; x C s.t.p(x C ) > 0: (2.4)

When this is the case, we writex A ?? Px x B j x C .

To get an intuitive understanding of the notion of independence, we can rewritep(x A ; x B ) =

p(x A )p(x B ) asp(x A j x B ) = p(x A ) (assumingp(x B ) > 0) which tells us that knowing the value

of x B does not modify our belief about the value ofx A . Analogously forconditionalindependence,

we can rewritep(x A ; x B j x C ) = p(x A j x C )p(x B j x C ) asp(x A j x B ; x C ) = p(x A j x C )

(assumingp(x B j x C ) > 0) which tells us that when knowing the value ofx C , additionally

knowing the value ofx B does not change our belief aboutx A .

2.2. Statistical decision theory

At its core,statistical decision theoryis a framework to analyze and compare different decision-

making strategies under uncertainty. This section is inspired by the exposition of Berger [1985] and

Lacoste–Julien et al. [2011].
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Central to this framework is the idea that thestate of natureis captured by an unknown parameter

� which is assumed to belong to a set ofpossible states� . The decision maker must take anaction

a among a set ofpossible actionsA. If the state of the world happens to be� 0 2 � and the action

a0 2 A is taken, then a cost`(� 0; a0) is incurred. Thus, theloss functioǹ : � � A ! R gives the

cost incurred for all combinations(� ; a). It is further assumed that the decision maker can base

its decision on an observationD (for example a dataset of multiple observations) which reveals

information about the state of the world� . This observation is assumed to be a realization of some

distributionD� . The observationD is assumed to belong to asample spacedenoted byD. The

decision process is modelled by a decision rule� : D ! A which associates an actiona 2 A to

each observationD 2 D . With this notation in mind, the loss incurred by rule� when the state of

the world is� andD is observed is given bỳ(� ; � (D)), which is random sinceD is random. It is

customary to analyze the expectation of this cost, which is called therisk:

r (� ; � ) := ED � D� `(� ; � (D)) :

Note that, in principle, other summarizations of the random cost`(� ; � (D)) could be analyzed,

like the probability that it is smaller that some threshold value� , as is the subject ofprobably

approximately correctlearning (PAC) [Mohri et al., 2018].

The goal of statistical decision theory is to compare various decision rules. Since the risk

r (� ; � ) depends not just on the rule� , but also on the state of the world� , we must “aggregate”

further. For instance, one could consider theworst-case riskmax� 2 � r (� ; � ) or aweighted riskof

the form
R

r (� ; � )� (� )d� where� (� ) is a probability density that can be interpreted as thebelief

the decision maker holds before taking action. Interestingly, a decision rule can be optimal for one

criterion and not another, indicating that no decision rule is universally optimal.

Most problems in statistics and machine learning can be formulated in the language of decision

theory. For instance, the problem ofparameter estimationcorresponds to accurately guessing

� , so thatA := � . A natural loss function here would be`(� ; a) := k� � ak2
2. In its most

standard form,D corresponds to a dataset ofn independent observations(x (1) ; : : : ; x (n)) that are

identically distributed according to some distributionP� parameterized by� 2 � . In other words,

D := ( x (1) ; : : : ; x (n)) is distributed according toD� := Pn
� , wherePn

� denotes the product measure

P� � � � � � P� (n times).

A closely related setting would bedensity estimation, where one cares only about �nding a

probability distribution which is close to ground-truth data generating distribution. Formally, we

observe a datasetD := ( x (1) ; : : : ; x (n)) sampled fromD� := Pn and would like to �nd a distribution

P̂ that is close toP. One natural loss function for this setting would be`(P; P̂) := DKL (Pjj P̂), where

DKL denotes theKullback-Leibler divergencewhich is de�ned byDKL (Pjj P̂) :=
R

p(x ) log p(x )
p̂(x ) dx
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wherep andp̂ are the densities ofP andP̂ w.r.t. to the Lebesgue measure (which we assume exist).2

Note that, in this setting, the unknown state of the world� would beP itself, i.e. � := P. Finally,

we have that the decision rule� maps datasetsD to distributionŝP.

Another example would behypothesis testing, whereA := f 0; 1g corresponds to either

accepting or rejecting the null hypothesis and where` could capture the cost of committingfalse

negativeandfalse positiveerrors.

In supervised machine learning, the observation would be a datasetD :=

((x (1) ; y (1) ); : : : ; (x (n) ; y (n))) consisting of independent input-output pairs identically dis-

tributed according to some unknown distribution� := P so thatD � D� := Pn . An action

corresponds to a predictor functionf mapping inputs to outputs and the decision rule� would

correspond to a learning procedure taking as input the datasetD, and outputting a predictor

f , i.e. � (D) = f . In the case of regression, a typical choice of loss function would be

`(P; f ) := E(x ;y )� Pky � f (x )k2
2. In machine learning, this is typically called thegeneralization

error.

2.2.1. Maximum likelihood estimation (MLE) & identi�ability

Let us focus on the problem of parameter estimation where we observe a datasetD :=

(x (1) ; : : : ; x (n)) sampled fromD� := Pn
� and must produce an estimate�̂ that is close to the

“ground-truth” parameter� , which we know to be in some parameter space� . Let us assume further

that, for every� 2 � , P� has a density w.r.t. the Lebesgue measure given byp(x ; � ). A standard

strategy for this setting ismaximum likelihood estimation(MLE), which corresponds to choosing a

distribution that maximizes the so-calledlikelihood function:

�̂ (n)
MLE 2 arg max

� 02 �

nX

i =1

logp(x (i ) ; � 0) =: L (n)(� 0) :

In the language of decision theory, the corresponding decision rule is given by

� MLE((x (1) ; : : : ; x (n))) := �̂ (n)
MLE :

It is well-known that, under regularity conditions onp(x ; � ), the estimator̂� (n)
MLE is consistentin the

sense that̀(� ; �̂ (n)
MLE) := k� � �̂ (n)

MLEk2
2 ! 0 (in probability) asn ! 1 [Wasserman, 2010]. One of

these regularity conditions requires� to beidenti�able fromP� :

8� ; � 0 2 � ; P� = P� 0 =) � = � 0: (2.5)

2The KL-divergence can be de�ned more generally for arbitrary (� -�nite) measures as long aŝP(E) = 0 = ) P(E) =
0 for all eventsE (in which case we say that̂P is absolutely continuousw.r.t. P) and is given byDKL (Pjj P̂) :=R

log dP
dP̂

dP wheredP
dP̂

is theRadon-Nikodym derivativeof P w.r.t. P̂ and the integral refers to theLebesgue integral
with base measureP. This thesis avoids most of these technicalities by considering only continuous or discrete random
variables.
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This means that a parameter� can always be uniquely determined from the distributionP� it entails.

Put differently, identi�ability means that the map� 7! P� is injective. For example, in the usual

family of Gaussian distributions, the parameter(�; � 2) is identi�able from the distribution. However,

if instead we parameterize with� = � + � , the parameter(�; �; � 2) is not identi�able since multiple

choices of parameter yield the same distribution.

In order to understand the role of identi�ability, we present an informal argument for why the

maximum likelihood estimator is consistent.

Proof sketch for the consistency of̂� (n)
MLE. We follow the presentation of Wasserman [2010,

p.127]. Before starting, we recall a crucial property of the KL-divergence. In general,DKL (Pjj P̂) �

0 with equality if and only ifP = P̂. De�ne

D(�̂ ) := DKL (P� jjP�̂ ) andD (n)(�̂ ) :=
1
n

nX

i =1

log
p(x (i ) ; � )

p(x (i ) ; �̂ )
dx :

SinceD (n)(�̂ ) = n� 1(L (n)(� ) � L (n)(�̂ )) , it is clear that maximizing the log-likelihoodL (n)(�̂ ) is

the same as minimizingD (n)(�̂ ). In other words, the maximum likelihood estimator is a minimizer

of D (n)(�̂ ). Furthermore, the law of large numbers guarantees thatD (n)(�̂ ) ! D(�̂ ) asn ! 1 (in

probability). This observation suggests that the minimizer ofD (n)(�̂ ) should converge in probability

to a minimizer ofD(�̂ ). Because the parameter� is identi�able, � is the unique minimizer ofD(�̂ ).

Hence, intuitively, we should have that�̂ (n)
MLE converges to� in probability. While this argument

is informal, it can be made rigorous by adding further regularity assumptions [Wasserman, 2010,

p.127], but this is outside the scope of this thesis.�

One can question the relevance of recovering the “correct” parameter� . What if we only

care about modelling the data faithfully? This goal is better captured by the problem of density

estimation where the loss function is given by`(P; P̂) := DKL (P; P̂). In fact, to formulate this

setting, one does not even have to specify a ground-truth parameter in the �rst place. The “state of

nature”� , to use the terminology of decision theory, is the data-generating distribution itself, i.e.

� := P. That being said, one can still apply MLE to estimateP. If one choose a parametric family

f P� j � 2 H � Rkg expressive enough to containP, an argument exactly analogous to the one

presented above can be used to show that MLE is consistent in the sense thatDKL (PjjP�̂ ( n )
MLE

) ! 0

(in probability) asn ! 1 . Do not con�ate� , which is the parameter of the model, and� , which is

the “state of nature”. Again, regularity conditions are still required to make the argument formal,

but the key point is that we can get away without identi�ability this time. In light of this observation,

is there any reason to care about identi�ability? We will answer this question in Section 2.2.3 brie�y

and in more depth in Chapter 8.

14



2.2.2. Bias-variance trade-off

Although consistency is a good indication that a decision rule will be good for very large

datasets, it does not say anything about how fast the estimator approaches its target, which is

typically referred to as thesample complexityof the estimator. Such analyzes are important to

understand the behavior of a decision rule when the number of samples is limited, as they uncover

the famousbias-variance trade-offwhich is absolutely central to statistics [Wasserman, 2010] and

machine learning [Hastie et al., 2009, Mohri et al., 2018]. In the context of supervised regression

with loss`(P; f̂ ) := E(x ;y)� P(y � f̂ (x ))2, one can de�ne the bias and variance of an estimatorf̂ D

at x as

bias(f̂ D ; x ) := ED (f̂ D (x ) � E(y j x )) (2.6)

var(f̂ D ; x ) := ED (f̂ D (x ) � ED f̂ D (x ))2 ; (2.7)

whereD := (( x (1) ; y(1) ); :::; (x (n) ; y(n))) � Pn . One can show thatf � (x ) := E(y j x ) is the

minimizer ofE(x ;y)� P(y � f̂ (x ))2, which implies that the bias measures how close the expectation

of f̂ D (x ) is to the optimal predictionE(y j x ). The variance measures how uncertainf̂ D (x ) is due

to the randomness of the datasetD, for a given inputx . With simple manipulations, we arrive at the

following decomposition of the risk of the estimator:

ED; x ;y(y � f̂ D (x ))2 = Ex [bias2(f̂ D ; x ) + var(f̂ D ; x )] + Ex ;y(y � E(y j x ))2 ; (2.8)

where the rightmost term corresponds to the error committed by the best predictorE(y j x ), and is

thusirreducibleand independent of the choice of estimator. The above decomposition suggests that

a good learner is one which strikes both a low bias and low variance. A standard approach is to pick

the empirical risk minimizer:

f̂ D 2 arg min
f̂ 2F

1
n

nX

i =1

(y(i ) � f̂ (x (i )))2 ; (2.9)

whereF is some hypothesis class of potential predictors. Richer hypothesis classes typically reduce

the bias while increasing the variance. This suggests that one should select a model classF that

strikes a good balance between both competing objectives. This is the bias-variance trade-off.

Not all losses allows for a bias-variance decomposition as the one shown above, but the

terms “bias” and “variance” are often used informally in more diverse contexts to refer to the

tension between the complexity of the model class and how dif�cult it is to estimate with �nitely

many samples. Another approach which applies to more general loss` is to decompose the

suboptimality gap inestimation errorandapproximation error. TheBayes optimal erroris de�ned

as` � := inf f `(P; f ) where the in�mum is taken over all (measurable) functionsf . We can then
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arrive at the following decomposition

`(P; f̂ D ) � ` � = `(P; f̂ D ) � inf
f 2F

`(P; f )
| {z }

estimation error

+ inf
f 2F

`(P; f ) � ` �

| {z }
approximation error

: (2.10)

The estimation error quanti�es the error due to using a �nite dataset to choosef̂ as opposed to

the actual distributionP (analogous to the variance term) while the approximation error quanti�es

the error due to restricting the search to predictors inF as opposed to all measurable predictorsf

(analogous to the bias term). The approximation error term suggests we should pickF as large as

possible, but this generally leads to an increase in estimation error. The �eld ofstatistical machine

learningis about providing upper bounds on the estimation error that hold with high probability

(randomness comes from the dependence onD) for various function classes [Shalev-Shwartz and

Ben-David, 2014, Mohri et al., 2018]. What comes out of these analyzes is that “smaller” function

classesF lead to tighter bounds on the estimation error.

Although these types of analysis provide tight bounds for “underparameterized” methods such

assupport vector machinesandLASSO regression[Mohri et al., 2018], they fail to explain the

success of deep learning, which leverages large overparameterized neural networks capable of

achieving zero training loss while still striking low test loss despite having very loose upper bounds

on their estimation error [Zhang et al., 2017]. These observations have motivated more research

which have yielded insights into this apparent mystery (see e.g. Belkin [2021]).

This thesis is not concerned with these important questions and, instead, focuses on identi�ability

which is somewhat orthogonal to the question of sample complexity. Of course, in practice, the �nite-

sample aspect of learning will impose itself, but identi�ability at least provides some con�dence

that it is not completely impossible to approximately recover the ground-truth parameter� .

2.2.3. Why study identi�ability?

Finding interpretable structure in the data. Among all parameters� that �t the data-generating

distributionP perfectly, some of them might be easier to interpret than others. In that case, studying

the identi�ability of a model class becomes crucial, since it provides a necessary condition for

MLE to converge to an interpretable model. More precisely, if� � 2 H is considered interpretable

with P� � = P and if the modelf P� j � 2 H g is identi�able, then the only parameter that �ts

the ground-truth distribution exactly is the interpretable one, and the MLE estimator is going to

converge to it in probability (under some regularity conditions).3 We now provide a few examples

3Sometimes, we get identi�ability of� only up to some equivalence class (see for example Section 2.5.1). In that case,
de�ning what we mean by consistency is more subtle. For example, Datta and Chakrabarty [2023] shows that MLE for
probabilistic principal component analysis, which is identi�able only up to rotations of its latent space, is consistent in a
Euclidean quotient space.
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of settings where the goal is to uncover interpretable structure from the data. Note that we expand

on these examples further in Chapter 8 and provide three ways to interpret identi�ability results.

� Causal discovery: The goal of causal discovery is to understand what are the causal

relationships between various features given some data. These relationships are captured

by acausal graphwhich consists of directed edges indicating direct causal relationships

between features. In this setting, the causal graph is itself a parameter and understanding

in which context it can be identi�ed is of crucial importance. Indeed, if the graph is not

identi�able, then there is no hope of estimating it from data. Causality and causal discovery

are discussed in more details Sections 2.3 & 2.4.

� Disentanglement: In some context such as biology [Lopez et al., 2023], one is hoping

to �nd an interpretable representation of some high-dimensional observation such as cell

images or gene expression data. A common strategy is to �t a probabilistic model with

low dimensional latent variables to the observations in hope that they will correspond to

interpretable aspect of the data at hand. If the representation is not suf�ciently identi�able,

interpretability can be compromised. We discuss representation learning, disentanglement

and the closely relatedindependent component analysisproblem in Section 2.5.

� Clustering: In some scienti�c settings, one might desire to �nd a reasonable partition

of the data into different clusters corresponding to meaningful categories. Similarly to

disentanglement, a standard approach to achieve this is to �t a probabilistic latent variable

model where the latent variable corresponds to the identity of the cluster. If the clusters are

not identi�able from the distribution, there is very little hope that the model is going to �nd

meaningful clusters, as multiple reruns of the algorithm is likely to �nd different clusters

each time.

Out-of-distribution generalization. Could it be that, among all modelsP� that �t the data-

generating distributionP exactly, some generalize better out of distribution? The term “out-of-

distribution” is of course extremely vague as it refers to all distributions that were not seen during

training. To make some progress, one has to be speci�c about which distributions one would like

to generalize to. The decision theory framework allows us to do exactly that. To achieve this, we

let the “state of nature”� capture all the distributions or tasks one should care about in a given

context, and let the loss function`(� ; � ) measure how well the parameter� performs on each

these tasks. In Chapter 8, we provide examples in causal discovery, disentanglement and clustering

where identi�ability is a key ingredient in obtaining out-of-distribution performance guarantees.

Intuitively, all these examples consist in (i) noticing some structure in the data and the tasks one

wishes to solve, (ii) show this structure can be recovered from data via an identi�ability result, and

(iii) leverage the learned structure to guarantee improved performance on a downstream task. This

is idea is developed in much more depth in Chapter 8.
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2.3. Causal graphical models

The language of probability allows us to describe the uncertainty state of a system. Here is

a simple example: “What is the probability that a patient recovers from some illnessgiven that

she received the drugA?”. Mathematically, this question can be formalized using conditional

probabilities:p(r = 1 j d = A) wherer andd stand for “recovery” and “drug”. Ifp(r = 1 j d =

A) > p(r = 1 j d = B), can we automatically conclude that drugA is more effective than drug

B? Put differently, if you are forced to give the same drug to everyone, should you choose drugA

to maximize the proportion of recovery? Although it might be tempting to say “yes”, the correct

answer is “not necessarily”. We now provide an informal argument for why that is.

There is a third variable that we must consider: the health status of the patient prior to taking

the drug, which we denote byh. Consider the following factorization of the joint distribution over

all three variables

p(r; h; d) = p(h)p(d j h)p(r j h; d) : (2.11)

This factorization implies no conditional independences, which means we could have chosen a

different and equally valid factorization, likep(d)p(r j d)p(h j r; d). However, the factorization of

(2.11)is “nice” in the following sense: the conditional distributions appearing in it are such that

the variables on the right of “j” have a direct causal effect on the variable on the left of “j”. Indeed,

as suggested byp(r j h; d), the health status of the patient,h, and the drug she took,d, have a

causal effect onr . Also, as suggested byp(d j h), h has an effect ond since the drug is typically

prescribed by a physician based on the health of the patient. For instance, drugB might be given

only to patients that are seriously ill because of its greater cost.

Using the de�nition of conditional probability, we can show that

p(r = 1 j d = A) =
X

h

p(r = 1 j h; d = A)p(h j d = A) : (2.12)

Now imagine a different world in which everyone must take drugd = A, regardless of their health

statush. Would the model(2.11)still be a good description of this situation? No, because, in this

model,d depends onh. A better model would be the following:

pdo(d= A)(r; h; d) = p(h)1(d = A)p(r j h; d) ; (2.13)

where we replacedp(d j h) by an indicator function1(d = A), which models the fact that the drug

is chosen deterministically to beA. This new distribution can be marginalized overh andd to obtain

pdo(d= A)(r = 1) =
X

h

p(r = 1 j h; d = A)p(h) : (2.14)
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We now have two different quantities that are also similar:p(r = 1 j d = A) is the probability of

recovery given that the patient received drugA, while pdo(d= A)(r = 1) is the probability of recovery

in the world where everyone receivesA.

When deciding which drug is more ef�cient in the sense that it would maximize recovery rate

among the population, we should use model(2.13)since it properly captures the fact that everyone

receives the same drug. It turns out that it is possible to have simultaneously

p(r = 1 j d = A) > p(r = 1 j d = B) andpdo(d= B )(r = 1) > p do(d= A)(r = 1) :

This is an instance of theSimpson's paradox, and it could occur for instance when drugB is the

most effective drug but also more expensive, so that physicians prescribe it only for seriously ill

patients. However, in a world where money was not an issue, everyone should receive this treatment

to maximize the proportion of recovery.

The distributionpdo(d) we just constructed is so important that it has a name: it is aninter-

ventional distribution. In contrast,p is called theobservational distribution. We will see that the

framework of causality generalizes these ideas. Roughly speaking, causality can be separated in

two categories:causal inferenceandcausal structure learning.

Causal inference deals with the problem of expressing queries that areinterventionalin nature,

like pdo(d= A)(r = 1) , in terms of purelyobservationalquantities, likep(r = 1 j d = A). We already

saw an example where this is possible. Indeed,(2.14)shows thatpdo(d= A)(r = 1) can be written in

terms of factors that can be computed from the observational distributionp. The practical relevance

of this is clear: it allows us to estimate the effects of interventions without actually performing them

in the real world.

However, causal inference typically requires the knowledge of “what causes what”. Indeed,

in the example we just saw, we said that the factorization of(2.11)corresponded to the causal

structure of the problem. Importantly, we made use of this causal factorization to compute the

interventional distributionpdo(d) . A different causal factorization would have led to a differentpdo(d) .

This structure is captured by what is called acausal graph. In our example, the causal graph could

be determined simply by common sense. In some situations, the causal graph can be uncovered

only by an expert in the �eld of interest. There are also situations where the causal graph is simply

unknown and must be discovered.Causal structure learning, a.k.a.causal discovery, is the problem

of discovering a causal graph from observational and, potentially, interventional data. The �rst and

second contributions of this thesis (Chapters 3 and 4) are mainly concerned with the causal structure

learning problem, rather than causal inference.

The rest of this section is strongly inspired by the presentation of Peters et al. [2017].
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2.3.1. Graph terminology

The causal framework is articulated via directed graphs, which make for a compact and visual

tool to describe and reason about conditional independences and causal relationships. This section

presents important graph terminology necessary to understand central notions presented later on.

A directed graph G = ( V; E) consists of anode setV = f 1; :::; dg and anedge setE � V 2

containing the directed edges, i.e.(i; j ) 2 E when there is a directed edge fromi to j . When

(i; j ) 2 E, we sometimes writei ! j 2 G instead. A nodei is aparent of j if i ! j 2 G and

a child of j if j ! i 2 G. We note the set of parents ofj by � G
j . Three nodesi , j andk form

animmorality in G wheni ! j 2 G andj  k 2 G, but i ! k 62 Gnor i  k 62 G. We say

two graphsG1 = ( V; E1) andG2 = ( V; E2) share skeletonif for all (i; j ) 2 V, (i; j ) 2 E1 or

(j; i ) 2 E1 if and only if (i; j ) 2 E2 or (j; i ) 2 E2. A path is a sequence ofdistinctnodesi 1; :::; im

such thati k ! i k+1 or i k  i k+1 for all k = 1; :::; m � 1. If i k� 1 ! i k andi k  i k+1 in a path, the

nodei k is acollider relative to the path. If i k ! i k+1 for all k, we say there is adirected path for

i 1 to im andi 1 is called anancestorof im andim is called adescendantof i 1. A directed graphG

is acyclic if there is no directed cycles, i.e. there is no pair(i; j ) such that there is a directed path

from i to j and a directed path fromj to i . We then callGadirected acyclic graph(DAG).

2.3.2. Causal graphical models (CGM) and Interventions

We are now ready to present the formal de�nition of a causal graphical model (CGM).

De�nition 2.4. (Causal graphical model) A causal graphical model over random variablesx :


 ! Rd is a DAGGtogether with a collection of functionsf j (x j jx � G
j
) such that

Z
f j (x j j x � G

j
)dx j = 1 8x � G

j
: (2.15)

These functions induce a distributionPx overx via the density function

p(x ) :=
dY

j =1

f j (x j j x � G
j
) : (2.16)

This is referred to as the observational distribution. Given an interventional targetI � V and

functions ~f j (x j j x � G
j
) for all j 2 I (also integrating to 1), a CGM induces an interventional

distribution via the following expression:

p(I )(x ) =
Y

j 62I

f j (x j j x � G
j
)
Y

j 2 I

~f j (x j j x � G
j
) : (2.17)

This is referred to as the interventional distribution entailed byI . When multiple interventions are

observed, we regroup all the interventional targets into an interventional familyI := ( I 1; :::; I K )

and use the shorthandp(k) = p(I k ) to refer to thekth interventional distribution.
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The de�nition of intervention presented above captures the idea of sparse or localized change

in a distribution. Each conditional can be thought of as a mechanism which can be manipulated

or intervened upon. This interpretation is sometimes referred to as the “principle of independent

mechanisms” [Peters et al., 2017, Section 2.1]. This de�nition generalizes the example we saw in

Section 2.3. Indeed, it can be veri�ed thatpdo(D = A) from (2.13)is an interventional distribution in

the sense of De�nition 2.4.

This de�nition already shows how the causal graphG imposes constraints orinvarianceson

the distributionsp; p(1) ; p(2) ; :::p(K ) . It should be clear that different graphs will result in different

invariances.

2.3.3. Markov property and Markov equivalence

We �rst present the notion ofd-separation in directed graphs. This notion is important because,

in a causal graphical model,d-separations in the graphGimply analogous conditional independences

in the observational distributionPx . This provides a useful tool to read off conditional independence

statements from the graphG. See De�nition 2.6 for more on this.

De�nition 2.5. (Pearl's d-separation; Pearl [1985, 1988]) In a DAGG, a pathi 1; :::; im is blocked

by a setS (with neitheri 1 nor im in it) whenever there is a nodei k such that one of the following

possibility holds:

(1) i k 2 S and

i k� 1 ! i k ! i k+1 (2.18)

or i k� 1  i k  i k+1 (2.19)

or i k� 1  i k ! i k+1 (2.20)

(2) neitheri k nor any of its descendant is inS and

i k� 1 ! i k  i k+1 : (2.21)

Furthermore, in a DAGG, we say that two disjoints subsets of verticesA andB are d-separated by

a third (also disjoint) subsetS if every path between nodes inA andB is blocked byS. We then

write A ?? G B j S.

The Markov property relates the notion ofd-separation to conditional independence statements

in a distribution. This property is important since it is satis�ed in causal graphical models.

De�nition 2.6. (Markov Property) Given a DAGG, a distributionPx is said to satisfy

(1) theglobal Markov propertywith respect to the DAGGif

A ?? G B j C =) x A ?? Px x B j x C (2.22)

for all disjoint node setsA, B andC (where?? Px denotes conditional independence inPx ),
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(2) thelocal Markov propertywith respect to the DAGGif each variable is independent of its

non-descendants given its parents,

(3) theMarkov factorization propertywith respect to the DAGGif Px has a densityp and

p(x ) =
dY

j =1

pj (x j j x � G
j
) ; (2.23)

where
R

pj (x j j x � G
j
)dx j = 1.

It turns out that these three Markov properties are equivalent ifPx has a density [Lauritzen,

1996, Theorem 3.27]. In that case, we say that adistributionPx is Markov toGwhen it satis�es

the equivalent Markov properties of De�nition 2.6. It should be clear from the de�nitions that, in

a CGM, the observational distributionPx is Markov toG. These conditional independences can

be thought of as constraints or invariances in a distribution, alluding again at the idea that graph

imposes constraints on a distribution.

An important question for causal discovery and structure learning more generally is whether

multiple graphs can entail the same set of conditional independences. The answer is “yes” and this

fact is captured by the notion of Markov equivalence. This fact should be depressing to anyone

willing to learn the causal graph from observations (i.e. people interested in structure learning, like

us), since it suggests that recovering the graph from the distribution is impossible (at least without

further assumptions and/or interventions).

De�nition 2.7. (Markov equivalence) We denoteM (G) to be the set of all distributions that are

Markov toG. Two DAGsG1 andG1 are Markov equivalent ifM (G1) = M (G2). This is the case

if and only ifG1 andG2 contains the samed-separations. The set of all DAGs which are Markov

equivalent toG is called the Markov equivalence class ofG, denoted by MEC(G).

Verma and Pearl [1990] showed a simple graphical characterization of equivalence which

simpli�es the veri�cation of whether two DAGs are Markov equivalent.

Lemma 2.1. (Graphical criteria for Markov equivalence; Verma and Pearl [1990]) Two DAGsG1

andG2 are Markov equivalent if and only if they share skeletons and have the same immoralities.

The Markov property and the notion of Markov equivalence can be extended to interventional

distributions. Given aninterventional familyI := ( I 1; :::; I K ), where eachI k is an interventional

target (De�nition 2.4), theI -Markov property can be de�ned as well as the notion ofI -Markov

equivalence of graphs. Appendix A.1 of Chapter 4 contains a condensed presentation of these

notions, as introduced by Yang et al. [2018].

2.4. Causal structure learning

We already saw that, when the causal graph is known, causal inference allows one to answer

a wide variety of interventional querieswithout having to actually perform these interventions in
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the real world. Examples of such queries include: “What will be the effect of passing a law that

requires wearing a mask in public on the daily new cases of COVID-19?” or "What will be the

impact of giving drug X on symptom Y?". In many cases, expertise in an area (or sometimes simple

common sense) can tell us a lot about what the causal graph actually is [Pearl, 2009a, Chapter 5].

But in many other situations such as genomics [Dixit et al., 2016], the causal graph is unknown and

must be inferred. This is where causal structure learning comes in.

Causal structure learning (or causal discovery) is the problem of learning a graph from obser-

vations. The observations are assumed to come from a causal graphical model with DAGG. The

observations can come from either the purely observational distribution or interventional distribu-

tions. In this section, we concentrate on the case where all observations come from the observational

distribution, i.e. without any interventions. Causal structure learning from interventions will be

covered in Chapter 4.

2.4.1. Structure identi�ability

The learner is givenn samples from the observational distributionPx of a CGM and wants to

infer its corresponding causal graphG. Given in�nite data4, is it possible to recover the ground truth

graphG? In general, it is impossible without further assumptions, as we already brie�y mentioned

in Section 2.3.3. Given in�nite data, is it possible to recover even just the Markov equivalence class

of G? Again, no, unless we make further assumptions. To render the Markov equivalence class

identi�able, it is suf�cient to assume faithfulness.

De�nition 2.8. (Faithfulness) A distributionPx is faithful toG if for all disjoint setsA; B; C � V,

x A ?? Px x B jx C =) A ?? G BjC : (2.24)

It should be noted that faithfulness is the converse of the global Markov property (De�nition 2.6).

See Peters et al. [2017, p.107] for an example of a causal model which violates faithfulness. This

assumption is considered reasonable since constructing an unfaithful distribution requires careful

“tuning” of the parameters. For instance for linear models, the set of unfaithful distributions has a

Lebesgue measure of zero [Spirtes et al., 2000, Theorem 3.2].

Intuitively, this assumption ensures that conditional independences in the distribution are actually

represented in the graph. This is useful for causal discovery since it allows one to extract information

aboutG by looking at conditional independences inPx . Faithfulness and the Markov property

establishes a one-to-one correspondence between conditional independences in the distribution and

d-separations in graph. This means we can infer the set ofd-separations present inG, but since

many graphs have the same set ofd-separations, we can only recover the Markov equivalence class

of G.

4We are referring to the hypothetical situations where the actual distributionPx is fully known.
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One can improve graph identi�ability further by making stronger assumptions about the nature

of the data-generating CGM. The idea is to restrict the class of functions in which the ground

truthpj (x j j x � G
j
) belongs. In Chapter 3, we leverage such a result which was initially introduced

by Peters et al. [2014].

Having access to interventional data also improves identi�ability substantially. Given some

assumptions analogous to faithfulness (De�nition 2.8), it can be shown that interventions allow

to identify what is called theI -Markov equivalence class ofG which is typically much smaller

than the standard Markov equivalence class. Appendix A.1 of Chapter 4 de�ne these notions as

originally introduced by Yang et al. [2018]. Appendix A.2 goes further and provides an original

identi�ability results based on the maximization of a regularized maximum likelihood score.

2.4.2. Algorithms

Knowing that a graph (or an equivalence class) can be identi�ed from the distribution suggests

that we should be able to come up with algorithms to estimate it from observations sampled fromPx .

Most algorithms fall into one of these categories:independence-basedandscore-basedmethods.

We brie�y present a few instances of these types of methods.

Independence-based methodsrun a sequence of (conditional) independence tests to discover

which d-separations hold in the underlying ground truth DAGG. The faithfulness assumption

allows us to make the jump from (conditional) independence statements tod-separations in the

graph. Any conditional independence tests can be used as long as it is �exible enough to capture

the potentially nonlinear dependencies present in the distribution. For instance, a popular option is

the Hilbert-Schmidt independence criterion (HSIC) [Gretton et al., 2007]. Algorithms for selecting

which independence tests to run differ only by the order in which they perform the tests, which

can sometimes have a drastic effect on the running time of the algorithm. Some algorithms like

the IC algorithm [Pearl, 2009a] and the SGS algorithm [Spirtes et al., 2000] test for all possible

conditional independences of pairs given a subset while the PC algorithm [Spirtes et al., 2000] does

not have to run all tests to be exhaustive [Peters et al., 2017].

Score-based methodscast the problem of learning a DAG as an optimization problem of the

form

max
Ĝ2DAG

S(D; Ĝ) ; (2.25)

whereS(D; Ĝ) is a score function to maximize andD is a dataset. A typical choice of score is the

Bayesian Information Criterion (BIC) which is given by

S(D; Ĝ) = max
�̂

logp(D j �̂ ; Ĝ) �
logn

2
jĜj; (2.26)
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wherelogp(D j �̂ ; Ĝ) is the log-likelihood function given some model (e.g. Gaussian linear model)

andjĜj is the number of parameters to estimate with graphĜ. The number of parameters tends to

grow with the size of the graph, for instance if we are considering a Gaussian linear model, each

edge in the graph requires its own scalar parameter, i.e.jĜj is the number of edges. This term is

encouraging sparsity.

The discrete optimization problem in(2.25)presents a serious computational challenge since

the space of DAGs grows super-exponentially in the number of nodes and the set of feasible directed

graphs is rather involved. When we are only looking for a Markov equivalence class, the problem

can be modi�ed to search directly in the space of Markov equivalence classes, which reduces

the search space substantially. This is the approach proposed by the Greedy Equivalence Search

algorithm (GES) [Chickering, 2003]. This approach has been extended to support interventional

data as well [Hauser and Bühlmann, 2012].

In some situations, recovering the causal graph only up to its Markov equivalence class is

unsatisfactory. To obtain exact identi�ability of the graph, we might want to restrict the model class.

The causal additive model (CAM) [Bühlmann et al., 2014] employ this approach and search the

space of DAG greedily. To allow for large graphs (50 nodes or more), CAM relies on apreliminary

neighborhood selectionphase which blacklists some edges in the graph via statistical tests before

starting the search, thus reducing the search space.

The continuous-constrained optimization approach.The algorithms presented so far all

embraced the discrete nature of the problem head on by performing some form of greedy opti-

mization. In Section 3.2.3, we present a formulation of the structure learning problem proposed

by Zheng et al. [2018] which recast this combinatorial problem as a continuous-constrained opti-

mization problem. This formulation allows us to explore drastically different learning algorithms

based on numerical optimization. The challenges of discrete optimization are replaced by those of

nonconvex-constrained optimization. In its �rst iteration, the approach assumed a Gaussian linear

model and could not make use of interventional data. The contribution of Chapter 3 shows how

this formulation can be extended to support nonlinear relationships with neural networks while the

contribution of Chapter 4 shows this approach can support various types of interventional data and

can be extended to work with powerful density estimators such as normalizing �ows [Rezende and

Mohamed, 2015].

2.5. Representation learning

The success of deep learning [Goodfellow et al., 2016] is attributable in part to the idea of

learningthe features that are useful for a given task insteadengineeringthem. This strategy comes

with all sorts of computational and statistical challenges, but these were largely overcame, as was

exempli�ed by the groundbreaking success of theAlexNetarchitecture at theImageNet Large Scale
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Visual Recognition Challenge[Krizhevsky et al., 2012]. The initial successes of deep learning were

initially limited to thesupervised learningregime, where a very large dataset of input/label pairs

(x; y) is used to train a neural network to predict the labely from the inputx. The intermediate

representations learned in this way tend to be tightly tailored to the task on which it was trained and

has limited utility when used for other tasks.

Representation learningcan be understood as going one step further, i.e. learning a repre-

sentation that is suitable for many tasks, sometimes even without knowing what these will be. A

pre-trained representation can be used in a downstream task for instance by training a linear classi�er

to predict the labels from the representation using a relatively small dataset of labelled samples from

the new task. One can also decide to either�ne-tuneor freezethe pre-trained representation when

doing so. A plethora of strategies for representation learning have been contributed to the literature.

Murphy [2023] classi�es these approaches into the following categories:

(i) Supervised representation learning and transfercorresponds to reusing the representation

learned via supervised learning, sometimes in a multi-tasks setting.

(ii) Latent variable modelsare probabilistic models of the formp(x j z)p(z) wherez is hidden

and taken to be the representation of the observationx .

(iii) Autoregressive modelsare probabilistic models of the form
Q dx

i =1 p(x i jx <i ), which include

neural architecture such as Transformers, where the representation is taken to be the output

of an intermediate hidden layer.

(iv) Autoencodersconsists in minimizing a loss of the formEkx � Dec(Enc(x ))k2 where the

representation ofx is taken to be Enc(x ), which has a much lower dimensionality thanx .

(v) Self-supervisionrefers to various approaches in which a model is trained to solve a “synthetic”

task such as denoising an input or classifying which transformation an input received.

(vi) Contrastive learningcan be considered as a special case of the above in which the synthetic

task consists in classifying which pairs of inputs arepositive, and which arenegative. For

example, a positive pair could be an image together with its transformed version (e.g. rotated

or cropped) while a negative pair could be two completely unrelated images. When image-

caption pairs are available for training, positive pairs would be correctly matched while the

negative pairs would be incorrectly matched. The latter is the strategy employed to train

the now popular CLIP model [Radford et al., 2021]. In these models, the classi�cation

logit for a pair(x ; x 0) is typically given byf (x )> g(x 0) wheref andg are neural networks

outputting the representations ofx andx 0.

Chapter 5 will be mainly concerned with latent variable models, Chapter 6 with representation

learning via multi-task learning, and Chapter 7 with autoencoders. All three of these contributions

explore theidenti�ability of the representations learned in each of these settings. To explain what

we mean by representation identi�ability, we will focus on the case of latent variable models.
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2.5.1. Disentanglement & identi�ability in latent variable models

In some cases, the primary goal of representation learning is todiscover interesting structure in

the data, as opposed to learning a representation that is suitable for multiple downstream tasks. For

instance, we might want to extract an interpretable representation of brain images that exhibits alow-

dimensionalandinterpretabledescription of some neural processes [Monti and Hyvärinen, 2018]. In

fact, many biological systems are still not fully understood and could bene�t from machine learning

similarly [Lopez et al., 2023]. This idea is sometimes referred to asdisentanglement[Bengio et al.,

2013, Higgins et al., 2017, Locatello et al., 2020a], where the goal is to learn a representation in

which each coordinate corresponds to a so-called “natural factor of variation” of the dataset. A

canonical example would be to learn a representation of images in which the positions of the objects,

their colors and orientations are represented as individual coordinates. Various strategies to achieve

this have been contributed to the literature, with many of them based on heuristics. Locatello et al.

[2020a] brought to light the identi�ability problem in disentangled representation learning and

motivated multiple works to pursue more principled strategies backed by identi�ability guarantees

(see Sections 5.7, 6.4 & 7.2 for more exhaustive literature reviews).

We recall the de�nition of identi�ability covered in Section 2.2.1. Given a parameterized family

of distributionsf P� j � 2 � g, we say that� is identi�able fromP� if the following holds:

8� ; �̂ 2 � ; P� = P�̂ =) � = �̂ ; (2.27)

or, in other words, the map� 7! P� is injective. This means that, given the distributionP� , we

can determine unambiguously which parameter� gave rise to it. In a learning setting where

we assume that the ground-truth data distribution isP� and that we managed to learn it exactly

such thatP�̂ = P� (for instance with maximum likelihood estimation in the in�nite data regime),

identi�ability allows us to conclude that̂� = � . Typically, when the modelP� has many degrees

of freedom, identifying� exactly might be impossible, so instead we aim to identify� up to some

equivalence relation� . This yield the following de�nition:

8� ; �̂ 2 � ; P� = P�̂ =) � � �̂ : (2.28)

We will see concrete examples of equivalence relations in a few paragraphs.

In many settings, we only care about �nding a modelP�̂ that describes faithfully the data and

have no interest in whether or not we found the “right” (equivalence class of)� . In some sense,

all the �̂ such thatP�̂ = P� are equally valid in that they describe the data distribution perfectly.

That being said, it is possible that, among all parameters�̂ that �ts the data perfectly, some of them

are moreinterpretablethan others. This is where identi�ability becomes interesting. Chapter 8

provides further motivations to study identi�ability, especially regarding downstream performance.
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Let me make the discussion more concrete by considering a latent variable model of the form

x = f (z) wherez � Pz . In that case, we set our parameter to be� := ( f ; Pz ) and our parameter

space to be� := F � P , whereF is some class of functions (assume bijective for now) andP is

some class of distributionsPz . This model induces a distribution overx given byP� = Pz � f � 1,

i.e. the pushforward ofPz underf . Assume that the speci�c model� = ( f ; Pz ) is interpretable,

in the sense that each coordinate ofz corresponds to natural factors of variations in the data, such

as object positions, colors and orientations. Note that Chapters 5, 6 & 7 expand further on what it

could mean to beinterpretablein different settings. Now, notice that we can very easily �nd another

model�̂ = ( ^f ; P̂z ) that (i) yields exactly the same distribution overx , and (ii) that does not have

necessarily an interpretable representation. For any invertible transformationv, we can choose

^f := f � v � 1 andP̂z := Pz � v � 1 (the latter is the distribution ofv(z) whenz � Pz ) ;

wherev is an arbitrary bijective transformation. Intuitively, we are simply applying an invertible

transformationv onz and undoing it at the input off . Of course, this is not changing the distribution

overx since, formally, we have

P�̂ = P̂z � ^f � 1 = Pz � v � 1 � v � f � 1 = Pz � f � 1 = P� :

And, importantly, the representation ofx in both models,f � 1(x ) and ^f � 1(x ), could be drastically

different. Indeed, we have that̂f � 1(x ) = v � f � 1(x ), i.e. both representations are related byv.

This means that̂f � 1(x ) might not be interpretable, even if( ^f ; P̂z ) matches the data distribution

exactly. This is problematic, since it shows that simply �nding a parameter�̂ that perfectly �ts the

data distribution is not enough to guarantee that the learned model is interpretable.

We would then like to restrict the classesF and/orP such that the only transformationsv that

keepf � v � 1 in F andPz � v � 1 in P are “trivial indeterminacies”. In many settings, we tolerate

element-wise transformations and permutations of the coordinates. This suggests a weaker notion

of identi�ability tailored to disentanglement:

8(f ; Pz ); ( ^f ; P̂z ) 2 F � P ; P(f ;Pz ) = P( ^f ;P̂z ) =) f = ^f � d � P ; (2.29)

whered is some element-wise transformation andP is some permutation. This is weaker than

(2.27)because we do not require thatf = ^f , but only thatf and ^f are related by a permutationP

and an element-wise transformationd.

In many works on identi�able representation learning, there is an asymmetry between the

assumptions made on the ground-truth model and the learned model. Instead of(2.29), these results

typically show

8(f ; Pz ) 2 F � P ; ( ^f ; P̂z ) 2 F̂ � P̂ ; P(f ;Pz ) = P( ^f ;P̂z ) =) f = ^f � d � P ; (2.30)
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whereF � P � F̂ � P̂ , i.e. the assumptions on the ground-truth are stronger than on the learned

model. This latter point will be illustrated in Sections 2.5.2 & 2.5.3. These results are applied to a

learning scenario as follows: we assume that the data generating process, or ground-truth, is some

unknown model(f ; Pz ) 2 F � P . Then, we search in̂F � P̂ for a model( ^f ; P̂z ) that �ts the data

distribution, i.e.P( ^f ;P̂z ) = P(f ;Pz ) .5 Then,(2.30)guarantees that the function̂f we found is the

same as the ground-truthf , up to permutation and element-wise rescaling. Note that we could also

just search overF � P to �t the ground-truth distribution, but in practice,̂F � P̂ is typically much

easier to optimize over, and results of the form (2.30) guarantee that this is in fact enough.

The discussion so far has been fairly abstract. In Section 2.5.2 & 2.5.3, we will see how linear

independent component analysis (ICA) �ts nicely into this framework.

A lot of the current research in this area, including this thesis, boils down to �nding expressive

hypothesis classeŝF � P̂ that remain identi�able in the sense of(2.30). The strategy employed in

Chapter 5 consists in restricting the distribution overz to have sparse dependencies, either with

an observed auxiliary variable or a past latent vector (if the data present temporal dependencies).

Chapters 6 & 7 do not �t exactly in the latent variable model setting describe above, but they are

similar in spirit. Chapter 6 considers a multi-task setting in which a common representation is used

across tasks. The identi�ability up to permutation and element-wise rescaling is guaranteed by the

fact that each task requires only a sparse subset of the features to be solved. Chapter 7 considers an

autoencoder approach in which identi�ability is ensured by restrictingF̂ to be the set of additive

functions. We note that all �ve contributions of this thesis will be uni�ed further under the umbrella

of statistical decision theory in Chapter 8.

2.5.2. Independent component analysis

Independent component analysis(ICA) [Hyvärinen et al., 2001] consists in �nding a linear

transformationL of the datax such that the transformed dataLx has mutually independent

components. Many principles have been proposed to achieve this, like maximizing non-Gaussianity,

minimizing mutual information or �tting a likelihood model with independent latent factors. The

following discussion is limited to the identi�ability of ICA as a latent variable model. Details about

various algorithms for ICA can be found in Hyvärinen et al. [2001].

In the language established in the previous section, ICA assumes that

F̂ := f linear maps fromRdz to Rdx g (2.31)

P̂ := f Pz such that the factorsz i are mutually independentg:

5In practice, this could be achieved approximately by doing maximum likelihood estimation (Section 2.2.1).
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Note that throughout, we assumedz � dx . Furthermore, the standard result assumes that the

ground-truth model(f ; Pz ) belongs to

F := F̂ \ f injective mapsg (2.32)

P := P̂ \ f Pz with at most one Gaussian marginal and no deterministic marginalsg;

so thatF � P � F̂ � P̂ , as discussed in Section 2.5.1.

The goal of this section will be to established identi�ability of linear ICA, in the sense of(2.30).

Formally, we want to show the following.

Corollary 2.1. Let (A ; Pz ) 2 F � P and(Â ; P̂z ) 2 F̂ � P̂ whereF ; F̂ ; P; P̂ are de�ned in(2.31)

and (2.32). Then, wheneverP(Â ;P̂z ) = P(A ;Pz ) , we haveA = ÂDP whereP is a permutation

matrix andD is an invertible diagonal matrix.

The proof of this result, which will be presented at the end of this section, relies on a few

intermediary results. We start with the following lemma in which we use “d= ” to denote equality in

distribution.

Lemma 2.2. Let (A ; Pz ) 2 F � P and(Â ; P̂z ) 2 F̂ � P̂ whereF ; F̂ ; P; P̂ are de�ned in(2.31)

and (2.32). Then, wheneverP(Â ;P̂z ) = P(A ;Pz ) , we have that (i)Range(Â ) = Range(A ), and (ii)

ẑ d= Â yAz whereẑ � P̂z , z � Pz andÂ y is the pseudo-inverse of̂A .

Proof We start withP(Â ;P̂z ) = P(A ;Pz ) , which is equivalent toÂ ẑ d= Az . This implies that

supp(Â ẑ) = supp(Az ). This further implies thatÂ supp(ẑ) = A supp(z).6 Note that, because

z has independent components, we have thatsupp(z) =
Q dz

i =1 supp(z i ). Furthermore, because

no componentz i is deterministic, we have that, for alli , there exists two distinct values

� 0
i ; � 1

i 2 supp(z i ). This means thatsupp(z) containsf � 0
1; � 1

1g � � � � � f � 0
dz

; � 1
dz

g, which can be

thought of as the vertices of adz-dimensional hyperrectangle. This implies thatsupp(z) must

contain a basis ofRdz , which we denote byz(1) ; : : : ; z(dz ) 2 supp(z). We can collect these

vectors into matricesZ := [ z(1) � � � z(dz ) ] and, sinceÂ supp(ẑ) = A supp(z), we know there exists

Ẑ := [ ẑ(1) � � � ẑ(dz ) ] such thatAZ = Â Ẑ . We have thatA is full column-rank by hypothesis and

Z is invertible since its columns are linearly independent. This meansAZ has full column-rank,

and so doeŝA Ẑ . This implies thatÂ must also have full column-rank and̂Z must be invertible.

This means that̂A andA must have the same range (same image). SinceÂ has full-column

rank, its pseudo-inverse,̂A y, is a left-inverse forÂ , i.e. Â yÂ = I . We can thus writêz d= Â yAz .

The identi�ability of linear ICA relies on theDarmois-Skitovich theorem, which we state without

proof. For a recent treatment of these classical results, including proofs, see Pavan and Miranda

[2018].

6We have thatsupp(Az ) = A supp(z) by Lemma 5.6 in the Appendix of Chapter 5 combined with the fact that �nite
dimensional linear subspaces are closed.
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Theorem 2.1(Darmois-Skitovich, Darmois [1953], Skitivic [1953]). Let x j ; j = 1; : : : ; n with

n � 2 be mutually independent random variables and let� j ; � j be constants. Lety1 :=
P n

j =1 � j x j

andy2 :=
P n

j =1 � j x j be two independent random variables. Then, whenever� j � j 6= 0, the variable

x j is either constant or Gaussian.

The following presents the crux of the work and makes use of the Darmois-Skitovich theorem.

Theorem 2.2(Identi�ability of linear ICA, Comon [1992]). Suppose thatz is a dz-dimensional

random vector (dz � 2) of mutually independent and non-deterministic random variables in which

at most one component is Gaussian (in other words, the distribution ofz is in P). LetV 2 Rdz � dz

be an invertible real matrix and lety := V z. If the components ofy are mutually independent,

thenV = DP for some invertible diagonal matrixD and permutation matrixP .

Proof The matrixcov(z) is diagonal (by independence) and invertible (allz i are non-deterministic

and thus have positive variance). Furthermore, the covariance matrix ofy is diagonal (independence)

and has the formcov(y ) = V cov(z)V > . SinceV andcov(z) are invertible, so iscov(y ). We can

thus write

I = cov(y )� 1
2 V cov(z)

1
2 cov(z)

1
2 V > cov(y )� 1

2 (2.33)

= ( cov(y )� 1
2 V cov(z)

1
2 )(cov(y )� 1

2 V cov(z)
1
2 )> (2.34)

= MM > ; (2.35)

where we de�nedM := cov(y )� 1
2 V cov(z)

1
2 and showed it is orthogonal. We thus have that

V = cov(y )
1
2 M cov(z)� 1

2 . One can rewritey = V z as

�y = M �z ; (2.36)

where�y := cov(y )� 1
2 y and�z := cov(z)� 1

2 z. Of course,�y and�z still have independent components

(becausecov(y )� 1
2 andcov(z)� 1

2 are diagonal) and�z has still at most one Gaussian component (for

� 2 R n f 0g, we havex Gaussian iff�x Gaussian) and none of its components are deterministic

(cov(z)� 1
2 has no zero on its diagonal). Notice that�y1 =

P n
j =1 M 1;j �z j and �y2 =

P n
j =1 M 2;j �z j

are independent. Then, by the Darmois-Skitovich theorem, wheneverM 1;j M 2;j 6= 0, �z j must be

constant or Gaussian. But since none of the�z j are constant by hypothesis,�z j must be Gaussian.

Since we allow for only one Gaussian�z j , there has to be at most onej 0 such thatM 1;j 0 M 2;j 0 6= 0.

But sinceM is orthogonal, its rows must be orthogonal. Hence,0 = hM 1;�; M 2;� i = M 1;j 0 M 2;j 0 .

We thus have that the �rst and second rows ofM cannot have nonzero entries at the same locations.

The same argument can be repeated for every pair of rows ofM . Hence, all pairs of rows do not

have nonzero entries at the same location. The only way this is possible is ifM is a permutationP .
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Thus,

V = cov(y )
1
2 P cov(z)� 1

2 (2.37)

= cov(y )
1
2 P cov(z)� 1

2 P >

| {z }
diagonal

P (2.38)

= DP ; (2.39)

whereD := cov(y )
1
2 P cov(z)� 1

2 P > is diagonal.

We are now ready to prove Corollary 2.1, which is a simple matter of putting everything we saw

together.

Proof (Corollary 2.1) Letz � Pz andẑ � P̂z . Lemma 2.2 implies that̂z d= Â yAz , where

V := Â yA is invertible (since bothÂ y andA are full rank). The random vectorz has no constant

component and at most one Gaussian component andy := V z is distributed according tôPz , which

has mutually independent components. This means we can apply Theorem 2.2 to get thatV = DP .

SinceÂ has full column-rank, its pseudo-inverse has a closed form expression:Â y = ( Â > Â )� 1Â > .

We thus have the following:

Â yA = DP (2.40)

(Â > Â )� 1Â > A = DP (2.41)

Â (Â > Â )� 1Â >

| {z }
projection on the range of̂A

A = ÂDP : (2.42)

But sinceÂ andA have the same range,̂A (Â > Â )� 1Â > A = A , and thusA = ÂDP .

2.5.3. AMUSE: ICA via temporal correlations

I now present an alternative approach to ICA which leverages temporal correlations as opposed

to non-Gaussianity, as in standard ICA. Although this strategy was originally introduced by Tong

et al. [1990], the following presentation was in part inspired from [Hyvärinen et al., 2001]. This

identi�ability result can be thought of as a precursor to the contribution of Chapter 5, where we

relax the linearity of the mixing function and the independence of the latent factors.

We are going to make the assumption that we observe a random sequencex := ( x t )1
t=1 explained

by a latent sequencez := ( z t )1
t=1 via x t = Az t whereA 2 Rdx � dz with dz � dx . Furthermore, we

will assume that(z t )1
t=1 is a weak-sense stationary process.

De�nition 2.9. A sequence of random vectors(z t )1
t=1 is said to be weak-sense stationary (WSS) if

E[z t ], cov(z t ) andcov(z t ; z t � � ) do not depend ont.
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We note thatcov(z t ; z t � � ) can depend on� , the time lag index. Importantly, we also assume

that the matricescov(z t ; z t � � ) are diagonal for all0 � � < t (and allt, but this is implied by the

WSS condition). This last condition indicates a weak form of mutual independence between the

sequences(z t
i )

1
t=1 . We summarize these assumptions using the framework introduced before:

P̂ := f Pz s.t. (z t )1
t=1 is WSS and cov(z t ; z t � � ) is diagonal for all0 � � < t g

F̂ := f linear mapsA such thatA (z t )1
t=1 = ( Az t )1

t=1 g: (2.43)

We will require the data-generating process to satisfy these slightly stricter assumptions:

P := P̂ \

(

Pz s.t. for all i , var(z t
i ) > 0 and9� s.t. the

�
cov(z t

i ; z t � �
i )

var(z t
i )

� dz

i =1

are distinct

)

F := F̂ \ f injective mapsg: (2.44)

We now show that this model is identi�able and discuss practical considerations later on.

Theorem 2.3.Let (A ; Pz ) 2 F � P and(Â ; P̂z ) 2 F̂ � P̂ whereF ; F̂ ; P; P̂ are de�ned in(2.43)

and (2.44). Then, wheneverP(Â ;P̂z ) = P(A ;Pz ) , we haveA = ÂDP whereP is a permutation

matrix andD is an invertible diagonal matrix.

Proof Let z � Pz andẑ � P̂z with x t := Az t andx̂ t = A ẑ t .

First, we have thatcov(x t ) can be diagonalized with an orthogonal matrix since it is symmetric,

i.e. cov(x t ) = U � U > whereU is orthogonal and� is diagonal. Sincecov(x t ) is positive

semide�nite, the diagonal entries of� are nonnegative. Sincecov(x t ) = A cov(z t )A > whereA is

full column-rank andcov(z t ) has no zero entries on its diagonal, the rank ofcov(x t ) is dz. Thus,�

hasdz positive values on its diagonal. Let�� 2 Rdz � dz be the same as� but where we truncated the

lines and columns corresponding to the zero diagonal entries, and analogously for�U . We can thus

write cov(x t ) = �U �� �U > .

Now de�ne �x t := �� � 1=2 �U > x t , so that dim( �x t ) = dz, and�z t := cov(z t )� 1=2z t . Note that

�x t = �� � 1=2 �U > Az t = �� � 1=2 �U > A cov(z t )1=2 �z t = M �z t ; (2.45)

where we de�nedM := �� � 1=2 �U > A cov(z t )1=2. Note thatM is orthogonal since

MM > = �� � 1=2 �U > A cov(z t )A > �U �� � 1=2 (2.46)

= �� � 1=2 �U > cov(x t ) �U �� � 1=2 (2.47)

= �� � 1=2 �� �� � 1=2 = I : (2.48)
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We now investigate the lagged covariance between�x t and �x t � � where� is given by the condition

on the ground-truthPz in (2.44).

cov( �x t ; �x t � � ) = cov(M �z t ; M �z t � � ) (2.49)

= M cov( �z t ; �z t � � )M > (2.50)

= M cov(z t )� 1=2cov(z t ; z t � � )cov(z t � � )� 1=2M > (2.51)

= M cov(z t ; z t � � )cov(z t )� 1M > (2.52)

Furthermore, de�ne~x t := �� � 1=2 �U > x̂ t and ~z t := cov(ẑ t )� 1=2ẑ t . Notice that

~x t = �� � 1=2 �U > Â ẑ t = �� � 1=2 �U > Â cov(ẑ t )1=2 ~z t = M̂ ~z t ; (2.53)

where we de�nedM̂ := �� � 1=2 �U > Â cov(ẑ t )1=2. Of course, sinceP(Â ;P̂z ) = P(A ;Pz ) , we have that

cov(x t ) = cov(x̂ t ). Using steps analogous to equations(2.46)to (2.48)the fact thatcov(x t ) =

cov(x̂ t ), we can show thatM̂ is orthogonal.

Moreover, we can use steps analogous to equations (2.49) to (2.52) to show that

cov( ~x t ; ~x t � � ) = M̂ cov(ẑ t ; ẑ t � � )cov(ẑ t )� 1M̂ > : (2.54)

Since cov( �x t ; �x t � � ) = cov( ~x t ; ~x t � � ), we have that

M cov(z t ; z t � � )cov(z t )� 1M > = M̂ cov(ẑ t ; ẑ t � � )cov(ẑ t )� 1M̂ > : (2.55)

Note thatcov(z t ; z t � � )cov(z t )� 1 is diagonal with distinct values (by hypothesis). This decom-

position indicates that these diagonal elements are eigenvalues of the matrixcov( �x t ; �x t � � ) with

associated eigenvectors given by the columns ofM . Because thesedz eigenvalues are distinct, each

associated eigenspace is one dimensional. This means that the matrix of orthogonal eigenvectors

M is unique up to permutation of its columns and sign �ips. This implies thatM = M̂ �DP where

P is a permutation matrix and�D is a diagonal matrix made of 1 and -1. We can thus write

M = M̂ �DP (2.56)

�� � 1=2 �U > A cov(z t )1=2 = �� � 1=2 �U > Â cov(ẑ t )1=2 �DP (2.57)

�U �U > A cov(z t )1=2 = �U �U > Â cov(ẑ t )1=2 �DP : (2.58)

Note that �U �U > is the projection onRange( �U ). We have thatRange( �U ) = Range(A ) =

Range(Â ) because

A cov(z t )A > = cov(x t ) = �U �� �U > = cov(x̂ t ) = Â cov(ẑ t )Â > : (2.59)
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Hence, the projection�U �U > act as the identity when left-multiplyingA andÂ , so that

A cov(z t )1=2 = Â cov(ẑ t )1=2 �DP (2.60)

A = Â cov(ẑ t )1=2 �DP cov(z t )� 1=2 (2.61)

A = Â cov(ẑ t )1=2 �D P cov(z t )� 1=2P >

| {z }
diagonal

P (2.62)

A = ÂDP ; (2.63)

whereD := cov(ẑ t )1=2 �DP cov(z t )� 1=2P > is diagonal.

Practical considerations:The proof strategy presented above suggests a natural algorithm to

estimate the matrixA up to permutation and rescaling. First, estimatecov(x t ) from sample, �nd

its dz largest eigenvalues and project the observation doing�x t := �� � 1=2 �U > x t (where �U �� �U > is

the “truncated” decomposition of the estimated covariance). Then, we can estimatecov( �x t ; �x t � � )

empirically and compute its orthogonal eigendecompositionMDM > . Assuming “in�nitely

many samples” and that the values
n

cov(z t
i ;z t � �

i )
var(z t

i )

odz

i =1
are distinct in the data-generating process, we

can conclude that this decomposition is unique up to permutation and sign �ips so thatMP �
�� � 1=2 �U > A cov(z t )1=2, allowing us to computeA as a function ofM (up to permutation).

Although the matrixcov( �x t ; �x t � � ) is symmetric, its �nite-sample estimation might not be, thus

preventing us from computing its orthogonal eigendecomposition. To sidestep this problem, one

can compute the orthogonal decomposition of^cov( �x t ; �x t � � ) + ^cov( �x t ; �x t � � )> which is symmetric.

This adjustment does not change the argument since

(cov( �x t ; �x t � � ) + cov( �x t ; �x t � � )> )=2 = M cov(z t ; z t � � )cov(z t )� 1M > : (2.64)

One can also usesimultaneous diagonalizationto leverage multiple distinct time lags� . See

Hyvärinen et al. [2001] and Tong et al. [1990] for more details.

2.5.4. Nonlinear ICA

A natural question at this point is whether we can extend the identi�ability of ICA to nonlinear

functionsf . I.e., if we takeF to be the set of all invertible transformations fromRdz to Rdx , and

keepP the same, do we still get identi�ability up to permutation and element-wise functions? It

turns out this is not the case. Under mild conditions, Hyvärinen and Pajunen [1999] showed that,

given a random vectorx 2 Rdx , it is always possible to �nd a transformationg : Rdx ! Rdx such

thatg(x ) has independent components, and this set of solution is highly non-unique. For instance,

for any giveni , we can chooseg so thatg(x ) i = x i .
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Recent efforts, including the contributions of this thesis, have explored various model classes

in hope of �nding expressive models that remain identi�able in the sense of(2.30), sometimes

dropping the assumption of mutual independence. We cover these works in the literature reviews of

Chapters 5, 6 & 7.

2.6. Constrained optimization

At the heart of the continuous-constrained methods for causal discovery is theaugmented

Lagrangian methodwhich transforms a constrained optimization problem into a sequence of un-

constrained problems for which the solutions converge to the solution of the original constrained

problem (see Bertsekas [1999] for regularity conditions). Before diving into the augmented La-

grangian approach, we review concepts of constrained optimization necessary for its understanding.

This section is inspired by the presentation of Bertsekas [1999]

In its most general form, a constrained optimization problem is written as:

min
x

f (x ) subject to x 2 X ; (2.65)

whereX is thefeasible set. In this presentation, we always assumef 2 C1 and the feasible set is

compact and contained inRn .

A point x � 2 X is a global minimumof (2.65) if f (x � ) � f (x ) 8x 2 X and is alocal

minimumof (2.65)if there exists a scalar� > 0 such that,f (x � ) � f (x ) 8x 2 X \ B � (x � ), where

B � (x � ) = f x j jj x � x � jj 2 � � g, i.e. it is theclosed ballof radius� centered atx � .

For simplicity, we consider only problems in whichX can be written with an equality constraint,

i.e.

X = f x 2 Rn j h (x ) = 0 g; (2.66)

whereh : Rn ! Rm is a function assumed to beC1. We assumem < n , i.e. the number of

constraints is smaller than the number of variables. The problem can be rewritten as

min
x

f (x ) subject to h(x ) = 0 : (2.67)

We denote byr f (x ) 2 Rn the gradient off and byDh(x ) 2 Rm� n the Jacobian matrix ofh.

The de�nition of local minimum we presented does not suggest an obvious algorithm to perform

optimization. The following proposition provides a standard �rst-order necessary condition for a

point to be a local minimum of(2.67), which lends itself more naturally to numerical optimization.

Proposition 2.1(First-order necessary conditions). Let x � 2 X be a local minimum such that

Dh(x � ) is full rank. Then, there exists a vector� � 2 Rm , called the Lagrange multiplier ofx � ,
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such that the following equation holds:

r f (x � )> + � � | Dh(x � ) = 0 : (2.68)

In practice, many algorithms will �nd a feasible point satisfying(2.68), also called astationary

point of (2.67). This is considered satisfying even though a stationary point will not necessarily be

a local minimum (e.g. could be a saddle point or even a local maximum).

2.6.1. The augmented Lagrangian method

We are now ready to present an algorithm to �nd a stationary point of(2.67). Theaugmented

Lagrangianmethod transforms a constrained problem into a sequence of subproblems such that

their solutions converge to the solution of the original problem. Theaugmented Lagrangian function

L : Rn � Rm � R ! R is central to this method and is given by

L(x ; � ; � ) = f (x ) + � | h(x ) +
�
2

jjh(x )jj 2
2 ; (2.69)

where� is a positive penalty coef�cient. The procedure goes like this. First, initial values for� 0 and

� 0 are speci�ed. Then, we approximately minimize locallyL(x ; � 0; � 0) with respect tox . Next,

the value of� is updated via a gradientascentstep on the Lagrangian function with learning rate� t ,

i.e.

� t+1  � t + � th (x t+1 ) : (2.70)

The penalty coef�cient� is also increased by a multiplicative factor.7 We then go back to minimizing

the Lagrangian function with respect tox given the new updated� and� . The same steps are

repeated until convergence. The detailed procedure is given in Algorithm 1.

Algorithm 1 The augmented Lagrangian method.

1: procedure AUGMENTEDLAGRANGIAN(� 0; � 0)
2: t  0
3: while Not convergeddo . Insert a stopping criterion
4: x t+1  arg minx L(x ; � t ; � t ) . Approximate and local minimization
5: � t+1  � t + � th (x t+1 )
6: � t+1  �� t . � > 1 and0 < 
 < 1
7: t  t + 1
8: end while
9: return x t

10: end procedure

7Different schedule also exists. For instance, in Chapter 3 & 4, we update� only when the constraint violation reduction
from the previous minimization is not suf�cient.
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Under speci�c assumptions, it turns out that if this procedure converges, it is to a stationary

point x � of (2.68). The next proposition, adapted from Bertsekas [1999], makes this statement

precise.

Proposition 2.2. ([Bertsekas, 1999, Adapted from Proposition 4.2.2]) Fort = 0; 1; :::, let x t satisfy

jjr x L(x t ; � t ; � t )jj 2 � � t ; (2.71)

wheref � tg andf � tg satisfy

0 < � t < � t+1 ; 8t; � t ! 1 ; (2.72)

0 � � t ; 8t; � t ! 0: (2.73)

Assume(x t ; � t ) ! (x � ; � � ) and Dh(x � ) is full rank. Then(x � ; � � ) satis�es the �rst order

necessary conditions, i.e.

r f (x � )> + � � | Dh(x � ) = 0 and h(x � ) = 0 : (2.74)

[Bertsekas, 1999, Section 4.2.2] provides additional arguments for why the sequencef � tg is not

required to go to in�nity in order to obtain convergence, contrarily to what Proposition 2.2 might

suggest. This is an advantage of the augmented Lagrangian over penalty methods which require

� t ! 1 , thus inducing ill-conditioning which can slow down the minimization of the subproblems.

2.7. Important gradient estimators

In machine learning, it is frequent that we wish to solve an optimization problem of the form

min
�

Ez� P� f (z) ; (2.75)

where the expectation does not allow for a simple analytical form (for instance due tof being a

neural network). Stochastic gradient descent (SGD) is often employed to address this issue. The

gradientr � Ez� P� f (z) can be approximate in different ways of which two are presented next.

Technical note.In what follows, we always assume that the gradient and the integral signs can

be interchanged. Note that, in general, this is not always true and that, to be rigorous, one should

verify for instance that the assumptions of the “dominated convergence theorem” hold [Durrett,

2011].
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2.7.1. REINFORCE (a.k.a. the log derivative trick)

The REINFORCE estimator [Glynn, 1990, Williams, 1992] makes use of a simple trick to

rewrite the gradient as follows:

r � Ez� P� f (z) =
Z

f (z)r � p(z; � )dz (2.76)

=
Z

f (z)
r � p(z; � )

p(z; � )
p(z; � )dz (2.77)

=
Z

f (z)r � logp(z; � )p(z; � )dz (2.78)

= Ez� P� f (z)r � logp(z; � ) ; (2.79)

which can be approximated via standard Monte Carlo estimation. This estimator is unbiased but

known to have high variance [Rezende et al., 2014].

2.7.2. The reparameterization trick

The reparameterization trick [Kingma and Welling, 2014, Rezende et al., 2014] uses a different

approach where the random variablez � p(z; � ) is rewritten asz = g(� ; � ) with � � p(� ) such

thatg(� ; � ) � p(z; � ). This allows us to rewrite

r � Ez� P� f (z) = r � E� � p(� ) f (g(� ; � )) (2.80)

= E� � p(� )r � f (g(� ; � )) ; (2.81)

which, again, can be approximated via Monte Carlo estimation. This estimator can be applied as

long as such a reparameterizationg(� ; � ) exists withg differentiable with respect to� and as long

asf is differentiable (two conditions not required by the REINFORCE estimator). This estimator

works well in practice and requires very few samples to give good performance (due to its low

variance).

The discrete case.What if z is a multinomial random variable? Can it be reparameterized to

estimater � Ez� P� f (z)? One can use the following reparameterization

g(� ; � ) = one_hot (arg max
i

� i + log � i ) ; (2.82)

where the� i 's are mutually independent Gumbel random variables and� i is the probability of

sampling classi (
P

i � i = 1, � i > 0) [Jang et al., 2017]. The problem with this formulation is

that the gradient with respect to� is not de�ned (speci�cally on ties) which prevents the use of

the reparameterization trick. Next, we present how this reparameterization can be replaced by a

differentiable surrogate.
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2.7.3. The Gumbel-Softmax estimator

If we replace thearg maxin (2.82)by the softmax function (which is a differentiable analog),

we obtain

ĝ(� ; � ) = softmax(� + log � ) ; (2.83)

which was proposed by Jang et al. [2017] under the name ofGumbel-softmax distributionand

by Maddison et al. [2017] under the name ofconcrete distribution. We should emphasize that

ĝ(� ; � ) does not follow the same distribution asg(� ; � ). Hence in general,

r � E� � Gumbelf (g(� ; � )) 6= r � E� � Gumbelf (ĝ(� ; � )) ; (2.84)

But the right-hand side of(2.84)can be approximated using the reparameterization trick, we can

thus use it as a biased approximation.

In Chapter 4, we make use of the Gumbel-Softmax estimator in the context of causal structure

learning, as presented in Ng et al. [2019] (in the context of purely observational data). The idea

is to relax a discrete optimization problem by treating the discrete variables as discreterandom

variables and minimizing the expectation of the objective. This application of the Gumbel-Softmax

estimator differs from usual applications in deep learning and we believe it could be applied in

various combinatorial problems. In Appendix B.3 of Chapter 4, we give more details on the speci�cs

of our implementation. Note that Chapter 5 also makes use of the Gumbel-softmax estimator to

learn a causal graph over latent variables.
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Prologue to the First Contribution

Article Details

Gradient-Based Neural DAG Learning

by Sébastien Lachapelle, Philippe Brouillard, Tristan Deleu & Simon Lacoste-Julien. This work

was presented at the Eighth International Conference on Learning Representations (ICLR 2020).

Contributions of the Authors

Sébastien Lachapelledid the majority of the redaction, came up with the adaption of the

acyclicity constraint to neural networks, implemented the method in PyTorch and performed most of

the experiments.Philippe Brouillard helped with the overall experiment pipeline and implemented

cross-validation for various baselines written in R. He was also responsible for the generation of

synthetic datasets as well as the "Large sample size experiment".Tristan Deleu integrated the

baselines DAG-GNN and NOTEARS in the experiment pipeline and led the experiments for these

methods.Simon Lacoste-Juliensupervised the project and provided guidance on the writing.

Context and Limitations

At the time of writing, the framework of causality had already been proposed as a way to

move past the shortcomings of deep learning methods such as robustness, transferability and

robustness [Pearl, 2019, Peters et al., 2017]. Essentially, the argument was that predictive machine

learning systems are good at learning statistical dependencies present in the training data but

would fail when some dependencies would change at inference time. The claim is that causal

modelling could help to encode which “parts” of the data-generating process are stable across

environments and which are not, thus yielding a more robust system. The idea of learning a causal

graph over latent variables in a generative model was already �oating around and was brie�y

explored by Bengio et al. [2020] in the bivariate case as a way to integrate causality in deep learning

methods. However, methods for learning causal graphs were based on performing sequences of

conditional independence test [Spirtes et al., 2000], a sequential search in the discrete space of



DAGs [Chickering, 2003, Bühlmann et al., 2014] or on integer linear programming [Jaakkola

et al., 2010, Cussens, 2011] which do not lend themselves naturally to gradient-based optimization

ubiquitous in neural network training. In this context, the work of Zheng et al. [2018], which

formulated the combinatorial problem of learning a DAG into a continuous constrained problem

approachable via gradient-methods, appeared as an obvious candidate to be integrated in modern

deep learning pipelines. However, this approach was limited to linear relationships between

variables, so we proposed GraN-DAG (Chapter 3) as a way to move passed this limitation.

Although Zheng et al. [2018] opened up new possibilities when it comes to optimizing over the

space of DAGs, the optimization problem remains extremely challenging, even in its continuous

constrained form, which remains nonconvex. Identi�ability is also a challenge since it requires

strong assumptions on the data-generating process (such as additive noise) that are unlikely to hold

in real-world scenarios (this limitation is addressed in Chapter 4 thanks to interventional data). The

cost of computing the gradient of the acyclicity constraint is cubic in the number of variables which

makes scaling up to more than 100 variables challenging. That being said, Chapter 4 highlights

advantages of continuous constrained methods when it comes to scaling with dataset size, thanks to

stochastic gradient optimization which is also responsible for our ability to train neural networks on

humongous datasets.

The Prologue of Chapter 4 discusses recent works that tackle some of these issues. Furthermore,

we note that other concurrent works have also extended the work of Zheng et al. [2018] to support

nonlinear relationships [Zheng et al., 2020, Ng et al., 2019, Ke et al., 2019].
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Chapter 3

Gradient-Based Neural DAG Learning

Abstract

We propose a novel score-based approach to learning a directed acyclic graph (DAG) from

observational data. We adapt a recently proposed continuous constrained optimization formulation

to allow for nonlinear relationships between variables using neural networks. This extension allows

to model complex interactions while avoiding the combinatorial nature of the problem. In addition to

comparing our method to existing continuous optimization methods, we provide missing empirical

comparisons to nonlinear greedy search methods. On both synthetic and real-world data sets, this

new method outperforms current continuous methods on most tasks, while being competitive with

existing greedy search methods on important metrics for causal inference.

3.1. Introduction

Structure learning and causal inference have many important applications in different areas of

science such as genetics [Koller and Friedman, 2009, Peters et al., 2017], biology [Sachs et al.,

2005] and economics [Pearl, 2009a].Bayesian networks(BN), which encode conditional indepen-

dencies usingdirected acyclic graphs(DAG), are powerful models which are both interpretable

and computationally tractable.Causal graphical models(CGM) [Peters et al., 2017] are BNs

which supportinterventionalqueries like:What will happen if someone external to the system

intervenes on variable X?Recent work suggests that causality could partially solve challenges faced

by current machine learning systems such as robustness to out-of-distribution samples, adaptability

and explainability [Pearl, 2019, Magliacane et al., 2018]. However, structure and causal learning are

daunting tasks due to both the combinatorial nature of the space of structures (the number of DAGs

growssuper exponentiallywith the number of nodes) and the question ofstructure identi�ability(see

Section 3.2.2). Nevertheless, these graphical models known qualities and promises of improvement

for machine intelligence renders the quest for structure/causal learning appealing.



The typical motivation for learning a causal graphical model is to predict the effect of various

interventions. A CGM can be best estimated when given interventional data, but interventions are

often costly or impossible to obtained. As an alternative, one can use exclusively observational

data and rely on different assumptions which make the graph identi�able from the distribution (see

Section 3.2.2). This is the approach employed in this paper.

We propose a score-based method [Koller and Friedman, 2009] for structure learning named

GraN-DAG which makes use of a recent reformulation of the originalcombinatorial problemof

�nding an optimal DAG into acontinuous constrained optimization problem. In the original method

named NOTEARS [Zheng et al., 2018], the directed graph is encoded as aweighted adjacency

matrix which represents coef�cients in a linearstructural equation model(SEM) [Pearl, 2009a]

(see Section 3.2.3) and enforces acyclicity using a constraint which is both ef�ciently computable

and easily differentiable, thus allowing the use of numerical solvers. This continuous approach

improved upon popular methods while avoiding the design of greedy algorithms based on heuristics.

Our �rst contribution is to extend the framework of Zheng et al. [2018] to deal with nonlinear

relationships between variables using neural networks (NN) [Goodfellow et al., 2016]. To adapt

the acyclicity constraint to our nonlinear model, we use an argument similar to what is used in

Zheng et al. [2018]and apply it �rst at the level ofneural network pathsand then at the level of

graph paths. Although GraN-DAG is general enough to deal with a large variety of parametric fam-

ilies of conditional probability distributions, our experiments focus on the special case of nonlinear

Gaussianadditive noise modelssince, under speci�c assumptions, it provides appealing theoretical

guarantees easing the comparison to other graph search procedures (see Section 3.2.2 & 3.3.3).

On both synthetic and real-world tasks, we show GraN-DAG often outperforms other approaches

which leverage the continuous paradigm, including DAG-GNN [Yu et al., 2019b], a recent nonlinear

extension of Zheng et al. [2018] which uses an evidence lower bound as score.

Our second contribution is to provide a missing empirical comparison to existing methods

that support nonlinear relationships but tackle the optimization problem in its discrete form using

greedy search procedures, namely CAM [Bühlmann et al., 2014] and GSF [Huang et al., 2018a].

We show that GraN-DAG is competitive on the wide range of tasks we considered, while using

pre- and post-processing steps similar to CAM.

We provide an implementation of GraN-DAG here.

3.2. Background

Before presenting GraN-DAG, we review concepts relevant to structure and causal learning.
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3.2.1. Causal graphical models

We suppose the natural phenomenon of interest can be described by a random vectorx 2 Rd

entailed by an underlying CGM(Px ; G) wherePx is a probability distribution overx andG = ( V; E)

is a DAG [Peters et al., 2017]. Each nodej 2 V corresponds to exactly one variable in the system.

Let � G
j denote the set of parents of nodej in G and letx � G

j
denote the random vector containing

the variables corresponding to the parents ofj in G. Throughout the paper, we assume there are

no hidden variables. In a CGM, the distributionPx is said to beMarkovto G, i.e. we can write

the probability density function (pdf) ofPx asp(x ) =
Q d

j =1 pj (x j jx � G
j
) wherepj (x j jx � G

j
) is the

conditional pdf of variablex j givenx � G
j
. A CGM can be thought of as a BN in which directed edges

are given a causal meaning, allowing it to answer queries regardinginterventional distributions

[Koller and Friedman, 2009].

3.2.2. Structure identi�ability

In general, it is impossible to recoverGgiven only samples fromPx , i.e. withoutinterventional

data. It is, however, customary to rely on a set of assumptions to render the structure fully or

partially identi�able.

De�nition 3.1. Given a set of assumptionsA on a CGMM = ( Px ; G), its graphG is said to be

identi�able fromPx if there exists no other CGM~M = ( ~Px ; ~G) satisfying all assumptions inA such

that ~G 6= Gand ~Px = Px .

There are many examples of graph identi�ability results for continuous variables [Peters et al.,

2014, Peters and Bühlman, 2014, Shimizu et al., 2006, Zhang and Hyvärinen, 2009] as well as for

discrete variables [Peters et al., 2011]. These results are obtained by assuming that the conditional

densities belong to a speci�c parametric family. For example, if one assumes that the distribution

Px is entailed by a structural equation model of the form

x j := f j (x � G
j
) + nj with nj � N (0; � 2

j ) 8j 2 V (3.1)

wheref j is a nonlinear function satisfying some mild regularity conditions and the noisesnj are

mutually independent, thenG is identi�able from Px (see Peters et al. [2014] for the complete

theorem and its proof). This is a particular instance ofadditive noise models(ANM). We will make

use of this result in our experiments in Section 3.4.

One can consider weaker assumptions such asfaithfulness[Peters et al., 2017]. This assumption

allows one to identify, notG itself, but theMarkov equivalence classto which it belongs [Spirtes

et al., 2000]. A Markov equivalence class is a set of DAGs which encode exactly the same set

of conditional independence statements and can be characterized by a graphical object named a

completed partially directed acyclic graph(CPDAG) [Koller and Friedman, 2009, Peters et al.,

2017]. Some algorithms we use as baselines in Section 3.4 output only a CPDAG.
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3.2.3. NOTEARS: Continuous optimization for structure learning

Structure learning is the problem of learningG using a data set ofn samplesf x (1) ; :::; x (n)g

from Px . Score-based approaches cast this problem as an optimization problem, i.e.

Ĝ = arg maxG2DAG S(G) where S(G) is a regularized maximum likelihood under graphG.

Since the number of DAGs is super exponential in the number of nodes, most methods rely on

various heuristic greedy search procedures to approximately solve the problem (see Section 3.5 for a

review). We now present the work of Zheng et al. [2018] which proposes to cast this combinatorial

optimization problem into a continuous constrained one.

To do so, the authors propose to encode the graphG on d nodes as a weighted adjacency

matrix U 2 Rd� d which represents (possibly negative) coef�cients in a linear SEM of the form

x j := u >
j x + ni 8j whereu j is thej th column ofU andnj is a noise variable. LetGU be the

directed graph associated with the SEM and letA U be the (binary) adjacency matrix associated

with GU . One can see that the following equivalence holds:

(A U ) ij = 0 () U ij = 0 (3.2)

To make sureGU is acyclic, the authors propose the following constraint onU :

Tr eU � U � d = 0 (3.3)

whereeM ,
P 1

k=0
M k

k! is thematrix exponentialand� is the Hadamard product.

To see why this constraint characterizes acyclicity, �rst note that(A U
k) jj is the number of

cycles of lengthk passing through nodej in graphGU . Clearly, forGU to be acyclic, we must

haveTr A U
k = 0 for k = 1; 2; :::; 1 . By equivalence (3.2), this is true whenTr( U � U )k = 0 for

k = 1; 2; :::; 1 . From there, one can simply apply the de�nition of the matrix exponential to see

why constraint (3.3) characterizes acyclicity (see Zheng et al. [2018] for the full development).

The authors propose to use a regularized negative least square score (maximum likelihood for a

Gaussian noise model). The resulting continuous constrained problem is

max
U

S(U ; X ) , �
1

2n
kX � XU k2

F � � kU k1 s.t. Tr eU � U � d = 0 (3.4)

whereX 2 Rn� d is the design matrix containing alln samples. The nature of the problem has

been drastically changed: we went from a combinatorial to a continuous problem. The dif�culties

of combinatorial optimization have been replaced by those of non-convex optimization, since the

feasible set is non-convex. Nevertheless, a standard numerical solver for constrained optimization

such has anaugmented Lagrangian method[Bertsekas, 1999] can be applied to get an approximate

solution, hence there is no need to design a greedy search procedure. Moreover, this approach is

more global than greedy methods in the sense that the whole matrixU is updated at each iteration.

Continuous approaches to combinatorial optimization have sometimes demonstrated improved
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performance over discrete approaches in the literature (see for example Alayrac et al. [2018, §5.2]

where they solve the multiple sequence alignment problem with a continuous optimization method).

3.3. GraN-DAG: Gradient-based neural DAG learning

We propose a new nonlinear extension to the framework presented in Section 3.2.3. For

each variablex j , we learn a fully connected neural network withL hidden layers parametrized by

� (j ) := f W (1)
(j ) ; : : : ;W (L +1)

(j ) g whereW (` )
(j ) is the`th weight matrix of thej th NN (biases are omitted

for clarity). Each NN takes as inputx � j 2 Rd, i.e. the vectorx with thej th component masked to

zero, and outputs� (j ) 2 Rm , them-dimensional parameter vector of the desired distribution family

for variablex j .1 The fully connected NNs have the following form

� (j ) , W (L +1)
(j ) g(: : : g(W (2)

(j ) g(W (1)
(j ) x � j )) : : : ) 8j (3.5)

where g is a nonlinearity applied element-wise. Note that the evaluation of all NNs can

be parallelized on GPU. Distribution families need not be the same for each variable. Let

� , f � (1) ; : : : ; � (d)g represents all parameters of alld NNs. Without any constraint on its

parameter� (j ) , neural networkj models the conditional pdfpj (x j jx � j ; � (j )). Note that the product
Q d

j =1 pj (x j jx � j ; � (j )) does not integrate to one (i.e. it is not a joint pdf), since it does not decom-

pose according to a DAG. We now show how one can constrain� to make sure the product of all

conditionals outputted by the NNs is a joint pdf. The idea is to de�ne a new weighted adjacency

matrix A � similar to the one encountered in Section 3.2.3, which can be directly used inside the

constraint of Equation 3.3 to enforce acyclicity.

3.3.1. Neural network connectivity

Before de�ning the weighted adjacency matrixA � , we need to focus on how one can make

some NN outputs unaffected by some inputs. Since we will discuss properties of a single NN, we

drop the NN subscript(j ) to improve readability.

We will use the termneural network pathto refer to a computation path in a NN. For example,

in a NN with two hidden layers, the sequence of weights(W (1)
h1 i ; W (2)

h2h1
; W (3)

kh2
) is a NN path from

input i to outputk. We say that a NN path isinactiveif at least one weight along the path is zero.

We can loosely interpret thepath productjW (1)
h1 i jjW

(2)
h2h1

jjW (3)
kh2

j � 0 as the strength of the NN path,

where a path product is equal to zero if and only if the path is inactive. Note that if all NN paths

from inputi to outputk are inactive (i.e. the sum of their path products is zero), then outputk does

not depend on inputi anymore since the information in inputi will never reach outputk. The sum

of all path products from inputi to outputk for all input i and outputk can be easily computed by

1Not all parameter vectors need to have the same dimensionality, but to simplify the notation, we supposemj = m 8j
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taking the following matrix product.

C , jW (L +1) j : : : jW (2) jjW (1) j 2 Rm� d
� 0 (3.6)

wherejW j is the element-wise absolute value ofW . Let us nameC theneural network connectivity

matrix. It can be veri�ed thatCki is the sum of all NN path products from inputi to outputk. This

means it is suf�cient to haveCki = 0 to render outputk independent of inputi .

Remember that each NN in our model outputs a parameter vector� for a conditional distribution

and that we want the product of all conditionals to be a valid joint pdf, i.e. we want its corresponding

directed graph to be acyclic. With this in mind, we see that it could be useful to make a certain

parameter� not dependent on certain inputs of the NN. To have� independent of variablex i , it is

suf�cient to have
P m

k=1 Cki = 0.

3.3.2. A weighted adjacency matrix

We now de�ne a weighted adjacency matrixA � that can be used in constraint of Equation 3.3.

(A � ) ij :=

8
<

:

P m
k=1

�
C (j )

�
ki

; if j 6= i

0; otherwise
(3.7)

whereC (j ) denotes the connectivity matrix of the NN associated with variablex j .

As the notation suggests,A � 2 Rd� d
� 0 depends on all weights of all NNs. Moreover, it can effec-

tively be interpreted as a weighted adjacency matrix similarly to what we presented in Section 3.2.3,

since we have that

(A � ) ij = 0 =) � (j ) does not depend on variablex i (3.8)

We noteG� to be the directed graph entailed by parameter� . We can now write our adapted

acyclicity constraint:

h(� ) , Tr eA � � d = 0 (3.9)

Note that we can compute the gradient ofh(� ) w.r.t. � (except at points of non-differentiability

arising from the absolute value function, similar to standard neural networks with ReLU acti-

vations [Glorot et al., 2011]; these points did not appear problematic in our experiments using

SGD).

3.3.3. A differentiable score and its optimization

We propose solving the maximum likelihood optimization problem

max
�

Ex � Px

dX

j =1

logpj (x j jx � �
j
; � (j )) s.t. Tr eA � � d = 0 (3.10)
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where� �
j denotes the set of parents of nodej in graphG� . Note that

P d
j =1 logpj (x j jx � �

j
; � (j )) is a

valid log-likelihood function when constraint (3.9) is satis�ed.

As suggested in Zheng et al. [2018], we apply an augmented Lagrangian approach to get an

approximate solution to program (3.10). Augmented Lagrangian methods consist of optimizing a

sequence of subproblems for which the exact solutions are known to converge to a stationary point

of the constrained problem under some regularity conditions [Bertsekas, 1999]. In our case, each

subproblem is

max
�

L (� ; � t ; � t ) , Ex � Px

dX

j =1

logpj (x j jx � �
j
; � (j )) � � th(� ) �

� t

2
h(� )2 (3.11)

where� t and� t are the Lagrangian and penalty coef�cients of thetth subproblem, respectively.

These coef�cients are updated after each subproblem is solved. Since GraN-DAG rests on neural

networks, we propose to approximately solve each subproblem using a well-known stochastic

gradient algorithm popular for NN in part for its implicit regularizing effect [Poggio et al., 2018].

See Appendix A for details regarding the optimization procedure.

In the current section, we presented GraN-DAG in a general manner without specifying explicitly

which distribution family is parameterized by� (j ) . In principle, any distribution family could be

employed as long as its log-likelihood can be computed and differentiated with respect to its

parameter� . However, it is not always clear whether the exact solution of problem (3.10) recovers

the ground truth graphG. It will depend on both the modelling choice of GraN-DAG and the

underlying CGM(Px ; G).

Proposition 3.1. Let � � andG� � be the optimal solution to (3.10) and its corresponding graph,

respectively. LetM (A) be the set of CGM(P0; G0) for which the assumptions inA are satis�ed

and letCbe the set of CGM(P0; G0) which can be represented by the model (e.g. NN outputting a

Gaussian distribution). If the underlying CGM(Px ; G) 2 C andC = M (A) for a speci�c set of

assumptionsA such thatG is identi�able fromPx , thenG� � = G.

Proof: Let P� be the joint distribution entailed by parameter� . Note that the population

log-likelihoodEx � Px logp� (x ) is maximal iffP� = Px . We know this maximum can be achieved

by a speci�c parameter� � since by hypothesis(Px ; G) 2 C. SinceG is identi�able fromPx , we

know there exists no other CGM(~Px ; ~G) 2 C such that~G 6= Gand~Px = Px . HenceG� � has to be

equal to G.�

In Section 3.4.1, we empirically explore the identi�able setting of nonlinear Gaussian ANMs

introduced in Section 3.2.2. In practice, one should keep in mind that solving (3.10) exactly is hard

since the problem is non-convex (the augmented Lagrangian converges only to a stationary point)

and moreover we only have access to the empirical log-likelihood (Proposition 3.1 holds for the

population case).
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3.3.4. Thresholding

The solution outputted by the augmented Lagrangian will satisfy the constraint only up to

numerical precision, thus several entries ofA � might not be exactly zero and require thresholding.

To do so, we mask the inputs of each NNj using a binary matrixM (j ) 2 f 0; 1gd� d initialized to

have(M (j )) ii = 1 8i 6= j and zeros everywhere else. Having(M (j )) ii = 0 means the inputi

of NN j has been thresholded. This mask is integrated in the product of Equation 3.6 by doing

C (j ) , jW (L +1)
(j ) j : : : jW (1)

(j ) jM (j ) without changing the interpretation ofC (j ) (M (j ) can be seen

simply as an extra layer in the NN). During optimization, if the entry(A � ) ij is smaller than the

threshold� = 10� 4, the corresponding mask entry(M (j )) ii is set to zero, permanently. The masks

M (j ) are never updated via gradient descent. We also add an iterative thresholding step at the end to

ensure the estimated graphG� is acyclic (described in Appendix B).

3.3.5. Over�tting

In practice, we maximize an empirical estimate of the objective of problem (3.10). It is well

known that this maximum likelihood score is prone to over�tting in the sense that adding edges

can never reduce the maximal likelihood [Koller and Friedman, 2009]. GraN-DAG gets around

this issue in four ways. First, as we optimize a subproblem, we evaluate its objective on a held-out

data set and declare convergence once it has stopped improving. This approach is known asearly

stopping[Prechelt, 1997]. Second, to optimize (3.11), we use a stochastic gradient algorithm variant

which is now known to have an implicit regularizing effect [Poggio et al., 2018]. Third, once we

have thresholded our graph estimate to be a DAG, we apply a �nal pruning step identical to what is

done in CAM [Bühlmann et al., 2014] to remove spurious edges. This step performs a regression of

each node against its parents and uses a signi�cance test to decide which parents should be kept

or not. Fourth, for graphs of 50 nodes or more, we apply apreliminary neighbors selection(PNS)

before running the optimization procedure as was also recommended in Bühlmann et al. [2014].

This procedure selects a set of potential parents for each variables. See Appendix C for details on

PNS and pruning. Many score-based approaches control over�tting by penalizing the number of

edges in their score. For example, NOTEARS includes the L1 norm of its weighted adjacency matrix

U in its objective. GraN-DAG regularizes using PNS and pruning for ease of comparision to CAM,

the most competitive approach in our experiments. The importance of PNS and pruning and their

ability to reduce over�tting is illustrated in an ablation study presented in Appendix C. The study

shows that PNS and pruning are both very important for the performance of GraN-DAG in terms of

SHD, but do not have a signi�cant effect in terms of SID. In these experiments, we also present

NOTEARS and DAG-GNN with PNS and pruning, without noting a signi�cant improvement.
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3.3.6. Computational Complexity

To learn a graph, GraN-DAG relies on the proper training of neural networks on which it is

built. We thus propose using a stochastic gradient method which is a standard choice when it comes

to NN training because it scales well with both the sample size and the number of parameters

and it implicitly regularizes learning. Similarly to NOTEARS, GraN-DAG requires the evaluation

of the matrix exponential ofA � at each iteration costingO(d3). NOTEARS justi�es the use

of a batch proximal quasi-Newton algorithm by the low number ofO(d3) iterations required to

converge. Since GraN-DAG uses a stochastic gradient method, one would expect it will require more

iterations to converge. However, in practice we observe that GraN-DAG performs fewer iterations

than NOTEARS before the augmented Lagrangian converges (see Table 3.4 of Appendix A). We

hypothesize this is due to early stopping which avoids having to wait until the full convergence

of the subproblems hence limiting the total number of iterations. Moreover, for the graph sizes

considered in this paper (d � 100), the evaluation ofh(� ) in GraN-DAG, which includes the matrix

exponentiation, does not dominate the cost of each iteration (� 4% for 20 nodes and� 13% for 100

nodes graphs). Evaluating the approximate gradient of the log-likelihood (costingO(d2) assuming

a �xed minibatch size, NN depth and width) appears to be of greater importance ford � 100.

3.4. Experiments

In this section, we compare GraN-DAG to various baselines in the continuous paradigm, namely

DAG-GNN [Yu et al., 2019b] and NOTEARS [Zheng et al., 2018], and also in the combinatorial

paradigm, namely CAM [Bühlmann et al., 2014], GSF [Huang et al., 2018a], GES [Chickering,

2003] and PC [Spirtes et al., 2000]. These methods are discussed in Section 3.5. In all experiments,

each NN learned by GraN-DAG outputs the mean of a Gaussian distribution�̂ (j ) , i.e. � (j ) := �̂ (j )

andx j jx � G
j

� N (�̂ (j ) ; �̂ 2
(j )) 8j . The parameterŝ� 2

(j ) are learned as well, but do not depend on

the parent variablesx � G
j

(unless otherwise stated). Note that this modelling choice matches the

nonlinear Gaussian ANM introduced in Section 3.2.2.

We report the performance of random graphs sampled using theErd�os-Rényi(ER) scheme

described in Appendix E (denoted by RANDOM). For each approach, we evaluate the estimated

graph on two metrics: thestructural hamming distance(SHD) and thestructural interventional

distance(SID) [Peters and Bühlmann, 2015]. The former simply counts the number of missing,

falsely detected or reversed edges. The latter is especially well suited for causal inference since

it counts the number of couples(i; j ) such that the interventional distributionp(x j jdo(x i = �x))

would be miscalculated if we were to use the estimated graph to form the parent adjustement set.

Note that GSF, GES and PC output only a CPDAG, hence the need to report a lower and an upper

bound on the SID. See Appendix G for more details on SHD and SID. All experiments were ran

51



with publicly available code from the authors website. See Appendix H for the details of their

hyperparameters. In Appendix I, we explain how one could use a held-out data set to select the

hyperparameters of score-based approaches and report the results of such a procedure on almost

every settings discussed in the present section.

3.4.1. Synthetic data

We have generated differentdata set typeswhich vary along four dimensions: data generating

process, number of nodes, level of edge sparsity and graph type. We consider two graph sampling

schemes:Erd�os-Rényi(ER) andscale-free(SF) (see Appendix E for details). For each data set type,

we sampled 10 data sets of 1000 examples as follows: First, a ground truth DAGG is randomly

sampled following either the ER or the SF scheme. Then, the data is generated according to a

speci�c sampling scheme.

The �rst data generating process we consider is the nonlinear Gaussian ANM (Gauss-ANM)

introduced in Section 3.2.2 in which data is sampled followingx j := f j (x � G
j
) + nj with mutually

independent noisesnj � N (0; � 2
j ) 8j where the functionsf j are independently sampled from a

Gaussian process with a unit bandwidth RBF kernel and with� 2
j sampled uniformly. As mentioned

in Section 3.2.2, we knowGto be identi�able from the distribution. Proposition 3.1 indicates that

the modelling choice of GraN-DAG together with this synthetic data ensure that solving (3.10) to

optimality would recover the correct graph. Note that NOTEARS and CAM also make the correct

Gaussian noise assumption, but do not have enough capacity to represent thef j functions properly.

We considered graphs of 10, 20, 50 and 100 nodes. Tables 3.1 & 3.2 present results only for 10

and 50 nodes since the conclusions do not change with graphs of 20 or 100 nodes (see Appendix F

for these additional experiments). We consider graphs ofd and4d edges (respectively denoted by

ER1 and ER4 in the case of ER graphs). We report the performance of the popular GES and PC in

Appendix F since they are almost never on par with the best methods presented in this section.

ER1 ER4 SF1 SF4

SHD SID SHD SID SHD SID SHD SID

GraN-DAG 1.7� 2.5 1.7� 3.1 8.3� 2.8 21.8� 8.9 1.2� 1.1 4.1� 6.1 9.9� 4.0 16.4� 6.0
DAG-GNN 11.4� 3.1 37.6� 14.4 35.1� 1.5 81.9� 4.7 9.9� 1.1 29.7� 15.8 20.8� 1.9 48.4� 15.6
NOTEARS 12.2� 2.9 36.6� 13.1 32.6� 3.2 79.0� 4.1 10.7� 2.2 32.0� 15.3 20.8� 2.7 49.8� 15.6
CAM 1.1� 1.1 1.1� 2.4 12.2� 2.7 30.9� 13.2 1.4� 1.6 5.4� 6.1 9.8� 4.3 19.3� 7.5
GSF 6.5� 2.6 [6.2� 10.8 21.7� 8.4 [37.2� 19.2 1.8� 1.7 [2.0� 5.1 8.5� 4.2 [13.2� 6.8

17.7� 12.3] 62.7� 14.9] 6.9� 6.2] 20.6� 12.1]
RANDOM 26.3� 9.8 25.8� 10.4 31.8� 5.0 76.6� 7.0 25.1� 10.2 24.5� 10.5 28.5� 4.0 47.2� 12.2

Table 3.1. Results for ER and SF graphs of 10 nodes with Gauss-ANM data
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ER1 ER4 SF1 SF4

SHD SID SHD SID SHD SID SHD SID

GraN-DAG 5.1� 2.8 22.4� 17.8 102.6� 21.2 1060.1� 109.4 25.5� 6.2 90.0� 18.9 111.3� 12.3 271.2� 65.4
DAG-GNN 49.2� 7.9 304.4� 105.1 191.9� 15.2 2146.2� 64 49.8� 1.3 182.8� 42.9 144.9� 13.3 540.8� 151.1
NOTEARS 62.8� 9.2 327.3� 119.9 202.3� 14.3 2149.1� 76.3 57.7� 3.5 195.7� 54.9 153.7� 11.8 558.4� 153.5
CAM 4.3� 1.9 22.0� 17.9 98.8� 20.7 1197.2� 125.9 24.1� 6.2 85.7� 31.9 111.2� 13.3 320.7� 152.6
GSF 25.6� 5.1 [21.1� 23.1 81.8� 18.8 [906.6� 214.7 31.6� 6.7 [85.8� 29.9 120.2� 10.9 [284.7� 80.2

79.2� 33.5] 1030.2� 172.6] 147.3� 49.9] 379.9� 98.3]
RANDOM 535.7� 401.2 272.3� 125.5 708.4� 234.4 1921.3� 203.5 514.0� 360.0 381.3� 190.3 660.6� 194.9 1198.9� 304.6

Table 3.2. Results for ER and SF graphs of 50 nodes with Gauss-ANM data

We now examine Tables 3.1 & 3.2 (the errors bars represent the standard deviation across

datasets per task). We can see that, across all settings, GraN-DAG and CAM are the best performing

methods, both in terms of SHD and SID, while GSF is not too far behind. The poor performance

of NOTEARS can be explained by its inability to model nonlinear functions. In terms of SHD,

DAG-GNN performs rarely better than NOTEARS while in terms of SID, it performs similarly

to RANDOM in almost all cases except in scale-free networks of 50 nodes or more. Its poor

performance might be due to its incorrect modelling assumptions and because its architecture uses a

strong form of parameter sharing between thef j functions, which is not justi�ed in a setup like ours.

GSF performs always better than DAG-GNN and NOTEARS but performs as good as CAM and

GraN-DAG only about half the time. Among the continuous approaches considered, GraN-DAG is

the best performing on these synthetic tasks.

Even though CAM (wrongly) assumes that the functionsf j are additive, i.e.

f j (x � G
j
) =

P
i 2 � G

j
f ij (x j ) 8j , it manages to compete with GraN-DAG which does not make this

incorrect modelling assumption2. This might partly be explained by a bias-variance trade-off. CAM

is biased but has a lower variance than GraN-DAG due to its restricted capacity, resulting in both

methods performing similarly. In Appendix D, we present an experiment showing that GraN-DAG

can outperform CAM in higher sample size settings, suggesting this explanation is reasonable.

Having con�rmed that GraN-DAG is competitive on the ideal Gauss-ANM data, we experi-

mented with settings better adjusted to other models to see whether GraN-DAG remains competitive.

We considered linear Gaussian data (better adjusted to NOTEARS) and nonlinear Gaussian data

with additive functions (better adjusted to CAM) named LIN and ADD-FUNC, respectively. See

Appendix E for the details of their generation. We report the results of GraN-DAG and other

baselines in Table 3.12 & 3.13 of the appendix. On linear Gaussian data, most methods score poorly

in terms of SID which is probably due to the unidenti�ability of the linear Gaussian model (when

the noise variances are unequal). GraN-DAG and CAM perform similarly to NOTEARS in terms of

SHD. On ADD-FUNC, CAM dominates all methods on most graph types considered (GraN-DAG

is on par only for the 10 nodes ER1 graph). However, GraN-DAG outperforms all other methods

2Although it is true that GraN-DAG does not wrongly assume that the functionsf j are additive, it is not clear whether
its neural networks can exactly represent functions sampled from the Gaussian process.
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which can be explained by the fact that the conditions of Proposition 3.1 are satis�ed (supposing the

functions
P

i 2 � G
j

f ij (x i ) can be represented by the NNs).

We also considered synthetic data sets which do not satisfy the additive Gaussian noise assump-

tion present in GraN-DAG, NOTEARS and CAM. We considered two kinds ofpost nonlinear

causal models[Zhang and Hyvärinen, 2009], PNL-GP and PNL-MULT (see Appendix E for details

about their generation). A post nonlinear model has the formx j := gj (f j (x � G
j
) + nj ) wherenj is a

noise variable. Note that GraN-DAG (with the current modelling choice) and CAM do not have the

representational power to express these conditional distributions, hence violating an assumption of

Proposition 3.1. However, these data sets differ from the previous additive noise setup only by the

nonlinearitygj , hence offering a case of mild model misspeci�cation. The results are reported in

Table 3.14 of the appendix. GraN-DAG and CAM are outperforming DAG-GNN and NOTEARS

except in SID for certain data sets where all methods score similarly to RANDOM. GraN-DAG and

CAM have similar performance on all data sets except one where CAM is better. GSF performs

worst than GraN-DAG (in both SHD and SID) on PNL-GP but not on PNL-MULT where it performs

better in SID.

3.4.2. Real and pseudo-real data

We have tested all methods considered so far on a well known data set which measures the

expression level of different proteins and phospholipids in human cells [Sachs et al., 2005]. We

trained only on then = 853 observational samples. This dataset and its ground truth graph proposed

in Sachs et al. [2005] (11 nodes and 17 edges) are often used in the probabilistic graphical model

literature [Koller and Friedman, 2009]. We also consider pseudo-real data sets sampled from the

SynTReN generator [Van den Bulcke, 2006]. This generator was designed to create synthetic

transcriptional regulatory networks and produces simulated gene expression data that approximates

experimental data. See Appendix E for details of the generation.

In applications, it is not clear whether the conditions of Proposition 3.1 hold since we do not

know whether(Px ; G) 2 C. This departure from identi�able settings is an occasion to explore a

different modelling choice for GraN-DAG. In addition to the model presented at the beginning of this

section, we consider an alternative, denoted GraN-DAG++, which allows the variance parameters

�̂ 2
(i ) to depend on the parent variablesx � G

i
through the NN, i.e.� (i ) := ( �̂ (i ) ; log �̂ 2

(i )). Note that

this is violating the additive noise assumption (in ANMs, the noise is independent of the parent

variables).

In addition to metrics used in Section 3.4.1, we also report SHD-C. To compute the SHD-C

between two DAGs, we �rst map each of them to their corresponding CPDAG and measure the

SHD between the two. This metric is useful to compare algorithms which only outputs a CPDAG

like GSF, GES and PC to other methods which outputs a DAG. Results are reported in Table 3.3.
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Protein signaling data setSynTReN (20 nodes)
SHD SHD-C SID SHD SHD-C SID

GraN-DAG 13 11 47 34.0� 8.5 36.4� 8.3 161.7� 53.4
GraN-DAG++ 13 10 48 33.7� 3.7 39.4� 4.9 127.5� 52.8
DAG-GNN 16 21 44 93.6� 9.2 97.6� 10.3 157.5� 74.6
NOTEARS 21 21 44 151.8� 28.2 156.1� 28.7 110.7� 66.7
CAM 12 9 55 40.5� 6.8 41.4� 7.1 152.3� 48
GSF 18 10 [44, 61] 61.8� 9.6 63.3� 11.4 [76.7� 51.1, 109.9� 39.9]
GES 26 28 [34, 45] 82.6� 9.3 85.6� 10 [157.2� 48.3, 168.8� 47.8]
PC 17 11 [47, 62] 41.2� 5.1 42.4� 4.6 [154.8� 47.6, 179.3� 55.6]
RANDOM 21 20 60 84.7� 53.8 86.7� 55.8 175.8� 64.7

Table 3.3. Results on real and pseudo-real data

First, all methods perform worse than what was reported for graphs of similar size in Sec-

tion 3.4.1, both in terms of SID and SHD. This might be due to the lack of identi�ability guarantees

we face in applications. On the protein data set, GraN-DAG outperforms CAM in terms of SID

(which differs from the general trend of Section 3.4.1) and arrive almost on par in terms of SHD

and SHD-C. On this data set, DAG-GNN has a reasonable performance, beating GraN-DAG in

SID, but not in SHD. On SynTReN, GraN-DAG obtains the best SHD but not the best SID. Overall,

GraN-DAG is always competitive with the best methods of each task.

3.5. Related Work

Most methods for structure learning from observational data make use of some identi�ability

results similar to the ones raised in Section 3.2.2. Roughly speaking, there are two classes of

methods:independence-basedandscore-basedmethods. GraN-DAG falls into the second class.

Score-based methods [Koller and Friedman, 2009, Peters et al., 2017] cast the problem of

structure learning as an optimization problem over the space of structures (DAGs or CPDAGs).

Many popular algorithms tackle the combinatorial nature of the problem by performing a form of

greedy search. GES [Chickering, 2003] is a popular example. It usually assumes a linear parametric

model with Gaussian noise and greedily search the space of CPDAGs in order to optimize the

Bayesian information criterion. GSF [Huang et al., 2018a], is based on the same search algorithm as

GES, but uses a generalized score function which can model nonlinear relationships. Other greedy

approaches rely on parametric assumptions which renderGfully identi�able. For example, Peters

and Bühlman [2014] relies on a linear Gaussian model with equal variances to render the DAG

identi�able. RESIT [Peters et al., 2014], assumes nonlinear relationships with additive Gaussian

noise and greedily maximizes an independence-based score. However, RESIT does not scale

well to graph of more than 20 nodes. CAM [Bühlmann et al., 2014] decouples the search for the

optimal node ordering from the parents selection for each node and assumes an additive noise

model (ANM) [Peters et al., 2017] in which the nonlinear functions are additive. As mentioned
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in Section 3.2.3, NOTEARS, proposed in Zheng et al. [2018], tackles the problem of �nding

an optimal DAG as a continuous constrained optimization program. This is a drastic departure

from previous combinatorial approaches which enables the application of well studied numerical

solvers for continuous optimizations. Recently, Yu et al. [2019b] proposed DAG-GNN, a graph

neural network architecture (GNN) which can be used to learn DAGs via the maximization of an

evidence lower bound. By design, a GNN makes use of parameter sharing which we hypothesize

is not well suited for most DAG learning tasks. To the best of our knowledge, DAG-GNN is

the �rst approach extending the NOTEARS algorithm for structure learning to support nonlinear

relationships. Although Yu et al. [2019b] provides empirical comparisons to linear approaches,

namely NOTEARS and FGS (a faster extension of GES) [Ramsey et al., 2017], comparisons to

greedy approaches supporting nonlinear relationships such as CAM and GSF are missing. Moreover,

GraN-DAG signi�cantly outperforms DAG-GNN on our benchmarks. There exists certain score-

based approaches which uses integer linear programming (ILP) [Jaakkola et al., 2010, Cussens,

2011] which internally solve continuous linear relaxations. Connections between such methods and

the continuous constrained approaches are yet to be explored.

When used with the additive Gaussian noise assumption, the theoretical guarantee of GraN-DAG

rests on the identi�ability of nonlinear Gaussian ANMs. Analogously to CAM and NOTEARS,

this guarantee holds only if the correct identi�ability assumptions hold in the data and if the score

maximization problem is solved exactly (which is not the case in all three algorithms). DAG-

GNN provides no theoretical justi�cation for its approach. NOTEARS and CAM are designed to

handle what is sometimes called thehigh-dimensional settingin which the number of samples is

signi�cantly smaller than the number of nodes. Bühlmann et al. [2014] provides consistency results

for CAM in this setting. GraN-DAG and DAG-GNN were not designed with this setting in mind

and would most likely fail if confronted to it. Solutions for �tting a neural network on less data

points than input dimensions are not common in the NN literature.

Methods for causal discovery using NNs have already been proposed. SAM [Kalainathan et al.,

2018] learns conditional NN generators using adversarial losses but does not enforce acyclicity.

CGNN [Goudet et al., 2018], when used for multivariate data, requires an initial skeleton to learn

the different functional relationships.

GraN-DAG has strong connections with MADE [Germain et al., 2015], a method used to

learn distributions using a masked NN which enforces the so-calledautoregressive property. The

autoregressive property and acyclicity are in fact equivalent. MADE does not learn the weight

masking, it �xes it at the beginning of the procedure. GraN-DAG could be used with a unique NN

taking as input all variables and outputting parameters for all conditional distributions. In this case,

it would be similar to MADE, except the variable ordering would be learned from data instead of

�xed a priori.
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3.6. Conclusion

The continuous constrained approach to structure learning has the advantage of being more

global than other approximate greedy methods (since it updates all edges at each step based on

the gradient of the score but also the acyclicity constraint) and allows to replace task-speci�c

greedy algorithms by appropriate off-the-shelf numerical solvers. In this work, we have introduced

GraN-DAG, a novel score-based approach for structure learning supporting nonlinear relationships

while leveraging a continuous optimization paradigm. The method rests on a novel characterization

of acyclicity for NNs based on the work of Zheng et al. [2018]. We showed GraN-DAG outperforms

other gradient-based approaches, namely NOTEARS and its recent nonlinear extension DAG-GNN,

on the synthetic data sets considered in Section 3.4.1 while being competitive on real and pseudo-

real data sets of Section 3.4.2. Compared to greedy approaches, GraN-DAG is competitive across

all datasets considered. To the best of our knowledge, GraN-DAG is the �rst approach leveraging

the continuous paradigm introduced in Zheng et al. [2018] which has been shown to be competitive

with state of the art methods supporting nonlinear relationships.
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Appendices of Chapter 3

A. Optimization

Let us recall the augmented Lagrangian:

max
�

L (� ; � t ; � t ) , Ex � Px

dX

i =1

logpi (x i jx � �
i
; � (i )) � � th(� ) �

� t

2
h(� )2 (3.12)

where� t and� t are the Lagrangian and penalty coef�cients of thetth subproblem, respectively. In

all our experiments, we initialize those coef�cients using� 0 = 0 and� 0 = 10� 3. We approximately

solve each non-convex subproblem using RMSprop [Tieleman and Hinton, 2012], a stochastic

gradient descent variant popular for NNs. We use the following gradient estimate:

r � L (� ; � t ; � t ) � r � L̂ B (� ; � t ; � t )

with L̂ B (� ; � t ; � t ) ,
1

jB j

X

x 2 B

dX

i =1

logpi (x i jx � �
i
; � (i )) � � th(� ) �

� t

2
h(� )2

(3.13)

whereB is a minibatch sampled from the data set andjB j is the minibatch size. The gradient

estimater � L̂ B (� ; � t ; � t ) can be computed using standard deep learning libraries. We consider a

subproblem has converged whenL̂ H (� ; � t ; � t ) evaluated on a held-out data setH stops increasing.

Let � �
t be the approximate solution to subproblemt. Then,� t and� t are updated according to the

following rule:
� t+1  � t + � th (� �

t )

� t+1  

(
�� t ; if h (� �

t ) > 
h
�
� �

t � 1

�

� t ; otherwise

(3.14)

with � = 10 and
 = 0:9. Each subproblemt is initialized using the previous subproblem solution

� �
t � 1. The augmented Lagrangian method stops whenh(� ) � 10� 8.

Total number of iterations before augmented Lagrangian converges:In GraN-DAG and

NOTEARS, every subproblem is approximately solved using an iterative algorithm. LetT be

the number of subproblems solved before the convergence of the augmented Lagrangian. For a

given subproblemt, let K t be the number of iterations executed to approximately solve it. Let



I =
P T

t=1 K t be thetotal number of iterationsbefore the augmented Lagrangian converges.

Table 3.4 reports the total number of iterationsI for GraN-DAG and NOTEARS, averaged over ten

data sets. Note that the matrix exponential is evaluated once per iteration. Even though GraN-DAG

uses a stochastic gradient algorithm, it requires less iterations than NOTEARS which uses a batch

proximal quasi-Newton method. We hypothesize early stopping avoids having to wait until full

convergence before moving to the next subproblem, hence reducing the total number of iterations.

Note that GraN-DAG total run time is still larger than NOTEARS due to its gradient requiring more

computation to evaluate (total runtime� 10 minutes against� 1 minute for 20 nodes graphs and�

4 hours against� 1 hour for 100 nodes graphs). GraN-DAG runtime on 100 nodes graphs can be

roughly halved when executed on GPU.

20 nodes ER1 20 nodes ER4 100 nodes ER1 100 nodes ER4

GraN-DAG 27:3 � 3:6 30:4 � 4:2 23:1 � 0:7 23:1 � 0:8
NOTEARS 67:1 � 35:3 72:3 � 24:3 243:6 � 12:3 232:4 � 12:9

Table 3.4. Total number of iterations (� 103) before augmented Lagrangian converges on Gauss-
ANM data.

B. Thresholding to ensure acyclicity

The augmented Lagrangian outputs� �
T whereT is the number of subproblems solved before

declaring convergence. Note that the weighted adjacency matrixA � �
T

will most likely not represent

an acyclic graph, even if we threshold as we learn, as explained in Section 3.3.4. We need to remove

additional edges to obtain a DAG (edges are removed using the mask presented in Section 3.3.4).

One option would be to remove edges one by one until a DAG is obtained, starting from the edge

(i; j ) with the lowest(A � �
T
) ij up to the edge with the highest(A � �

T
) ij . This amounts to gradually

increasing the threshold� until A � �
T

is acyclic. However, this approach has the following �aw:

It is possible to have(A � �
T
) ij signi�cantly higher than zero while having� (j ) almost completely

independent of variablex i . This can happen for at least two reasons. First, the NN paths from input

i to outputk might end up cancelling each others, rendering the inputi inactive. Second, some

neurons of the NNs might always be saturated for the observed range of inputs, rendering some NN

pathseffectively inactivewithout being inactive in the sense described in Section 3.3.1. Those two

observations illustrate the fact that having(A � �
T
) ij = 0 is only a suf�cient condition to have� (j )

independent of variablex i and not a necessary one.

To avoid this issue, we consider the following alternative. Consider the functionL : Rd 7! Rd

which maps alld variables to their respective conditional likelihoods, i.e.L i (x ) , pi (x i j x
�

� �
T

i

) 8i .
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We consider the following expected Jacobian matrix

J , Ex � Px

�
�
�
�
@L
@x

�
�
�
�

>

(3.15)

where
�
� @L

@x

�
� is the Jacobian matrix ofL evaluated atx , in absolute value (element-wise). Similarly to

(A � �
T
) ij , the entryJ ij can be loosely interpreted as the strength of edge(i; j ). We propose removing

edges starting from the lowestJ ij to the highest, stopping as soon as acyclicity is achieved. We

believeJ is better thanA � �
T

at capturing which NN inputs are effectively inactive since it takes into

account NN paths cancelling each others and saturated neurons. Empirically, we found that usingJ

instead ofA � �
T

yields better results, and thus we report the results withJ in this paper.

C. Preliminary neighborhood selection and DAG Pruning

PNS: For graphs of 50 nodes or more, GraN-DAG performs apreliminary neighborhood

selection(PNS) similar to what has been proposed in Bühlmann et al. [2014]. This procedure

applies a variable selection method to get a set of possible parents for each node. This is done

by �tting an extremely randomized trees[Geurts et al., 2006] (usingExtraTreesRegressor

from scikit-learn ) for each variable against all the other variables. For each node a feature

importance score based on the gain of purity is calculated. Only nodes that have a feature importance

score higher than0:75� meanare kept as potential parent, wheremeanis the mean of the feature

importance scores of all nodes. Although the use of PNS in CAM was motivated by gains in

computation time, GraN-DAG uses it to avoid over�tting, without reducing the computation time.

Pruning: Once the thresholding is performed and a DAG is obtained as described in B, GraN-

DAG performs a pruning step identical to CAM [Bühlmann et al., 2014] in order to remove spurious

edges. We use the implementation of Bühlmann et al. [2014] based on the R functiongamboost

from themboost package. For each variablex i , a generalized additive model is �tted against the

current parents ofx i and a signi�cance test of covariates is applied. Parents with a p-value higher

than 0.001 are removed from the parent set. Similarly to what Bühlmann et al. [2014] observed, this

pruning phase generally has the effect of greatly reducing the SHD without considerably changing

the SID.

Ablation study: In Table 3.5, we present an ablation study which shows the effect of

adding PNS and pruning to GraN-DAG on different performance metrics and on the negative

log-likelihood (NLL) of the training and validation set. Note that, before computing both NLL,

we reset all parameters of GraN-DAG except the mask and retrained the model on the training set

without any acyclicity constraint (acyclicity is already ensure by the masks at this point). This

retraining procedure is important since the pruning removes edges (i.e. some additional NN inputs

are masked) and it affects the likelihood of the model (hence the need to retrain).
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PNS Pruning SHD SID NLL (train) NLL (validation)

False False 1086.8� 48.8 31.6� 23.6 0.36� 0.07 1.44� 0.21
True False 540.4� 70.3 17.4� 16.7 0.52� 0.08 1.16� 0.17
False True 11.8� 5.0 39.7� 25.5 0.78� 0.12 0.84� 0.12
True True 6.1� 3.3 29.3� 19.5 0.78� 0.13 0.83� 0.12

Table 3.5. PNS and pruning ablation study for GraN-DAG (averaged over 10 datasets from ER1
with 50 nodes)

A �rst observation is that adding PNS and pruning improve the NLL on the validation set

while deteriorating the NLL on the training set, showing that those two steps are indeed reducing

over�tting. Secondly, the effect on SHD is really important while the effect on SID is almost

nonexistent. This can be explained by the fact that SID has more to do with the ordering of the

nodes than with false positive edges. For instance, if we have a complete DAG with a node ordering

coherent with the ground truth graph, the SID is zero, but the SHD is not due to all the false positive

edges. Without the regularizing effect of PNS and pruning, GraN-DAG manages to �nd a DAG

with a good ordering but with many spurious edges (explaining the poor SHD, the good SID and the

big gap between the NLL of the training set and validation set). PNS and pruning helps reducing

the number of spurious edges, hence improving SHD.

We also implemented PNS and pruning for NOTEARS and DAG-GNN to see whether their

performance could also be improved. Table 3.6 reports an ablation study for DAG-GNN and

NOTEARS. First, the SHD improvement is not as important as for GraN-DAG and is almost not

statistically signi�cant. The improved SHD does not come close to performance of GraN-DAG.

Second, PNS and pruning do not have a signi�cant effect of SID, as was the case for GraN-DAG.

The lack of improvement for those methods is probably due to the fact that they are not over�tting

like GraN-DAG, as the training and validation (unregularized) scores shows. NOTEARS captures

only linear relationships, thus it will have a hard time over�tting nonlinear data and DAG-GNN

uses a strong form of parameter sharing between its conditional densities which possibly cause

under�tting in a setup where all the parameters of the conditionals are sampled independently.

Moreover, DAG-GNN and NOTEARS threshold aggressively their respective weighted adja-

cency matrix at the end of training (with the default parameters used in the code), which also acts

as a form of heavy regularization, and allow them to remove many spurious edges. GraN-DAG

without PNS and pruning does not threshold as strongly by default which explains the high SHD

of Table 3.5. To test this explanation, we removed all edges (i , j ) for which (A � ) ij < 0:33 for

GraN-DAG and obtained an SHD of 29.4� 15.9 and an SID of 85.6� 45.7, showing a signi�cant

improvement over NOTEARS and DAG-GNN, even without PNS and pruning.

3This was the default value of thresholding used in NOTEARS and DAG-GNN.
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Algorithm PNS Pruning SHD SID Score (train) Score (validation)

DAG-GNN False False 56.8� 11.1 322.9� 103.8 -2.8� 1.5 -2.2� 1.6
True False 55.5� 10.2 314.5� 107.6 -2.1� 1.6 -2.1� 1.7
False True 49.4� 7.8 325.1� 103.7 -1.8� 1.1 -1.8� 1.2
True True 47.7� 7.3 316.5� 105.6 -1.9� 1.6 -1.9� 1.6

NOTEARS False False 64.2� 9.5 327.1� 110.9 -23.1� 1.8 -23.2� 2.1
True False 54.1� 10.9 321.5� 104.5 -25.2� 2.7 -25.4� 2.8
False True 49.5� 8.8 327.7� 111.3 -26.7� 2.0 -26.8� 2.1
True True 49.0� 7.6 326.4� 106.9 -26.23� 2.2 -26.4� 2.4

Table 3.6. PNS and pruning ablation study for DAG-GNN and NOTEARS (averaged over 10
datasets from ER1 with 50 nodes)

D. Large Sample Size Experiment

In this section, we test the bias-variance hypothesis which attempts to explain why CAM is on

par with GraN-DAG on Gauss-ANM data even if its model wrongly assumes that thef j functions

are additive. Table 3.7 reports the performance of GraN-DAG and CAM for different sample sizes.

We can see that, as the sample size grows, GraN-DAG ends up outperforming CAM in terms of

SID while staying on par in terms of SHD. We explain this observation by the fact that a larger

sample size reduces variance for GraN-DAG thus allowing it to leverage its greater capacity against

CAM which is stuck with its modelling bias. Both algorithms were run with their respective default

hyperparameter combination.

This experiment suggests GraN-DAG could be an appealing option in settings where the

sample size is substantial. The present paper focuses on sample sizes typically encountered in the

structure/causal learning litterature and leave this question for future work.

Sample size Method SHD SID

500 CAM 123.5� 13.9 1181.2� 160.8
GraN-DAG 130.2� 14.4 1246.4� 126.1

1000 CAM 103.7� 15.2 1074.7� 125.8
GraN-DAG 104.4� 15.3 942.1� 69.8

5000 CAM 74.1� 13.2 845.0� 159.8
GraN-DAG 71.9� 15.9 554.1� 117.9

10000 CAM 66.3� 16.0 808.1� 142.9
GraN-DAG 65.9� 19.8 453.4� 171.7

Table 3.7. Effect of sample size - Gauss-ANM 50 nodes ER4 (averaged over 10 datasets)
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E. Details on data sets generation

Synthetic data sets:For each data set type, 10 data sets are sampled with 1000 examples

each. As the synthetic data introduced in Section 3.4.1, for each data set, a ground truth DAGGis

randomly sampled following the ER scheme and then the data is generated. Unless otherwise stated,

all root variables are sampled fromU[� 1; 1].

� Gauss-ANMis generated followingx j := f j (x � G
j
)+ nj 8j with mutually independent noises

nj � N (0; � 2
j ) 8j where the functionsf j are independently sampled from a Gaussian

process with a unit bandwidth RBF kernel and� 2
j � U [0:4; 0:8]. Source nodes are Gaussian

with zero mean and variance sampled fromU[1; 2]

� LIN is generated followingx j jx � G
j

� w T
j x � G

j
+ 0:2 � N (0; � 2

j ) 8j where� 2
j � U [1; 2] and

w j is a vector ofj� G
j j coef�cients each sampled fromU[0; 1].

� ADD-FUNC is generated followingx j jx � G
j

�
P

i 2 � G
j

f j;i (x i ) + 0 :2 � N (0; � 2
j ) 8j where

� 2
j � U [1; 2] and the functionsf j;i are independently sampled from a Gaussian process with

bandwidth one. This model is adapted from Bühlmann et al. [2014].

� PNL-GPis generated followingx j jx � G
j

� � (f j (x � G
j
) + Laplace(0; l j )) 8j with the func-

tions f j independently sampled from a Gaussian process with bandwidth one andl j �

U[0; 1]. In the two-variable case, this model is identi�able following the Corollary 9

from Zhang and Hyvärinen [2009]. To get identi�ability according to this corollary, it is

important to use non-Gaussian noise, explaining our design choices.

� PNL-MULT is generated followingx j jx � G
j

� exp(log(
P

i 2 � G
j

x i ) + jN (0; � 2
j )j) 8j where

� 2
j � U [0; 1]. Root variables are sampled fromU[0; 2]. This model is adapted from Zhang

et al. [2015].

SynTReN: Ten datasets have been generated using the SynTReN generator

(http://bioinformatics.intec.ugent.be/kmarchal/SynTReN/index.html )

using the software default parameters except for theprobability for complex 2-regulator interactions

that was set to 1 and the random seeds used were 0 to 9. Each dataset contains 500 samples and

comes from a 20 nodes graph.

Graph types: Erd�os-Rényi(ER) graphs are generated by randomly sampling a topological order

and by adding directed edges were it is allowed independently with probabilityp = 2e
d2 � d weree is

the expected number of edges in the resulting DAG.Scale-free(SF) graphs were generated using

the Barabási-Albert model [Barabási and Albert, 1999] which is based on preferential attachment.

Nodes are added one by one. Between the new node and the existing nodes,m edges (wherem is

equal tod or 4d) will be added. An existing nodei have the probabilityp(ki ) = k iP
j k j

to be chosen,

whereki represents the degree of the nodei . While ER graphs have a degree distribution following

a Poisson distribution, SF graphs have a degree distribution following a power law: few nodes,

often calledhubs, have a high degree. Barabási [2009] have stated that these types of graphs have
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similar properties to real-world networks which can be found in many different �elds, although

these claims remain controversial [Clauset et al., 2009].

F. Supplementary experiments

Gauss-ANM: The results for 20 and 100 nodes are presented in Table 3.8 and 3.9 using the

same Gauss-ANM data set types introduced in Section 3.4.1. The conclusions drawn remains

similar to the 10 and 50 nodes experiments. For GES and PC, the SHD and SID are respectively

presented in Table 3.10 and 3.11. Their performances do not compare favorably to the GraN-DAG

nor CAM. Figure 3.1 shows the entries of the weighted adjacency matrixA � as training proceeds

in a typical run for 10 nodes.

LIN & ADD-FUNC: Experiments with LIN and ADD-FUNC data is reported in Ta-

ble 3.12 & 3.13. The details of their generation are given in Appendix E.

PNL-GP & PNL-MULT: Table 3.14 contains the performance of GraN-DAG and other base-

lines on post nonlinear data discussed in Section 3.4.1.

ER1 ER4 SF1 SF4

SHD SID SHD SID SHD SID SHD SID

GraN-DAG 4.0� 3.4 17.9� 19.5 45.2� 10.7 165.1� 21.0 7.6� 2.5 28.8� 10.4 36.8� 5.1 62.5� 18.8
DAG-GNN 25.6� 7.5 109.1� 53.1 75.0� 7.7 344.8� 17.0 19.5� 1.8 60.1� 12.8 49.5� 5.4 115.2� 33.3
NOTEARS 30.3� 7.8 107.3� 47.6 79.0� 8.0 346.6� 13.2 23.9� 3.5 69.4� 19.7 52.0� 4.5 120.5� 32.5
CAM 2.7� 1.8 10.6� 8.6 41.0� 11.9 157.9� 41.2 5.7� 2.6 23.3� 18.0 35.6� 4.5 59.1� 18.8
GSF 12.3� 4.6 [15.0� 19.9 41.8� 13.8 [153.7� 49.4 7.4� 3.5 [5.7� 7.1 38.6� 3.6 [54.9� 14.4

45.6� 22.9] 201.6� 37.9] 27.3� 13.2] 86.7� 24.2]
RANDOM 103.0� 39.6 94.3� 53.0 117.5� 25.9 298.5� 28.7 105.2� 48.8 81.1� 54.4 121.5� 28.5 204.8� 38.5

Table 3.8. Results for ER and SF graphs of 20 nodes with Gauss-ANM data

ER1 ER4 SF1 SF4

SHD SID SHD SID SHD SID SHD SID

GraN-DAG 15.1� 6.0 83.9� 46.0 206.6� 31.5 4207.3� 419.7 59.2� 7.7 265.4� 64.2 262.7� 19.6 872.0� 130.4
DAG-GNN 110.2� 10.5 883.0� 320.9 379.5� 24.7 8036.1� 656.2 97.6� 1.5 438.6� 112.7 316.0� 14.3 1394.6� 165.9
NOTEARS 125.6� 12.1 913.1� 343.8 387.8� 25.3 8124.7� 577.4 111.7� 5.4 484.3� 138.4 327.2� 15.8 1442.8� 210.1
CAM 17.3� 4.5 124.9� 65.0 186.4� 28.8 4601.9� 482.7 52.7� 9.3 230.3� 36.9 255.6� 21.7 845.8� 161.3
GSF 66.8� 7.3 [104.7� 59.5 > 12 hours4 — 71.4� 11.2 [212.7� 71.1 275.9� 21.0 [793.9� 152.5

238.6� 59.3] — 325.3� 105.2] 993.4� 149.2]
RANDOM 1561.6� 1133.4 1175.3� 547.9 2380.9� 1458.0 7729.7� 1056.0 2222.2� 1141.2 1164.2� 593.3 2485.0� 1403.9 4206.4� 1642.1

Table 3.9. Results for ER and SF graphs of 100 nodes with Gauss-ANM data

4Note that GSF results are missing for two data set types in Tables 3.9 and 3.14. This is because the search algorithm
could not �nish within 12 hours, even when the maximal in-degree was limited to 5. All other methods could run in less
than 6 hours.
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10 nodes 20 nodes 50 nodes 100 nodes
ER1 ER4 ER1 ER4 ER1 ER4 ER1 ER4

GraN-DAG 1.7� 2.5 8.3� 2.8 4.0� 3.4 45.2� 10.7 5.1� 2.8 102.6� 21.2 15.1� 6.0 206.6� 31.5
GES 13.8� 4.8 32.3� 4.3 43.3� 12.4 94.6� 9.8 106.6� 24.7 254.4� 39.3 292.9� 33.6 542.6� 51.2
PC 8.4� 3 34� 2.6 20.136:4� 6.5 73.1� 5.8 44.0� 11.6 183.6� 20 95.2� 9.1 358.8� 20.6

SF1 SF4 SF1 SF4 SF1 SF4 SF1 SF4

GraN-DAG 1.2� 1.1 9.9� 4.0 7.6� 2.5 36.8� 5.1 25.5� 6.2 111.3� 12.3 59.2� 7.7 262.7� 19.6
GES 8.1� 2.4 17.4� 4.5 26.2� 7.5 50.7� 6.2 73.9� 7.4 178.8� 16.5 190.3� 22 408.7� 24.9
PC 4.8� 2.4 16.4� 2.8 13.6� 2.1 44.4� 4.6 43.1� 5.7 135.4� 10.7 97.6� 6.6 314.2� 17.5

Table 3.10. SHD for GES and PC (against GraN-DAG for reference) with Gauss-ANM data

10 nodes 20 nodes 50 nodes 100 nodes
ER1 ER4 ER1 ER4 ER1 ER4 ER1 ER4

GraN-DAG 1.7� 3.1 21.8� 8.9 17.9� 19.5 165.1� 21.0 22.4� 17.8 1060.1� 109.4 83.9� 46.0 4207.3� 419.7

GES
[24.1� 17.3
27.2� 17.5]

[ 68.5� 10.5
75� 7]

[ 62.1� 44
65.7� 44.5]

[ 301.9� 19.4
319.3� 13.3]

[150.9� 72.7
155.1� 74]

[ 1996.6� 73.1
2032.9� 88.7]

[ 582.5� 391.1
598.9� 408.6]

[ 8054� 524.8
8124.2� 470.2]

PC
[22.6� 15.5
27.3� 13.1]

[78.1� 7.4
79.2� 5.7]

[80.9� 51.1
94.9� 46.1]

[316.7� 25.7
328.7� 25.6]

[222.7� 138
256.7� 127.3]

[2167.9� 88.4
2178.8� 80.8]

[620.7� 240.9
702.5� 255.8]

[8236.9� 478.5
8265.4� 470.2]

SF1 SF4 SF1 SF4 SF1 SF4 SF1 SF4

GraN-DAG 4.1� 6.1 16.4� 6.0 28.8� 10.4 62.5� 18.8 90.0� 18.9 271.2� 65.4 265.4� 64.2 872.0� 130.4

GES
[11.6� 9.2
16.4� 11.7]

[39.3� 11.2
43.9� 14.9]

[54.9� 23.1
57.9� 24.6]

[89.5� 38.4
105.1� 44.3]

[171.6� 70.1
182.7� 77]

[496.3� 154.1
529.7� 184.5]

[511.5� 257.6
524� 252.2]

[1421.7� 247.4
1485.4� 233.6]

PC
[8.3� 4.6
16.8� 12.3]

[36.5� 6.2
41.7� 6.9]

[42.2� 14
59.7� 14.9]

[95.6� 37
118.5� 30]

[124.2� 38.3
167.1� 41.4]

[453.2� 115.9
538� 143.7]

[414.5� 124.4
486.5� 120.9]

[1369.2� 259.9
1513.7� 296.2]

Table 3.11. Lower and upper bound on the SID for GES and PC (against GraN-DAG for reference)
with Gauss-ANM data. See Appendix G for details on how to compute SID for CPDAGs.
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Figure 3.1. Entries of the weighted adjacency matrixA � as training proceeds in GraN-DAG for a
synthetic data set ER4 with 10 nodes. Green curves represent edges which appear in the ground
truth graph while red ones represent edges which do not. The horizontal dashed line at10� 4 is the
threshold� introduced in Section 3.3.4. We can see that GraN-DAG successfully recovers most
edges correctly while keeping few spurious edges.

#Nodes 10 50
Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 7:2 � 2:0 27:3 � 8:1 30:7 � 3:3 75:8 � 6:9 33:9 � 8:6 255:8 � 158:4 181:9 � 24:0 2035:8 � 137:2
DAG-GNN 10:3 � 3:5 39:6 � 14:7 18:9 � 4:8 63:7 � 8:9 54:1 � 9:2 330:4 � 117:1 130:3 � 17:3 1937:5 � 89:8
NOTEARS 9:0 � 3:0 35:3 � 13:4 27:9 � 4:3 72:1 � 7:9 45:5 � 7:8 310:7 � 125:9 126:1 � 13:0 1971:1 � 134:3
CAM 10:2 � 6:3 31:2 � 10:9 33:6 � 3:3 77:5 � 2:3 36:2 � 5:8 234:8 � 105:1 182:5 � 17:6 1948:7 � 113:5
GSF 9:2 � 2:9 [19:5 � 14:6

31:6 � 17:3]
38:6 � 3:7 [73:8 � 7:6

85:2 � 8:3]
46:7 � 4:1 [176:4 � 98:8

215:0 � 108:9]
> 12 hours

RANDOM 22:0 � 2:9 30:0 � 13:8 34:4 � 2:4 78:8 � 5:5 692:6 � 7:5 360:3 � 141:4 715:9 � 16:0 1932:7 � 40:2

Table 3.12. Experiments on LIN data
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#Nodes 10 50
Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 2:8 � 2:5 7:5 � 7:7 14:5 � 5:2 52:6 � 10:8 16:6 � 5:3 103:6 � 52:9 86:4 � 21:6 1320:6 � 145:8
DAG-GNN 10:1 � 3:4 23:3 � 11:5 18:3 � 3:6 56:4 � 6:1 45:5 � 7:9 261:1 � 88:8 224:3 � 31:6 1741:0 � 138:3
NOTEARS 11:1 � 5:0 16:9 � 11:3 20:3 � 4:9 53:5 � 10:5 53:7 � 9:5 276:1 � 96:8 201:8 � 22:1 1813:6 � 148:4
CAM 2:5 � 2:0 7:9 � 6:4 6:0 � 5:6 29:3 � 19:3 9:6 � 5:1 39:0 � 34:1 42:9 � 6:6 857:0 � 184:5
GSF 9:3 � 3:9 [13:9 � 8:3

24:1 � 12:5]
29:5 � 4:3 [60:3 � 11:6

75:0 � 4:5]
49:5 � 5:1 [151:5 � 73:8

213:9 � 82:5]
> 12 hours

RANDOM 23:0 � 2:2 26:9 � 18:1 33:5 � 2:3 76:0 � 6:2 689:7 � 6:1 340:0 � 113:6 711:5 � 9:0 1916:2 � 65:8

Table 3.13. Experiments on ADD-FUNC data

PNL-GP PNL-MULT
SHD SID SHD SID

10 nodes ER1 GraN-DAG1.6� 3.0 3.9� 8.0 13.1� 3.8 35.7� 12.3
DAG-GNN 11.5� 6.8 32.4� 19.3 17.900� 6.2 40.700� 14.743
NOTEARS 10.7� 5.5 34.4� 19.1 14.0� 4.0 38.6� 11.9
CAM 1.5� 2.6 6.8� 12.1 12.0� 6.4 36.3� 17.7
GSF 6.2� 3.3 [7.7� 8.7, 18.9� 12.4] 10.7� 3.0 [9.8� 11.9, 25.3� 11.5]
RANDOM 23.8� 2.9 36.8� 19.1 23.7� 2.9 37.7� 20.7

10 nodes ER4 GraN-DAG10.9� 6.8 39.8� 21.1 32.1� 4.5 77.7� 5.9
DAG-GNN 32.3� 4.3 75.8� 9.3 37.0� 3.1 82.7� 6.4
NOTEARS 34.1� 3.2 80.8� 5.5 37.7� 3.0 81.700� 7.258
CAM 8.4� 4.8 30.5� 20.0 34.4� 3.9 79.6� 3.8
GSF 25.0� 6.0 [44.3� 14.5, 66.1� 10.1] 31.3� 5.4 [58.6� 8.1, 76.4� 9.9]
RANDOM 35.0� 3.3 80.0� 5.1 33.6� 3.5 76.2� 7.3

50 nodes ER1 GraN-DAG 16.5� 7.0 64.1� 35.4 38.2� 11.4 213.8� 114.4
DAG-GNN 56.5� 11.1 334.3� 80.3 83.9� 23.8 507.7� 253.4
NOTEARS 50.1� 9.9 319.1� 76.9 78.5� 21.5 425.7� 197.0
CAM 5.1� 2.6 10.7� 12.4 44.9� 9.9 284.3� 124.9
GSF 31.2� 6.0 [59.5� 34.1, 122.4� 32.0] 46.3� 12.1 [65.8� 62.2, 141.6� 72.6]
RANDOM 688.4� 4.9 307.0� 98.5 691.3� 7.3 488.0� 247.8

50 nodes ER4 GraN-DAG68.7� 17.0 1127.0� 188.5 211.7� 12.6 2047.7� 77.7
DAG-GNN 203.8� 18.9 2173.1� 87.7 246.7� 16.1 2239.1� 42.3
NOTEARS 189.5� 16.0 2134.2� 125.6 220.0� 9.9 2175.2� 58.3
CAM 48.2� 10.3 899.5� 195.6 208.1� 14.8 2029.7� 55.4
GSF 105.2� 15.5 [1573.7� 121.2, 1620� 102.8] > 12 hours —
RANDOM 722.3� 9.0 1897.4� 83.7 710.2� 9.5 1935.8� 56.9

Table 3.14. Synthetic post nonlinear data sets

G. Metrics

SHD takes two partially directed acyclic graphs (PDAG) and counts the number of edge for

which the edge type differs in both PDAGs. There are four edge types:i  j , i ! j , i �� j and

i j . Since this distance is de�ned over the space of PDAGs, we can use it to compare DAGs with

DAGs, DAGs with CPDAGs and CPDAGs with CPDAGs. When comparing a DAG with a CPDAG,

havingi  j instead ofi �� j counts as a mistake.
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SHD-C is very similar to SHD. The only difference is that both DAGs are �rst mapped to their

respective CPDAGs before measuring the SHD.

Introduced by Peters and Bühlmann [2015], SID counts the number of interventional distri-

bution of the formp(x i j do(x j = x̂ j )) that would be miscalculated using theparent adjustment

formula[Pearl, 2009a] if we were to use the predicted DAG instead of the ground truth DAG to form

the parent adjustment set. Some care needs to be taken to evaluate the SID for methods outputting a

CPDAG such as GES and PC. Peters and Bühlmann [2015] proposes to report the SID of the DAGs

which have approximately the minimal and the maximal SID in the Markov equivalence class given

by the CPDAG. See Peters and Bühlmann [2015] for more details.

H. Hyperparameters

All GraN-DAG runs up to this point were performed using the following set of hyperparameters.

We used RMSprop as optimizer with learning rate of10� 2 for the �rst subproblem and10� 4 for

all subsequent suproblems. Each NN has two hidden layers with 10 units (except for the real

and pseudo-real data experiments of Table 3.3 which uses only 1 hidden layer). Leaky-ReLU is

used as activation functions. The NN are initialized using the initialization scheme proposed in

Glorot and Bengio [2010a] also known asXavier initialization. We used minibatches of 64 samples.

This hyperparameter combination have been selected via a small scale experiment in which many

hyperparameter combinations have been tried manually on a single data set of type ER1 with 10

nodes until one yielding a satisfactory SHD was obtained. Of course in practice one cannot select

hyperparameters in this way since we do not have access to the ground truth DAG. In Appendix I,

we explain how one could use a held-out data set to select the hyperparameters of score-based

approaches and report the results of such a procedure on almost settings presented in this paper.

For NOTEARS, DAG-GNN, and GSF, we used the default hyperparameters found in the authors

code. It (rarely) happens that NOTEARS and DAG-GNN returns a cyclic graph. In those cases,

we removed edges starting from the weaker ones to the strongest (according to their respective

weighted adjacency matrices), stopping as soon as acyclicity is achieved (similarly to what was

explained in Appendix B for GraN-DAG). For GES and PC, we used default hyperparameters of

thepcalg R package. For CAM, we used the the default hyperparameters found in theCAMR

package, with default PNS and DAG pruning.

I. Hyperparameter Selection via Held-out Score

Most structure/causal learning algorithms have hyperparameters which must be selected prior to

learning. For instance, NOTEARS and GES have a regularizing term in their score controlling the

sparsity level of the resulting graph while CAM has a thresholding level for its pruning phase (also

controlling the sparsity of the DAG). GraN-DAG and DAG-GNN have many hyperparameters such
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as the learning rate and the architecture choice for the neural networks (i.e. number of hidden layers

and hidden units per layer). One approach to selecting hyperparameters in practice consists in trying

multiple hyperparameter combinations and keeping the one yielding the best score evaluated on a

held-out set [Koller and Friedman, 2009, p. 960]. By doing so, one can hopefully avoid �nding a

DAG which is too dense or too sparse since if the estimated graph contains many spurious edges, the

score on the held-out data set should be penalized. In the section, we experiment with this approach

on almost all settings and all methods covered in the present paper.

Experiments: We explored multiple hyperparameter combinations using random

search [Bergstra and Bengio, 2012]. Table 3.15 to Table 3.23 report results for each dataset types.

Each table reports the SHD and SID averaged over 10 data sets and for each data set, we tried 50

hyperparameter combinations sampled randomly (see Table 3.24 for sampling schemes). The

hyperparameter combination yielding the best held-out score among all 50 runs is selectedper data

set(i.e. the average of SHD and SID scores correspond to potentially different hyperparameter

combinations on different data sets). 80% of the data was used for training and 20% was held

out (GraN-DAG uses the same data for early stopping and hyperparameter selection). Note that

the held-out score is always evaluated without the regularizing term (e.g. the held-out score of

NOTEARS was evaluated without its L1 regularizer).

The symbols++ and+ indicate the hyperparameter search improved performance against default

hyperparameter runs above one standard deviation and within one standard deviation, respectively.

Analogously for�� and� which indicate a performance reduction. The �ag��� indicate that, on

average, less than 10 hyperparameter combinations among the 50 tried allowed the method to

converge in less than 12 hours. Analogously,�� indicates between 10 and 25 runs converged and�

indicates between 25 and 45 runs converged.

Discussion:GraN-DAG and DAG-GNN are the methods bene�ting the most from the hyperpa-

rameter selection procedure (although rarely signi�cantly). This might be explained by the fact that

neural networks are in general very sensitive to the choice of hyperparameters. However, not all

methods improved their performance and no method improves its performance in all settings. GES

and GSF for instance, often have signi�cantly worse results. This might be due to some degree of

model misspeci�cation which renders the held-out score a poor proxy for graph quality. Moreover,

for some methods the gain from the hyperparameter tuning might be outweighed by the loss due to

the 20% reduction in training samples.

Additional implementation details for held-out score evaluation:GraN-DAG makes use

of a �nal pruning step to remove spurious edges. One could simply mask the inputs of the NN

corresponding to removed edges and evaluate the held-out score. However, doing so yields an

unrepresentative score since some masked inputs have an important role in the learned function and

once these inputs are masked, the quality of the �t might greatly suffer. To avoid this, we retrained
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the whole model from scratch on the training set with the masking �xed to the one recovered after

pruning. Then, we evaluate the held-out score with this retrained architecture. During this retraining

phase, the estimated graph is �xed, only the conditional densities are relearned. Since NOTEARS

and DAG-GNN are not always guaranteed to return a DAG (although they almost always do), some

extra thresholding might be needed as mentioned in Appendix H. Similarly to GraN-DAG's pruning

phase, this step can seriously reduce the quality of the �t. To avoid this, we also perform a retraining

phase for NOTEARS and DAG-GNN. The model of CAM is also retrained after its pruning phase

prior to evaluating its held-out score.

Graph Type ER1 ER4 SF1 SF4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 1:0 � 1:6+ 0:4 � 1:3++ 5:5 � 2:8+ 9:7 � 8:0++ 1:3 � 1:8� 3:0 � 3:4+ 9:6 � 4:5+ 15:1 � 6:1+

DAG-GNN 10:9 � 2:6+ 35:5 � 13:6+ 38:3 � 2:9�� 84:4 � 3:5� 9:9 � 1:7+ 30:3 � 18:8� 21:4 � 2:1� 44:0 � 15:5+

NOTEARS 26:7 � 6:9�� 35:2 � 10:6+ 20:9 � 6:6++ 62:0 � 6:7++ 20:4 � 9:6�� 38:8 � 16:7� 26:9 � 7:4� 61:1 � 13:8�

CAM 3:0 � 4:2� 2:2 � 5:7� 7:7 � 3:1++ 23:2 � 14:7+ 2:4 � 2:5� 5:2 � 5:5+ 9:6 � 3:1+ 20:1 � 6:8�

GSF 5:3 � 3:3+ [8:3 � 13:2+

15:4 � 13:5]
23:1 � 7:9� [56:1 � 20:4�

65:1 � 19:3]
3:3 � 2:5� [7:0 � 11:6�

12:2 � 11:0]
14:2 � 5:6�� [26:2 � 11:1�

36:9 � 21:6]
GES 38:6 � 2:1�� [20:3 � 15:4+

28:3 � 18:4]
33:0 � 3:4� [66:2 � 7:0+

76:6 � 4:3]
38:3 � 2:4�� [8:8 � 5:2�

25:5 � 18:2]
33:6 � 4:8�� [32:7 � 12:7�

52:0 � 14:0]

Table 3.15. Gauss-ANM - 10 nodes with hyperparameter search

Graph Type ER1 ER4 SF1 SF4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 3:8 � 3:3+ 15:0 � 14:0+ 105:6 � 16:5� 1131:7 � 91:0� 24:7 � 6:4+ 86:5 � 34:6+ 112:7 � 15:5� 268:3 � 85:8+

DAG-GNN 47:0 � 7:8+ 268:1 � 118:0+ 196:2 � 14:4� 1972:8 � 110:6++ 51:8 � 5:6� 166:5 � 48:9+ 144:2 � 11:6+ 473:4 � 105:4+

NOTEARS 193:5 � 77:3�� 326:0 � 99:1+ 369:5 � 81:9�� 2062:0 � 107:7+ 104:8 � 22:4�� 290:3 � 136:8� 213:0 � 35:1�� 722:7 � 177:3�

CAM 4:0 � 2:7+ 21:1 � 22:1+ 105:6 � 20:9� 1225:9 � 205:7� 23:8 � 6:0+ 81:5 � 15:3+ 112:2 � 14:0� 333:8 � 156:0�

GSF 24:9 � 7:4+
� [40:0 � 26:3�

�
77:5 � 45:3]

129:3 � 20:4��
� [1280:8 � 202:3��

�
1364:1 � 186:7]

35:3 � 6:9�
� [99:7 � 41:7�

�
151:9 � 59:7]

121:6 � 11:7�
��� [310:8 � 108:1�

���
391:9 � 93:3]

GES 1150:1 � 9:8�� [112:7 � 71:1+

132:0 � 89:0]
1066:1 � 11:7�� [1394:3 � 81:8++

1464:8 � 63:8]
1161:7 � 7:0�� [322:8 � 211:1�

336:0 � 215:4]
1116:1 � 14:2�� [1002:7 � 310:9��

1094:0 � 345:1]

Table 3.16. Gauss-ANM - 50 nodes with hyperparameter search

Graph Type ER1 ER4 SF1 SF4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 2:7 � 2:3+ 9:6 � 10:3+ 35:9 � 11:8+ 120:4 � 37:0++ 6:5 � 2:4+ 17:5 � 6:3++ 35:6 � 4:1+ 54:8 � 14:3+

DAG-GNN 21:0 � 6:1+ 98:8 � 42:2+ 77:2 � 6:5� 345:6 � 18:6� 19:1 � 0:7+ 55:0 � 20:1+ 50:2 � 5:4� 118:7 � 33:2�

NOTEARS 101:5 � 39:6�� 100:4 � 47:0+ 124:0 � 16:3�� 267:0 � 46:5++ 55:0 � 28:2�� 87:6 � 26:9� 66:7 � 8:3�� 154:6 � 43:0�

CAM 2:8 � 2:2� 11:5 � 10:2� 64:3 � 29:3� 121:7 � 73:1+ 5:5 � 1:6+ 19:3 � 7:8+ 36:0 � 5:1� 66:3 � 28:6�

GSF 11:6 � 3:0+ [26:4 � 13:3�

49:8 � 26:5]
46:2 � 12:6� [172:7 � 40:8�

213:5 � 38:6]
12:8 � 2:1�� [32:1 � 14:0��

56:2 � 13:8]
42:3 � 5:1� [68:9 � 27:7�

95:1 � 33:8]
GES 169:9 � 5:0�� [45:4 � 29:2+

57:2 � 36:6]
142:8 � 7:7��

� [223:3 � 33:6++
�

254:7 � 22:0]
168:1 � 3:3�� [46:7 � 21:7+

53:3 � 20:0]
162:2 � 10:4�� [151:1 � 57:4��

195:8 � 57:4]

Table 3.17. Gauss-ANM - 20 nodes with hyperparameter search

71



Graph Type ER1 ER4 SF1 SF4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 15:1 � 7:5+ 65:1 � 33:2+ 191:6 � 17:8+ 4090:7 � 418:0+ 51:6 � 10:2+ 210:6 � 51:9++ 255:7 � 21:1+ 790:5 � 159:7+

DAG-GNN 103:9 � 9:1+ 757:6 � 215:0+ 387:1 � 25:3� 7741:9 � 522:5+ 103:5 � 8:2� 391:7 � 60:0+ 314:8 � 16:3+ 1257:3 � 185:2+

NOTEARS 421:3 � 207:0�� 945:7 � 339:7� 631:1 � 136:6�� 8272:4 � 444:2� 244:3 � 63:8�� 815:6 � 346:5� 482:3 � 114:1�� 1929:7 � 363:1��

CAM 12:3 � 4:9++ 128:0 � 66:3� 198:8 � 22:2� 4602:2 � 523:7� 51:1 � 9:4+ 233:6 � 62:3� 255:7 � 22:2� 851:4 � 206:0�

GSF 100:2 � 9:9��
�� [719:8 � 242:1��

��
721:1 � 242:9]

387:6 � 23:9��� [7535:1 � 595:2���

7535:1 � 595:2]
67:3 � 14:0+

��� [254:5 � 35:4�
���

340:4 � 70:4]
315:1 � 16:7��

��� [1214:0 � 156:4��
���

1214:0 � 156:4]
GES 4782:5 � 22:9�� [362:3 � 267:7+

384:1 � 293:6]
4570:1 � 27:9�� [5400:7 � 299:2++

5511:5 � 308:5]
4769:1 � 26:7�� [1311:1 � 616:6��

1386:2 � 713:9]
4691:3 � 47:3�� [3882:7 � 1010:6��

3996:7 � 1075:7]

Table 3.18. Gauss-ANM - 100 nodes with hyperparameter search

#Nodes 10 50
Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 1:2 � 2:2+ 1:9 � 4:2+ 9:8 � 4:9+ 29:0 � 17:6+ 12:8 � 4:9+ 55:3 � 24:2+ 73:9 � 16:8� 1107:2 � 144:7+

DAG-GNN 10:6 � 4:9+ 35:8 � 19:6� 38:6 � 2:0�� 82:2 � 5:7�� 48:1 � 8:4+ 330:4 � 69:9+ 192:5 � 19:2+ 2079:5 � 120:9+

NOTEARS 20:6 � 11:4� 30:5 � 18:8+ 24:2 � 6:5++ 66:4 � 6:9++ 102:1 � 27:3�� 299:8 � 85:8+ 660:0 � 258:2�� 1744:0 � 232:9++

CAM 2:7 � 4:0� 6:4 � 11:8+ 8:7 � 4:5� 30:9 � 20:4� 4:0 � 2:4+ 10:7 � 12:4+ 52:3 � 8:5� 913:9 � 209:3�

GSF 12:9 � 3:9��
��� [10:5 � 8:7��

���
53:6 � 23:8]

40:7 � 1:3��
�� [79:2 � 3:8��

��
79:2 � 3:8]

48:8 � 3:9��
�� [281:6 � 70:7��

��
281:6 � 70:7]

199:9 � 15:2��
��� [1878:0 � 122:4��

���
1948:4 � 139:6]

Table 3.19. PNL-GP with hyperparameter search

#Nodes 10 50
Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 10:0 � 4:5+ 29:1 � 9:7+ 32:9 � 3:3� 76:7 � 4:1+ 59:8 � 28:2� 213:6 � 97:3+ 272:1 � 69:4� 2021:6 � 185:8+

DAG-GNN 14:6 � 3:1++ 36:9 � 10:6+ 38:9 � 2:0� 85:8 � 1:2�� 64:3 � 27:8+ 508:8 � 317:2� 212:5 � 12:3++ 2216:9 � 95:6+

NOTEARS 28:8 � 9:1�� 30:3 � 11:8+ 35:4 � 3:8+ 78:4 � 7:5+ 160:2 � 67:5�� 443:5 � 205:1� 229:2 � 25:4� 2158:8 � 70:3+

CAM 17:2 � 8:0� 33:7 � 14:4+ 32:3 � 6:5+ 76:6 � 8:2+ 97:5 � 71:1� 282:3 � 123:8+ 251:0 � 25:9�� 2026:2 � 58:2+

GSF 15:6 � 4:4��
�� [10:0 � 6:3��

��
60:1 � 17:2]

39:3 � 2:2��
�� [76:0 � 9:6��

��
79:9 � 5:3]

66:4 � 14:4��
��� [145:1 � 96:1��

���
618:8 � 257:0]

> 12 hours

Table 3.20. PNL-MULT with hyperparameter search

#Nodes 10 50
Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 10:1 � 3:9� 28:7 � 14:7� 34:7 � 2:9�� 79:5 � 4:4� 40:8 � 10:3� 236:3 � 101:7+ 256:9 � 55:7�� 2151:4 � 144:3�

DAG-GNN 9:0 � 2:7++ 35:6 � 11:4� 19:6 � 4:6+ 63:9 � 7:5� 48:3 � 6:8+ 381:7 � 145:4� 149:7 � 17:2++ 2070:7 � 51:9��

NOTEARS 14:0 � 4:1��
� 32:2 � 7:9+

� 20:7 � 5:1++ 63:1 � 8:0++ 87:7 � 44:3�
� 294:3 � 99:3+

� 200:3 � 67:1�� 1772:7 � 143:7++

CAM 8:8 � 6:0+ 25:8 � 13:5+ 33:9 � 2:8� 77:1 � 4:5+ 34:8 � 7:0+ 221:2 � 98:3+ 202:2 � 14:3�� 1990:8 � 97:5�

GSF 10:7 � 3:5� [15:8 � 8:4�

45:2 � 20:2]
33:4 � 3:3++ [71:7 � 11:5+

77:3 � 6:1]
54:4 � 6:5��

� [158:1 � 115:9�
�

560:9 � 220:7]
195:6 � 9:9�� [2004:9 � 85:2��

2004:9 � 85:2]

Table 3.21. LIN with hyperparameter search
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#Nodes 10 50
Graph Type ER1 ER4 ER1 ER4
Metrics SHD SID SHD SID SHD SID SHD SID
Method

GraN-DAG 2:6 � 2:4+ 4:3 � 4:3+ 7:0 � 3:1++ 37:1 � 12:4++ 13:2 � 6:7+ 72:1 � 55:2+ 90:1 � 25:6� 1241:7 � 289:8+

DAG-GNN 8:7 � 2:8++ 22:3 � 9:4+ 25:3 � 3:8++ 63:6 � 8:6++ 44:7 � 9:7++ 306:9 � 114:7+ 194:0 � 20:4+ 1949:3 � 107:1+

NOTEARS 21:2 � 11:5�
� 15:5 � 9:9+

� 13:3 � 4:3++ 41:3 � 11:5++ 186:8 � 83:0�� 276:9 � 92:1� 718:4 � 170:4�� 1105:9 � 250:1++

CAM 3:0 � 2:2� 8:1 � 6:3� 6:2 � 5:5� 28:5 � 21:5+ 10:0 � 4:6� 44:2 � 32:1� 46:6 � 9:5� 882:5 � 186:5�

GSF 5:5 � 4:1+ [7:5 � 12:3+

16:3 � 12:9]
19:1 � 7:0++ [44:5 � 19:7+

60:4 � 16:5]
29:8 � 7:6++

� [44:6 � 42:6++
�

96:8 � 46:7]
140:4 � 31:7��� [1674:4 � 133:9���

1727:6 � 145:2]

Table 3.22. ADD-FUNC with hyperparameter search

Data Type Protein signaling data set SynTReN - 20 nodes
Metrics SHD SHD-C SID SHD SHD-C SID
Method

GraN-DAG 12:0+ 9:0+ 48:0� 41:2 � 9:6� 43:7 � 8:3� 144:3 � 61:3+

GraN-DAG++ 14:0� 11:0� 57:0� 46:9 � 14:9� 49:5 � 14:7� 158:4 � 61:5�

DAG-GNN 16:0 14:0+ 59:0� 32:2 � 5:0++ 32:3 � 5:6++ 194:2 � 50:2�

NOTEARS 15:0+ 14:0+ 58:0� 44:2 � 27:5++ 45:8 � 27:7++ 183:1 � 48:4��

CAM 11:0+ 9:0 51:0+ 101:7 � 37:2�� 105:6 � 36:6�� 111:5 � 25:3++

GSF 20:0� 14:0� [37:0+

60:0]
27:8 � 5:4++

� 27:8 � 5:4++
� [207:6 � 55:4��

�
209:6 � 59:1]

GES 47:0� 50:0� [37:0+

47:0]
167:5 � 5:6�� 172:2 � 7:0�� [75:3 � 24:4++

97:6 � 30:8]

Table 3.23. Results for real and pseudo real data sets with hyperparameter search
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Hyperparameter space

GraN-DAG

Log(learning rate)� U[� 2; � 3] (�rst subproblem)
Log(learning rate)� U[� 3; � 4] (other subproblems)
� � Uf 10� 3; 10� 4; 10� 5g
Log(pruning cutoff)� Uf� 5; � 4; � 3; � 2; � 1g
# hidden units� Uf 4; 8; 16; 32g
# hidden layers� Uf 1; 2; 3g
Constraint convergence tolerance� Uf 10� 6; 10� 8; 10� 10g
PNS threshold� U[0:5; 0:75; 1; 2]

DAG-GNN

Log(learning rate)� U[� 4; � 2]
# hidden units in encoder� Uf 16; 32; 64; 128; 256g
# hidden units in decoder� Uf 16; 32; 64; 128; 256g
Bottleneck dimension (dimension ofZ ) � Uf 1; 5; 10; 50; 100g
Constraint convergence tolerance� Uf 10� 6; 10� 8; 10� 10g

NOTEARS
L1 regularizer coef�cient� Uf 0:001; 0:005; 0:01; 0:05; 0:1; 0:5g
Final threshold� Uf 0:001; 0:003; 0:01; 0:03; 0:1; 0:3; 1g
Constraint convergence tolerance� Uf 10� 6; 10� 8; 10� 10g

CAM Log(Pruning cutoff)� U[� 6; 0]
GSF Log(RKHS regression regularizer)� U[� 4; 4]
GES Log(Regularizer coef�cient)� U[� 4; 4]

Table 3.24. Hyperparameter search spaces for each algorithm
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Prologue to the Second Contribution

Article Details

Differentiable Causal Discovery from Interventional Data

by Philippe Brouillard � , Sébastien Lachapelle� , Alexandre Lacoste, Simon Lacoste-Julien &

Alexandre Drouin. This work was published at the Thirty-fourth Conference on Neural Information

Processing Systems (NeurIPS 2020) with aspotlight.
� Equal contributions.

Contributions of the Authors

Philippe Brouillard implemented the method, led the experiments, made an extensive literature

review on structure learning methods using interventional data, integrated baseline methods in

our experiment pipeline.Sébastien Lachapellesuggested the objective that DCDI maximizes,

wrote the theory and proofs and led the scalability experiments.Alexandre LacosteandSimon

Lacoste-Juliencontributed to the writing and provided supervision.Alexandre Drouin provided

supervision, contributed to the writing, led large scale experiments with hyperparameter search and

integrated thedeep sigmoidal �owin the code base.

Context and Limitations

Differentiable causal discovery from interventional data (DCDI) can be thought of as a direct

extension of GraN-DAG along two axes: (i) DCDI can leverage interventional data (which alleviates

the problem of identi�ability); and (ii) it can model much more complex causal dependencies

than GraN-DAG, thanks to normalizing �ows. We also highlighted an advantage of continuous

constrained methods for DAG learning: they scale seamlessly with dataset size, especially when

contrasted with constrained-based methods which rely on kernel-based independence tests.

Although optimization was improved by the usage of Gumbel-sigmoid masks to learn the causal

graph (see also Ng et al. [2019], Ke et al. [2019] which were also using such masks) as opposed to

GraN-DAG which was using a holistic constraint on the weights of the neural networks, optimization



remains perhaps the most important challenge. Computationally, DCDI suffers from the same issues

as GraN-DAG, namely the cubic cost as a function of the number of variables. However, more

recent developments have proposed solutions, which we discuss next.

Recent developments

Lopez et al. [2022] proposed differentiable causal discovery of factor graphs (DCD-FG), an

extension of DCDI which scales to thousands of variables and showed it could beat the state of

the art when predicting the effect of unseen perturbations in gene regulatory networks (also see

Weinstock et al. [2023] for a similar application of causal discovery). The idea is to limit the space

of graphs to some type of low-rank graphs they call factor-DAGs, which encodes the assumption that

sets of variables tend to act together as parents of other variables. This constraint on the structure of

the dependencies can be combined with the computationally cheaper algebraic characterization of

acyclicity proposed by Lee et al. [2020] to get a cost ofO(md) for the evaluation of the gradient of

the constraint, down fromO(d3), whered is the number of nodes andm is the number of factors

(which is picked so thatm << d ). This contribution illustrates the �exibility of gradient-based

approaches to structure learning. Indeed, the neural networks used to model the conditional densities

can be adapted to encode speci�c types of inductive biases that are suitable for the task at hand.

In the case of DCD-FG, the low-rank assumption appears to be very well suited for learning a

gene regulatory network, where genes are believed to act in group. Note that Fang et al. [2023]

also explored low-rank assumptions on the weighted adjacency graph and proposed a low-rank

variant of GraN-DAG. Different variations of NOTEARS [Zheng et al., 2018] and DCDI have

been proposed, for instance SDCD [Nazaret et al., 2023], which proposed a more stable acyclicity

constraint, and NODAGS-Flow [Guruswamy Sethuraman et al., 2023], which extends differentiable

causal discovery to cyclic graphs.

The optimization of most differentiable causal discovery methods rely on the augmented

Lagrangian (Section 2.6.1) to enforce the acyclicity constraint. The original motivation to use this

approach in this context is that, the penalty term does not have to go to in�nity in order to converge

to a feasible solution, contrarily to the penalty method, a simpler alternative to the augmented

Lagrangian [Zheng et al., 2018, Bertsekas, 1999]. In Ng et al. [2022], we clari�ed that, for this

argument to hold, the constraint must satisfy some regularity condition which is not satis�ed by

the acyclicity constraints. We further show empirically that, in the differentiable causal discovery

setting, the augmented Lagrangian method and the penalty method have very similar behaviors.

A consequence of this observation is that, in order to converge to a feasible solution, the penalty

coef�cient must go to in�nity, which might result in an ill-conditioned loss landscape making

optimization especially challenging.
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DCDI treats the estimated causal graph, which is discrete, as random to enable the use of

gradient descent to optimize the parameters of its distribution, which are continuous. Even if this

approach effectively learns a distribution over graphs, this should be thought of as a trick to allow

for gradient-based optimization where the end goal is still to output a single causal graph, not a

distribution over graphs (the distribution converges to a point mass on a single graph in practice).

More recent works have proposed Bayesian approaches where one commits to a prior distribution

over graphs,p(G), and somehow estimates a posterior over graphs given a dataset,p(G j D), which

quanti�es our uncertainty about the graph, either due to limited data or lack of identi�ability. For

instances, Annadani et al. [2021] and [Lorch et al., 2021] propose variational methods to estimate the

intractable posterior over graphs while Deleu et al. [2022] and Nishikawa-Toomey et al. [2023] rely

on the recently proposed framework of generative �ow networks (GFlowNets) [Bengio et al., 2023].

This class of approach seems particularly promising when integrated within an active learning loop

which, based on the uncertainty of various edges, decides which intervention is more likely to

reduce our uncertainty about the causal graph or a speci�c causal query of interest [Toth et al., 2022,

Scherrer et al., 2022].

A whole other approach to causal discovery consists in training a black-box model to predict a

causal graph from a dataset of observations [Lopez-Paz et al., 2015, Li et al., 2020, Wu et al., 2024],

possibly with interventions [Ke et al., 2023]. These models are trained on synthetically generated

datasets sampled from randomly generated causal models where the known causal graph can be

used as a label for supervised learning. The methodology is sound: (i) choose assumptions you are

willing to make about the ground-truth causal model, (ii) generate datasets sampled from causal

models satisfying your assumptions, (iii) train a model to predict causal graphs from datasets and (iv)

use that predictor as a causal discovery algorithm for new datasets. If the assumptions made in the

�rst place are suf�cient to have identi�ability, the graph predictor should be able to predict the causal

graph correctly, given it was trained on suf�ciently many causal discovery tasks. This approach

mirrors more classical discovery techniques: Choose assumptions and then design an algorithm that

can leverage these assumptions to estimate a causal graph from (interventional) observations. These

black-box supervised methods show a surprising ability to generalize to novel synthetic causal

discovery tasks, with potentially different kinds of functional relationships, but it remains dif�cult

to show that this is not due to the black-box predictor “picking up” on artifacts speci�c to how the

synthetic data is generated. This is less of a concern for more standard causal discovery algorithms

which are not “discovered” by training on generated dataset-graph pairs. Encouragingly, some

of these studies have shown that these learned predictors signi�cantly outperform more standard

methods (including DCDI) on more realistic data such as Sachs et al. [2005] and the BnLearn

repository [Elidan, 2001]. It will be exciting to see whether further studies on real-data will con�rm

this trend.
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Chapter 4

Differentiable Causal Discovery from Interventional

Data

Abstract

Learning a causal directed acyclic graph from data is a challenging task that involves solving

a combinatorial problem for which the solution is not always identi�able. A new line of work

reformulates this problem as a continuous constrained optimization one, which is solved via the

augmented Lagrangian method. However, most methods based on this idea do not make use of

interventional data, which can signi�cantly alleviate identi�ability issues. This work constitutes a

new step in this direction by proposing a theoretically-grounded method based on neural networks

that can leverage interventional data. We illustrate the �exibility of the continuous-constrained

framework by taking advantage of expressive neural architectures such as normalizing �ows. We

show that our approach compares favorably to the state of the art in a variety of settings, including

perfect and imperfect interventions for which the targeted nodes may even be unknown.

4.1. Introduction

The inference of causal relationships is a problem of fundamental interest in science. In all �elds

of research, experiments are systematically performed with the goal of elucidating the underlying

causal dynamics of systems. This quest for causality is motivated by the desire to take actions that

induce a controlled change in a system. Achieving this requires to answer questions, such as “what

would be the impact on the system if this variable were changed from valuex to y?”, which cannot

be answered without causal knowledge [Pearl, 2009b].

In this work, we address the problem of data-driven causal discovery [Heinze-Deml et al.,

2018a]. Our goal is to design an algorithm that can automatically discover causal relationships from

data. More formally, we aim to learn acausal graphical model(CGM) [Peters et al., 2017], which



consists of a joint distribution coupled with a directed acyclic graph (DAG), where edges indicate

direct causal relationships. Achieving this based on observational data alone is challenging since,

under the faithfulness assumption, the true DAG is only identi�able up to aMarkov equivalence

class[Verma and Pearl, 1990]. Fortunately, identi�ability can be improved by considering interven-

tional data, i.e., the outcome of some experiments. In this case, the DAG is identi�able up to an

interventional Markov equivalence class, which is a subset of the Markov equivalence class [Yang

et al., 2018, Hauser and Bühlmann, 2012], and, when observing enough interventions [Eberhardt,

2008, Eberhardt et al., 2005], the DAG is exactly identi�able. In practice, it may be possible for

domain experts to collect such interventional data, resulting in clear gains in identi�ability. For in-

stance, in genomics, recent advances in gene editing technologies have given rise to high-throughput

methods for interventional gene expression data [Dixit et al., 2016].

Nevertheless, even with interventional data at hand, �nding the right DAG is challenging. The

solution space is immense and grows super-exponentially with the number of variables. Recently,

Zheng et al. [2018] proposed to cast this search problem as a constrained continuous-optimization

problem, avoiding the computationally-intensive search typically performed by score-based and

constraint-based methods [Peters et al., 2017]. The work of Zheng et al. [2018] was limited to

linear relationships, but was quickly extended to nonlinear ones via neural networks [Lachapelle

et al., 2020, Yu et al., 2019a, Zheng et al., 2020, Ng et al., 2019, Kalainathan et al., 2018, Zhu

and Chen, 2020]. Yet, these approaches do not make use of interventional data and must therefore

rely on strong parametric assumptions (e.g., gaussian additive noise models). Bengio et al. [2020]

leveraged interventions and continuous optimization to learn the causal direction in the bivariate

setting. The follow-up work of Ke et al. [2019] generalized to the multivariate setting by optimizing

an unconstrained objective with regularization inspired by Zheng et al. [2018], but lacked theoretical

guarantees. In this work, we propose a theoretically-grounded differentiable approach to causal dis-

covery that can make use ofinterventionaldata (with potentially unknown targets) and that relies on

the constrained-optimization framework of Zheng et al. [2018] without making strong assumptions

about the functional form of causal mechanisms, thanks to expressive density estimators.

4.1.1. Contributions

� We propose Differentiable Causal Discovery with Interventions (DCDI): a general differen-

tiable causal structure learning method that can leverage perfect, imperfect and unknown-

target interventions (Section 4.3). We propose two instantiations, one of which is a universal

density approximator that relies on normalizing �ows (Section 4.3.4).

� We show that the exact maximization of the proposed score will identify theI -Markov

equivalence class [Yang et al., 2018] of the ground truth graph (under regularity conditions)
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Figure 4.1. Different intervention types (shown in red). In imperfect interventions, the causal
relationships are altered. In perfect interventions, the targeted node is cut out from its parents.

for both the known- and unknown-target settings (Thm. 4.1 in Section 4.3.1 & Thm. 4.2 in

Section 4.3.3, respectively).

� We provide an extensive comparison of DCDI to state-of-the-art methods in a wide variety

of conditions, including multiple functional forms and types of interventions (Section 4.4).

4.2. Background and related work

4.2.1. De�nitions

Causal graphical models. A CGM is de�ned by a distributionPx over a random vectorx =

(x 1; � � � ; x d) and a DAGG = ( V; E). Each nodei 2 V = f 1; � � � dg is associated with a random

variablex i and each edge(i; j ) 2 E represents a direct causal relation from variablex i to x j . The

distributionPx is Markov to the graphG, which means that the joint distribution can be factorized

as

p(x 1; � � � ; x d) =
dY

j =1

pj (x j jx � G
j
) ; (4.1)

where� G
j is the set of parents of the nodej in the graphG, andx B , for a subsetB � V , denotes the

entries of the vectorx with indices inB . In this work, we assumecausal suf�ciency, i.e., there is no

hidden common cause that is causing more than one variable inx Peters et al. [2017].

Interventions. In contrast with standard Bayesian Networks, CGMs support interventions. Formally,

an intervention on a variablex j corresponds to replacing its conditionalpj (x j jx � G
j
) by a new

conditional~pj (x j jx � G
j
) in Equation(4.1), thus modifying the distribution only locally. Interventions

can be performed on multiple variables simultaneously and we call theinterventional targetthe

set I � V of such variables. When considering more than one intervention, we denote the

interventional target of thekth intervention byI k . Throughout this paper, we assume that the

observational distribution (the original distribution without interventions) is observed, and denote it

by I 1 := ; . We de�ne theinterventional familyby I := ( I 1; � � � ; I K ), whereK is the number of

interventions (including the observational setting). Finally, thekth interventional joint density is

p(k)(x 1; � � � ; x d) :=
Y

j =2 I k

p(1)
j (x j jx � G

j
)

Y

j 2 I k

p(k)
j (x j jx � G

j
) ; (4.2)
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where the assumption of causal suf�ciency is implicit to this de�nition of interventions.

Type of interventions. The general type of interventions described in(4.2) are called imperfect

(or soft, parametric) Peters et al. [2017], Eaton and Murphy [2007], Eberhardt [2007]. A speci�c

case that is often considered is (stochastic) perfect interventions (or hard, structural) Eberhardt

and Scheines [2007], Yang et al. [2018], Korb et al. [2004] wherep(k)
j (x j jx � G

j
) = p(k)

j (x j ) for

all j 2 I k , thus removing the dependencies with their parents (see Figure 4.1). Real-world

examples of these types of interventions include gene knockout/knockdown in biology. Analogous

to a perfect intervention, a gene knockout completely suppresses the expression of one gene and

removes dependencies to regulators of gene expression. In contrast, a gene knockdown hinders the

expression of one gene without removing dependencies with regulators [Zimmer et al., 2019], and

is thus an imperfect intervention.

4.2.2. Causal structure learning

In causal structure learning, the goal is to recover the causal DAGGusing samples fromPx and,

when available, from interventional distributions. This problem presents two main challenges: 1)

the size of the search space is super-exponential in the number of nodes [Chickering, 2003] and 2)

the true DAG is not always identi�able (more severe without interventional data). Methods for this

task are often divided into three groups: constraint-based, score-based, and hybrid methods. We

brie�y review these below.

Constraint-based methodstypically rely on conditional independence testing to identify edges

in G. The PC algorithm [Spirtes et al., 2000] is a classical example that works with observational

data. It performs conditional independence tests with a conditioning set that increases at each step of

the algorithm and �nds an equivalence class that satis�es all independencies. Methods that support

interventional data include COmbINE [Trianta�llou and Tsamardinos, 2015], HEJ [Hyttinen et al.,

2014], which both rely on Boolean satis�ability solvers to �nd a graph that satis�es all constraints;

and Kocaoglu et al. [2019], which proposes an algorithm inspired by FCI Spirtes et al. [2000]. In

contrast with our method, these methods account for latent confounders. TheJoint causal inference

framework (JCI) Mooij et al. [2020] supports latent confounders and can deal with interventions

with unknown targets. This framework can be used with various observational constraint-based

algorithms such as PC or FCI. Another type of constraint-based method exploits the invariance of

causal mechanisms across interventional distributions, e.g., ICP [Peters et al., 2016, Heinze-Deml

et al., 2018b]. As will later be presented in Section 4.3, our loss function also accounts for such

invariances.
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Score-based methodsformulate the problem of estimating the ground truth DAGG� by

optimizing a score functionS over the space of DAGs. The estimated DAGĜ is given by

Ĝ 2 arg max
G2DAG

S(G) : (4.3)

A typical choice of score in the purely observational setting is the regularized maximum likelihood:

S(G) := max
�

Ex � Px logf � (x ) � � jGj; (4.4)

wheref � is a density function parameterized by� , jGj is the number of edges inGand� is a positive

scalar.1 Since the space of DAGs is super-exponential in the number of nodes, these methods

often rely on greedy combinatorial search algorithms. A typical example is GIES [Hauser and

Bühlmann, 2012], an adaptation of GES [Chickering, 2003] to perfect interventions. In contrast

with our method, GIES assumes alinear gaussian model and optimizes the Bayesian information

criterion (BIC) over the space ofI -Markov equivalence classes (see De�nition 4.3 in Appendix A.1).

CAM [Bühlmann et al., 2014] is also a score-based method using greedy search, but it is nonlinear:

it assumes an additive noise model where the nonlinear functions are additive. In the original paper,

CAM only addresses the observational case where additive noise models are identi�able, however

code is available to support perfect interventions.

Hybrid methods combine constraint and score-based approaches. Among these, IGSP [Wang

et al., 2017, Yang et al., 2018] is a method that optimizes a score based on conditional independence

tests. Contrary to GIES, this method has been shown to be consistent under the faithfulness

assumption. Furthermore, this method has recently been extended to support interventions with

unknown targets (UT-IGSP) [Squires et al., 2020], which are also supported by our method.

4.2.3. Continuous constrained optimization for structure learning

A new line of research initiated by Zheng et al. [2018], which serves as the basis for our work,

reformulates the combinatorial problem of �nding the optimal DAG as a continuous constrained-

optimization problem, effectively avoiding the combinatorial search. Analogous to standard score-

based approaches, these methods rely on a modelf � parametrized by� , though� also encodes the

graphG. Central to this class of methods are both the use aweighted adjacency matrixA � 2 Rd� d
� 0

(which depends on the parameters of the model) and the acyclicity constraint introduced by Zheng

et al. [2018] in the context of linear models:

Tr eA � � d = 0 : (4.5)

1This turns into the BIC score when the expectation is estimated withn samples, the model has one parameter per edge
(like in linear models) and� = log n

2n [Peters et al., 2017, Section 7.2.2].
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The weighted adjacency matrix encodes the DAG estimatorĜ as(A � ) ij > 0 () i ! j 2 Ĝ.

Zheng et al. [2018] showed, in the context of linear models, thatĜ is acyclic if and only if the

constraintTr eA � � d = 0 is satis�ed. The general optimization problem is then

max
�

Ex � Px logf � (x ) � � 
( � ) s.t. Tr eA � � d = 0 ; (4.6)

where
( � ) is a regularizing term penalizing the number of edges inĜ. This problem is then

approximately solved using an augmented Lagrangian procedure, as proposed by Zheng et al. [2018].

Note that the problem in Equation(4.6) is very similar to the one resulting from Equations(4.3)

and (4.4).

Continuous-constrained methods differ in their choice of model, weighted adjacency matrix, and

the speci�cs of their optimization procedures. For instance, NOTEARS [Zheng et al., 2018] assumes

a Gaussian linear model with equal variances where� := W 2 Rd� d is the matrix of regression

coef�cients, 
( � ) := jjW jj 1 andA � := W � W is the weighted adjacency matrix. Several

other methods use neural networks to model nonlinear relations viaf � and have been shown to be

competitive with classical methods [Lachapelle et al., 2020, Zheng et al., 2020]. In some methods,

the parameter� can be partitioned into� 1 and� 2 such thatf � = f � 1 andA � = A � 2 [Kalainathan

et al., 2018, Ng et al., 2019, Ke et al., 2019] while in others, such a decoupling is not possible,

i.e., the adjacency matrixA � is a function of the neural networks parameters [Lachapelle et al.,

2020, Zheng et al., 2020]. In terms of scoring, most methods rely on maximum likelihood or

variants like implicit maximum likelihood [Kalainathan et al., 2018] and evidence lower bound [Yu

et al., 2019a]. Zhu and Chen [2020] also rely on the acyclicity constraint, but use reinforcement

learning as a search strategy to estimate the DAG. Ke et al. [2019] learn a DAG from interventional

data by optimizing an unconstrained objective with a regularization term inspired by the acyclicity

constraint, but that penalizes only cycles of length two. However, their work is limited to discrete

distributions and single-node interventions. To the best of our knowledge, no work has investigated,

in a general manner, the use of continuous-constrained approaches in the context of interventions as

we present in the next section.

4.3. DCDI: Differentiable causal discovery from interventional

data

In this section, we present a score for imperfect interventions, provide a theorem showing its

validity, and show how it can be maximized using the continuous-constrained approach to structure

learning. We also provide a theoretically grounded extension to interventions with unknown targets.
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4.3.1. A score for imperfect interventions

The model we consider uses neural networks to model conditional densities. Moreover, we

encode the DAGGwith a binary adjacency matrixM G 2 f 0; 1gd� d which acts as a mask on the

neural networks inputs. We similarly encode the interventional familyI with a binary matrixR I 2

f 0; 1gK � d, whereR I
kj = 1 means thatx j is a target inI k . In line with the de�nition of interventions

in Equation (4.2), we model the joint density of thekth intervention by

f (k)(x ; M G; R I ; � ) :=

dY

j =1

~f (x j ; NN(M G
j � x ; � (1)

j ))1� R I
kj ~f (x j ; NN(M G

j � x ; � (k)
j ))R I

kj ; (4.7)

where� := f � (1) ; � � � ; � (K )g, theNN's are neural networks parameterized by� (1)
j or � (k)

j , the

operator� denotes the Hadamard product (element-wise) andM G
j denotes thej th column ofM G,

which enables selecting the parents of nodej in the graphG. The neural networks output the

parameters of a density function~f , which in principle, could be any density. We experiment with

Gaussian distributions and more expressive normalizing �ows (see Section 4.3.4).

We denoteG� andI � := ( I �
1 ; :::; I �

K ) to be the ground truth causal DAG and ground truth

interventional family, respectively. In this section, we assume thatI � is known, but we will relax

this assumption in Section 4.3.3. We propose maximizing with respect toGthe following regularized

maximum log-likelihood score:

SI � (G) := sup
�

KX

k=1

Ex � p( k ) logf (k)(x ; M G; R I �
; � ) � � jGj; (4.8)

wherep(k) stands for thekth ground truth interventional distribution from which the data is sampled.

A careful inspection of(4.7) reveals that the conditionals of the model are invariant across interven-

tionsin which they are not targeted. Intuitively, this means that maximizing(4.8)will favor graphs

Gin which a conditionalp(x j jx � G
j
) is invariant across all interventional distributions in whichx j is

not a target, i.e.,j 62I �
k . This is a fundamental property of causal graphical models.

We now present our �rst theoretical result (see Appendix A.2 for the proof). This theorem

states that, under appropriate assumptions, maximizingSI � (G) yields an estimated DAĜGthat is

I � -Markov equivalent to the true DAGG� . We use the notion ofI � -Markov equivalence introduced

by Yang et al. [2018] and recall its meaning in De�nition 4.3 of Appendix A.1. Brie�y, theI � -

Markov equivalence class ofG� is a set of DAGs which are indistinguishable fromG� given the

interventional targets inI � . This means identifying theI � -Markov equivalence class ofG� is the

bestone can hope for given the interventionsI � without making further distributional assumptions.

Theorem 4.1(Identi�cation via score maximization). Suppose the interventional familyI � is such

that I �
1 := ; . Let G� be the ground truth DAG and̂G 2 arg maxG2DAG SI � (G). Assume that the
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density model has enough capacity to represent the ground truth distributions, thatI � -faithfulness

holds, that the density model is strictly positive and that the ground truth densitiesp(k) have �nite

differential entropy, respectively Assumptions 4.1, 4.2, 4.3 & 4.4 (see Appendix A.2 for precise

statements). Then for� > 0 small enough, we have that̂G is I � -Markov equivalent toG� .

Proof idea. Using the graphical characterization ofI -Markov equivalence from Yang et al.

[2018], we verify that every graph outside the equivalence class has a lower score than that of the

ground truth graph. We show this by noticing that any such graph will either have more edges than

G� or limit the distributions expressible by the model in such a way as to prevent it from properly

�tting the ground truth. Moreover, the coef�cient� must be chosen small enough to avoid too

sparse solutions.�

I � -faithfulness (Assumption 4.2) enforces two conditions. The �rst one is the usual faithfulness

condition, i.e., whenever a conditional independence statement holds in the observational distribu-

tion, the corresponding d-separation holds inG� . The second one requires that the interventions are

non-pathological in the sense that every variable that can be potentially affected by the intervention

are indeed affected. See Appendix A.2 for more details and examples ofI � -faithfulness violations.

To interpret this result, note that theI � -Markov equivalence class ofG� tends to get smaller

as we add interventional targets to the interventional familyI � . As an example, whenI � =

(; ; f 1g; � � � ; f dg), i.e., when each node is individually targeted by an intervention,G� is alone

in its equivalence class and, if assumptions of Theorem 4.1 hold,Ĝ = G� . See Corollary 4.1 in

Appendix A.1 for details.

Perfect interventions.The scoreSI � (G) can be specialized for perfect interventions, i.e., where

the targeted nodes are completely disconnected from their parents. The idea is to leverage the fact

that the conditionals targeted by the intervention in Equation(4.7)should not depend on the graphG

anymore. This means that these terms can be removed without affecting the maximization w.r.t.G.

We use this version of the score when experimenting with perfect interventions and present it in

Appendix A.4.

4.3.2. A continuous-constrained formulation

To allow for gradient-based stochastic optimization, we follow Kalainathan et al. [2018], Ng

et al. [2019] and treat the adjacency matrixM G asrandom, where the entriesM G
ij are independent

Bernoulli variables with success probability� (� ij ) (� is the sigmoid function) and� ij is a scalar

parameter. We group these� ij 's into a matrix� 2 Rd� d. We then replace the scoreSI � (G) (4.8)

with the following relaxation:

ŜI � (� ) := sup
�

E
M � � (� )

"
KX

k=1

E
x � p( k )

logf (k)(x ; M ; R I �
; � ) � � jjM jj 0

#

; (4.9)
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where we dropped theG superscript inM to lighten notation. This score tends asymptotically

to SI � (G) as� (� ) progressively concentrates its mass onG.2 While the expectation of the log-

likelihood term is intractable, the expectation of the regularizing term simply evaluates to� jj � (� )jj 1.

This score can then be maximized under the acyclicity constraint presented in Section 4.2.3:

sup
�

ŜI � (� ) s.t. Tr e� (� ) � d = 0 : (4.10)

This problem presents two main challenges: it is a constrained problem and it contains intractable

expectations. As proposed by Zheng et al. [2018], we rely on theaugmented Lagrangianprocedure

to optimize� and� jointly under the acyclicity constraint. This procedure transforms the con-

strained problem into a sequence of unconstrained subproblems which can themselves be optimized

via a standard stochastic gradient descent algorithm for neural networks such as RMSprop. The

procedure should converge to a stationary point of the original constrained problem (which is not

necessarily the global optimum due to the non-convexity of the problem). In Appendix B.3, we

give details on the augmented Lagrangian procedure and show the learning process in details with a

concrete example.

The gradient of the likelihood part of̂SI � (� ) w.r.t. � is estimated using the Straight-Through

Gumbel estimator. This amounts to using Bernoulli samples in the forward pass and Gumbel-

Softmax samples in the backward pass which can be differentiated w.r.t.� via the reparametrization

trick Jang et al. [2017], Maddison et al. [2017]. This approach was already shown to give good

results in the context of continuous optimization for causal discovery in the purely observational

case Ng et al. [2019], Kalainathan et al. [2018]. We emphasize that our approach belongs to the

general framework presented in Section 4.2.3 where the global parameter� is f � ; � g, the weighted

adjacency matrixA � is � (� ) and the regularizing term
( � ) is jj � (� )jj 1.

4.3.3. Interventions with unknown targets

Until now, we have assumed that the ground truth interventional familyI � is known. We now

consider the case were it is unknown and, thus, needs to be learned. To do so, we propose a simple

modi�cation of score(4.8)which consists in adding regularization to favor sparse interventional

families.

S(G; I ) := sup
�

KX

k=1

Ex � p( k ) logf (k)(x ; M G; R I ; � ) � � jGj � � R jI j ; (4.11)

wherejIj =
P K

k=1 jI k j. The following theorem, proved in Appendix A.3, extends Theorem 4.1

by showing that, under the same assumptions, maximizingS(G; I ) with respect to bothGandI

recovers both theI � -Markov equivalence class ofG� and the ground truth interventional familyI � .

2In practice, we observe that� (� ) tends to become deterministic as we optimize.
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Theorem 4.2(Unknown targets identi�cation). SupposeI � is such thatI �
1 := ; . Let G� be

the ground truth DAG and(Ĝ; Î ) 2 arg maxG2DAG;I S(G; I ). Under the same assumptions as

Theorem 4.1 and for�; � R > 0 small enough,̂G is I � -Markov equivalent toG� andÎ = I � .

Proof idea.We simply append a few steps at the beginning of the proof of Theorem 4.1 which

show that wheneverI 6= I � , the resulting score is worse thanS(G� ; I � ), and hence is not optimal.

This is done using arguments very similar to Theorem 4.1 and choosing� and� R small enough.�

Theorem 4.2 informs us that ignoring which nodes are targeted during interventions does not

affect identi�ability. However, this result assumes implicitly that the learner knows which data set

is the observational one.

Similarly to the development of Section 4.3.2, the scoreS(G; I ) can be relaxed by treating

entries ofM G andR I as independent Bernoulli random variables parameterized by� (� ij ) and

� (� kj ), respectively. We thus introduced a new learnable parameter� . The resulting relaxed score is

similar to(4.9), but the expectation is taken w.r.t. toM andR . Similarly to� , the Straight-Through

Gumbel estimator is used to estimate the gradient of the score w.r.t. the parameters� kj . For perfect

interventions, we adapt this score by masking all inputs of the neural networks under interventions.

The related work of Ke et al. [2019], which also support unknown targets, bears similarity to

DCDI but addresses a different setting in which interventions are obtained sequentially in an online

fashion. One important difference is that their method attempts to identify thesingle nodethat has

been intervened upon (as a hard prediction), whereas DCDI learns a distribution over all potential

interventional families via the continuous parameters� (� kj ), which typically becomes deterministic

at convergence. Ke et al. [2019] also use random masks to encode the graph structure but estimates

the gradient w.r.t. their distribution parameters using the log-trick which is known to have high

variance Rezende et al. [2014] compared to reparameterized gradient Maddison et al. [2017].

4.3.4. DCDI with normalizing �ows

In this section, we describe how the scores presented in Sections 4.3.2 & 4.3.3 can accommodate

powerful density approximators. In the purely observational setting, very expressive models

usually hinder identi�ability, but this problem vanishes when enough interventions are available.

There are many possibilities when it comes to the choice of the density function~f . In this paper,

we experimented with simple Gaussian distributions as well asnormalizing �ows[Rezende and

Mohamed, 2015] which can represent complex causal relationships, e.g., multi-modal distributions

that can occur in the presence of latent variables that are parent of only one variable.

A normalizing �ow � (�; ! ) is an invertible function (e.g., a neural network) parameterized by!

with a tractable Jacobian, which can be used to model complex densities by transforming a simple
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random variable via the change of variable formula:

~f (z; ! ) :=

�
�
�
�det

�
@� (z; ! )

@z

� �
�
�
� p(� (z; ! )) ; (4.12)

where@� (z;! )
@z is the Jacobian matrix of� (�; ! ) andp(�) is a simple density function, e.g., a Gaussian.

The function~f (�; ! ) can be plugged directly into the scores presented earlier by letting the neural

networksNN(�; � (k)
j ) output the parameter! j of the normalizing �ow� j for each variablex j . In

our implementation, we usedeep sigmoidal �ows(DSF), a speci�c instantiation of normalizing

�ows which is a universal density approximator Huang et al. [2018b]. Details about DSF are relayed

to Appendix B.2.

4.4. Experiments

We tested DCDI with Gaussian densities (DCDI-G) and with normalizing �ows (DCDI-DSF)

on a real-world data set and several synthetic data sets. The real-world task is a �ow cytometry

data set from Sachs et al. [2005]. Our results, reported in Appendix C.1, show that our approach

performs comparably to state-of-the-art methods. In this section, we focus on synthetic data sets,

since these allow for a more systematic comparison of methods against various factors of variation

(type of interventions, graph size, density, type of mechanisms).

We consider synthetic data sets with three interventional settings: perfect/known, imperfect/-

known, and perfect/unknown. Each data set has one of the three different types of causal mechanisms:

i) linear Squires et al. [2020], ii) nonlinear additive noise model (ANM) Bühlmann et al. [2014],

and iii) nonlinear with non-additive noise using neural networks (NN) Kalainathan et al. [2018].

For each data set type, graphs vary in size (d = 10 or 20) and density (e = 1 or 4 wheree � d is the

average number of edges). For conciseness, we present results for 20-node graphs in the main text

and report results on 10-node graphs in Appendix C.7; conclusions are similar for all sizes. For

each condition, ten graphs are sampled with their causal mechanisms and then observational and

interventional data are generated. Each data set has 10 000 samples uniformly distributed in the

different interventional settings. A total ofd interventions were performed, each by sampling up

to 0:1d target nodes. For more details on the generation process, see Appendix B.1.

Most methods have an hyperparameter controlling DAG sparsity. Although performance is

sensitive to this hyperparameter, many papers do not specify how it was selected. For score-

based methods (GIES, CAM and DCDI), we select it by maximizing the held-out likelihood as

explained in Appendix B.5 (without using the ground truth DAG). In contrast, since constraint-based

methods (IGSP, UT-IGSP, JCI-PC) do not yield a likelihood model to evaluate on held-out data,

we use a �xed cutoff parameter (� = 1e� 3) that leads to good results. We report additional

results with different cutoff values in Appendix C.7. For IGSP and UT-IGSP, we always use the
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independence test well tailored to the data set type: partial correlation test for Gaussian linear data

and KCI-test [Zhang et al., 2011] for nonlinear data.

The performance of each method is assessed by two metrics comparing the estimated graph to

the ground truth graph: i) thestructural Hamming distance(SHD) which is simply the number of

edges that differ between two DAGs (either reversed, missing or super�uous) and ii) thestructural

interventional distance(SID) which assesses how two DAGs differ with respect to their causal

inference statements [Peters and Bühlmann, 2015]. In Appendix C.6, we also report how well

the graph can be used to predict the effect of unseen interventions Gentzel et al. [2019]. Our

implementation is available here and additional information about the baseline methods is provided

in Appendix B.4.

4.4.1. Results for different intervention types

Perfect interventions. We compare our methods to GIES [Hauser and Bühlmann, 2012], a

modi�ed version of CAM [Bühlmann et al., 2014] that support interventions and IGSP [Wang

et al., 2017]. The conditionals of targeted nodes were replaced by the marginalN (2; 1) similarly

to Hauser and Bühlmann [2012], Squires et al. [2020]. Boxplots for SHD and SID over 10 graphs

are shown in Figure 4.2. For all conditions, DCDI-G and DCDI-DSF shows competitive results in

term of SHD and SID. For graphs with a higher number of average edges, DCDI-G and DCDI-DSF

outperform all methods. GIES often shows the best performance for the linear data set, which is not

surprising given that it makes the right assumptions, i.e., linear functions with Gaussian noise.

Imperfect interventions. Our conclusions are similar to the perfect intervention setting. As

shown in Figure 4.3, DCDI-G and DCDI-DSF show competitive results and outperform other

methods for graphs with a higher connectivity. The nature of the imperfect interventions are

explained in Appendix B.1.

Perfect unknown interventions.We compare to UT-IGSP [Squires et al., 2020], an extension of

IGSP that deal with unknown interventions. The data used are the same as in the perfect intervention

setting, but the intervention targets are hidden. Results are shown in Figure 4.4. Except for linear

data sets with sparse graphs, DCDI-G and DCDI-DSF show an overall better performance than

UT-IGSP.

Summary. For all intervention settings, DCDI has overall the best performance. In Appen-

dix C.5, we show similar results for different types of perfect/imperfect interventions. While the

advantage of DCDI-DSF over DCDI-G is marginal, it might be explained by the fact that the

densities can be suf�ciently well modeled by DCDI-G. In Appendix C.2, we show cases where

DCDI-G fails to detect the right causal direction due to its lack of capacity, whereas DCDI-DSF

systematically succeeds. In Appendix C.4, we present an ablation study con�rming the advantage

of neural networks against linear models and the ability of our score to leverage interventional data.
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Figure 4.2. Perfect interventions.SHD and SID (lower is better) for 20-node graphs

Figure 4.3. Imperfect interventions.SHD and SID for 20-node graphs

Figure 4.4. Unknown interventions.SHD and SID for 20-node graphs

4.4.2. Scalability experiments

So far the experiments focused on moderate size data sets, both in terms of number of variables

(10 or 20) and number of examples (� 104). In Appendix C.3, we compare the running times of
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DCDI to those of other methods on graphs of up to 100 nodes and on data sets of up to 1 million

examples.

The augmented Lagrangian procedure on which DCDI relies requires the computation of the

matrix exponential at each gradient step, which costsO(d3). We found this does not prevent

DCDI from being applied to 100 nodes graphs. Several constraint-based methods use kernel-based

conditional independence tests [Zhang et al., 2011, Fukumizu et al., 2008], which scale poorly with

the number of examples. For example, KCI-test scales inO(n3) [Strobl et al., 2019] and HSIC

in O(n2) [Zhang et al., 2018]. On the other hand, DCDI is not greatly affected by the sample

size since it relies on stochastic gradient descent which is known to scale well with the data set

size Bottou [2010]. Our comparison shows that, among all considered methods, DCDI is the only

one supporting nonlinear relationships that can scale to as much as one million examples. We

believe that this can open the way to new applications of causal discovery where data is abundant.

4.5. Conclusion

We proposed a general continuous-constrained method for causal discovery which can leverage

various types of interventional data as well as expressive neural architectures, such as normalizing

�ows. This approach is rooted in a sound theoretical framework and is competitive with other

state-of-the-art algorithms on real and simulated data sets, both in terms of graph recovery and

scalability. This work opens interesting opportunities for future research. One direction is to extend

DCDI to time-series data, where non-stationarities can be modeled as unknown interventions P�ster

et al. [2019]. Another exciting direction is to learn representations of variables across multiple

systems that could serve as prior knowledge for causal discovery in low data settings.

Broader impact

Causal structure learning algorithms are general tools that address two high-level tasks:un-

derstandingandacting. That is, they can help a user understand a complex system and, once

such an understanding is achieved, they can help in recommending actions. We envision positive

impacts of our work in �elds such as scienti�c investigation (e.g., interpreting and anticipating

the outcome of experiments), policy making for decision-makers (e.g., identifying actions that

could stimulate economic growth), and improving policies in autonomous agents (e.g., learning

causal relationships in the world via interaction). As a concrete example, consider the case of gene

knockouts/knockdowns experiments in the �eld of genomics, which aim to understand how speci�c

genes and diseases interact Zimmer et al. [2019]. Learning causal models using interventions

performed in this setting could help gain precious insight into gene pathways, which may catalyze

the development of better pharmaceutic targets and broaden our understanding of complex diseases
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such as cancer. Of course, applications are likely to extend beyond these examples which seem

natural from our current position.

Like any methodological contribution, our work is not immune to undesirable applications

that could have negative impacts. For instance, it would be possible, yet unethical for a policy-

maker to use our algorithm to understand how speci�c human-rights violations can reduce crime

and recommend their enforcement. The burden of using our work within ethical and benevolent

boundaries would rely on the user. Furthermore, even when used in a positive application, our

method could have unintended consequences if used without understanding its assumptions.

In order to use our method correctly, it is crucial to understand the assumptions that it makes

about the data. When such assumptions are not met, the results may still be valid, but should be

used as a support to decision rather than be considered as the absolute truth. These assumptions are:

� Causal suf�ciency: there are no hidden confounding variables

� The samples for a given interventional distribution are independent and identically dis-

tributed

� The causal relationships form an acyclic graph (no feedback loops)

� Our theoretical results are valid in the in�nite-data regime

We encourage users to be mindful of this and to carefully analyze their results before making

decisions that could have a signi�cant downstream impact.
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Appendices of Chapter 4

A. Theory

A.1. Theoretical Foundations for Causal Discovery with Imperfect Interven-

tions

Before showing results about our regularized maximum likelihood score from Section 4.3.1,

we start by brie�y presenting useful de�nitions and results from Yang et al. [2018]. We refer the

reader to the original paper for a more comprehensive introduction to these notions, examples, and

proofs. Throughout the appendix, we assume that the reader is comfortable with the concept of

d-separation and immorality in directed graphs. These notions are presented in any standard book

on probabilistic graphical models, e.g. Koller and Friedman [2009]. Recall thatI := ( I �
1 ; :::; I K )

and that we always assumeI 1 := ; . Following the approach of Yang et al. [2018] and to simplify

the presentation, we consider only densities which are strictly positive everywhere throught this

appendix. We also note that while we present proofs for the cases where the distributions have

densities with respect to the Lebesgue measure, all our results also hold for discrete distributions

by simply replacing the Lebesgue measure with the counting measure in the integrals. We use

the notationi ! j 2 G to indicate that the edge(i; j ) is in the edge set ofG. Given disjoint

A; B; C � V, whenC d-separatesA from B in graphG, we writeA ?? G B j C and when random

variablesx A andx B are independent givenx C in distributionf , we writex A ?? f x B j x C .

De�nition 4.1. For a DAGG, let M (G) be the set of strictly positive densitiesf : Rd ! R such

that

f (x 1; � � � ; x d) =
Y

j

f j (x j j x � G
j
) ; (4.13)

where
R

R f j (x j j x � G
j
)dm(x j ) = 1 for all x � G

j
2 Rj � G

j j and all j 2 [d], wherem is the Lebesgue

measure onR.

Next proposition is adapted from Lauritzen [1996, Theorem 3.27]. It relates the factorization

of (4.13) to d-separation statements.



Proposition 4.1. For a DAGGand a strictly positive densityf ,3 we havef 2 M (G) if and only if

for any disjoint setsA; B; C � V we have

A ?? G B j C =) x A ?? f x B j x C :

De�nition 4.2. For a DAGGand an interventional familyI , let

M I (G) := f (f (k))k2 [K ] j 8k 2 [K ]; f (k) 2 M (G) and8j 62I k ; f (k)
j (x j j x � G

j
) = f (1)

j (x j j x � G
j
)g :

De�nition 4.2 de�nes a setM I (G) which contains all the sets of distributions(f (k))k2 [K ]

which are coherent with the de�nition of interventions provided at Equation(4.2).4 Note that the

assumption of causal suf�ciency is implicit to this de�nition of interventions. Analogously to the

observational case, two different DAGsG1 andG2 can induce the same interventional distributions.

De�nition 4.3 (I -Markov Equivalence Class). Two DAGsG1 andG2 are I -Markov equivalent iff

M I (G1) = M I (G2). We denote byI -MEC(G1) the set of all DAGs which areI -Markov equivalent

to G1, this is theI -Markov equivalence class ofG1.

We now de�ne an augmented graph containing exactly one node for each interventionk.

De�nition 4.4. Given a DAGG and an interventional familyI , the associatedI -DAG, denoted

by GI , is the graphG augmented with nodes� k and edges� k ! i for all k 2 [K ] n f 1g and all

i 2 I k .

In the observational case, we say that a distributionf has the Markov property w.r.t. a graph

Gif whenever some d-separation holds in the graph, the corresponding conditional independence

holds inf . We now de�ne theI -Markov property, which generalizes this idea to interventions. This

property is important since it holds in causal graphical models, as Proposition 4.2 states.

De�nition 4.5 (I -Markov property). LetI be interventional family such thatI 1 := ; and(f (k))k2 [K ]

be a family of strictly positive densities overx . We say that(f (k))k2 [K ] satis�es theI -Markov

property w.r.t. theI -DAGGI iff

(1) For any disjointA; B; C � V, A ?? G BjC impliesx A ?? f ( k ) x B jx C for all k 2 [K ].

(2) For any disjointA; C � V andk 2 [K ] n f 1g,

A ?? GI � k j C [ � � k impliesf (k) (x A jx C ) = f (1) (x A jx C ), where� � k := � [K ]nf 1;kg.

The next proposition relates the de�nition of interventions with theI -Markov property that we

just de�ned.

Proposition 4.2. (Yang et al. [2018]) Suppose the interventional familyI is such thatI 1 := ; . Then

(f (k))k2 [K ] 2 M I (G) iff (f (k))k2 [K ] is I -Markov toGI .

The next theorem gives a graphical characterization ofI -Markov equivalence classes, which

will be crucial in the proof of Theorem 4.1.

3Note that Proposition 4.1 holds even for distributions with densities which are not strictly positive.
4Yang et al. [2018] de�nesM I (G) slightly differently, but show their de�nition to be equivalent to the one used here.
See Lemma A.1 in Yang et al. [2018]
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Figure 4.5. Different I -DAGs with a single intervention. The �rst graph is alone in itsI -Markov
equivalence class since reversing the1 ! 2 edge would break the immorality1 ! 2  � . The
second graph is also alone in its equivalence class since reversing1 ! 2 would create a new
immorality � ! 1  2. The third DAG is not alone in its equivalence class since reversing1 ! 2
would preserve the skeleton without adding or removing an immorality. It should become apparent
that adding more interventions will likely reduce the size of theI -Markov equivalence class by
introducing more immoralities.

Theorem 4.3. (Yang et al. [2018]) Suppose the interventional familyI is such thatI 1 := ; . Two

DAGsG1 andG2 are I -Markov equivalent iff theirI -DAGsGI
1 andGI

2 share the same skeleton and

immoralities.

See Figure 4.5 for a simple illustration of this concept.

We now present a very simple corollary which gives a situation where theI -Markov equivalence

class contains a unique graph.

Corollary 4.1. Let G be a DAG and letI = ( ; ; f 1g; � � � ; f dg). ThenG is alone in itsI -Markov

equivalence class.

Proof. By Theorem 4.3, allI -Markov equivalent graphs will share its skeleton withG, so we

consider only graphs obtained by reversing edges inG.

Consider any edgei ! j in G. We note thati ! j  � j +1 forms an immorality in the

I -DAG GI . Reversingi ! j would break this immorality which would imply that the resulting

DAG is notI -Markov equivalent toG, by Theorem 4.3. Hence,Gis alone in its equivalence class.�

A.2. Proof of Theorem 4.1

We are now ready to present the main result of this section. We recall the score function

introduced in Section 4.3.1:

SI � (G) := sup
�

KX

k=1

Ex � p( k ) logf (k)(x ; M G; R I �
; � ) � � jGj; (4.14)

where

f (k)(x ; M G; R I ; � ) :=
dY

j =1

~f (x j ; NN(M G
j � x ; � (1)

j ))1� R I
kj ~f (x j ; NN(M G

j � x ; � (k)
j ))R I

kj :

(4.15)
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Recall that(p(k))k2 [K ] are the ground truth interventional distributions with ground truth graphG�

and ground truth interventional familyI � . We will sometimes use the notationf (k)
GI � (x ) to refer to

f (k)(x ; M G; R I ; � ). We de�neF I (G) to be the set of all(f (k))k2 [K ] which are expressible by the

model speci�ed in Equation (4.15). More precisely,

F I (G) := f (f (k))k2 [K ] j 9 � s.t.8 k 2 [K ] f (k) = f (k)
GI � g: (4.16)

Theorem 4.1 relies on four assumptions. The �rst one requires that the model is expressive

enough to represent the ground truth distributions exactly.

Assumption 4.1(Suf�cient capacity). The ground truth interventional distributionsP(k) all have

a densityp(k) w.r.t. the Lebesgue measure onRn such that(p(k))k2 [K ] 2 F I � (G� ), i.e. the model

speci�ed in Equation(4.15)is expressive enough to represent the ground truth distributions.

The second assumption is a generalization of faithfulness to interventions.

Assumption 4.2(I � -Faithfulness).

(1) For any disjointA; B; C � V,

A 6?? G� BjC implies x A 6?? p(1) x B jx C :

(2) For any disjointA; C � V andk 2 [K ],

A 6?? G�I � � k j C [ � � k impliesp(k) (x A jx C ) 6= p(1) (x A jx C ) :

The �rst condition of Assumption 4.2 is exactly the standard faithfulness assumption for the

ground truth observational distribution. The second condition is simply the converse of the second

condition in theI -Markov property (De�nition 4.5) and can be understood as avoiding pathological

interventions to make sure that every variables that can be potentially affected by the intervention

are indeed affected. The simplest case is whenI k := f j g, A := f j g andC := � G�

j . In this case the

condition requires that the intervention actually change something. Another simple case is when

C := ; . In this case, the condition requires that all descendants are affected, in the sense that their

marginals change.

As we just saw, a trivial violation ofI � -faithfulness would be when the intervention is not

changing anything, not even the targeted conditional. We now present a non-trivial violation of

I � -faithfulness.

Example 4.1(I � -Faithfulness violation). SupposeG� is x 1 ! x 2 where both variables are binary.

Assumep(1) (x 1 = 1) = 1
2, p(1) (x 2 = 1 j x 1 = 0) = 1

4 and p(1) (x 2 = 1 j x 1 = 1) = 3
4. From this,

we can computep(1) (x 2 = 1) = 1
2. Consider the intervention targeting onlyx 2 which changes

its conditional top(2) (x 2 = 1 j x 1 = 0) = 3
4 andp(2) (x 2 = 1 j x 1 = 1) = 1

4 . So the interventional

family isI � = ( ; ; f 2g). A simple computation shows the new marginal onx 2 has not changed, i.e.

p(2) (x 2) = p(1) (x 2). This is a violation ofI � -faithfulness since clearlyx 2 is not d-separated from

the interventional node� 2 in G�I �
.
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The third assumption is a technicality to simplify the presentation of the proofs and to follow

the presentation of Yang et al. [2018]: we require the density model to be strictly positive.

Assumption 4.3(Strict positivity). For all k 2 [K ], the model densityf (k)(x ; M G; R I ; � ) is

strictly positive for all� , DAGGand interventional familyI .

Note that Assumption 4.3 is satis�ed for example when for all� in the image of NN, the density
~f (�; � ) is strictly positive. This happens when using a Gaussian density with variance strictly

positive or a deep sigmoidal �ow.

From Equation(4.16)and Assumption 4.3, it should be clear thatF I (G) � M I (G) (recall

M I (G) contains only strictly positive densities). Thus, from Proposition 4.2 we see that the

I -Markov property holds for all(f (k))k2 [K ] 2 F I (G). This fact will be useful in the proof of

Theorem 4.1.

The fourth assumption is purely technical. It requires the differential entropy of the densities

p(k) to be �nite, which, as we will see in Lemma 4.1, ensures that the score of the ground truth

graphSI � (G� ) is �nite. This will be important to ensure that the score of any other graphs can be

compared to it. In particular, this is avoiding the hypothetical situation whereSI � (G� ) andSI � (G)

are both equal to in�nity, which means they cannot be easily compared without de�ning a speci�c

limiting process.

Assumption 4.4(Finite differential entropies). For all k 2 [K ],

jEp( k ) logp(k)(x )j < 1 :

Lemma 4.1(Finite scores). Under Assumptions 4.1 & 4.4, |SI � (G� )j < 1 .

Proof. Consider the Kullback-Leibler divergence betweenp(k) andf (k)
G� I � � for an arbitrary� .

0 � DKL (p(k) jj f (k)
G� I � � ) = Ep( k ) logp(k)(x ) � Ep( k ) logf (k)

G� I � � (x ) ; (4.17)

where we applied the linearity of the expectation (which holds becausejEp( k ) logp(k)(x )j < 1 ).

We thus have that

Ep( k ) logf (k)
G� I � � (x ) � Ep( k ) logp(k)(x ) < 1 : (4.18)

Thus,sup� Ep( k ) logf (k)
G� I � � (x ) < 1 , which impliesSI � (G� ) < 1 .

By the assumption of suf�cient capacity, there exists some� � such thatf (k)
G� � � = p(k) for all

k, hencesup�

P K
k=1 Ep( k ) logf (k)

G� I � � (x ) �
P K

k=1 Ep( k ) logf (k)
G� � � (x ) =

P K
k=1 Ep( k ) logp(k)(x ) >

�1 . This implies thatSI � (G� ) > �1 . �

The next lemma shows that the differenceSI � (G� ) � S I � (G) can be rewritten as a minimization

of a sum of KL divergences plus the difference in regularizing terms.
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Lemma 4.2(Rewriting of score differences). Under Assumption 4.1 & 4.4, we have

SI � (G� ) � S I � (G) = inf
�

X

k2 [K ]

DKL (p(k) jj f (k)
GI � � ) + � (jGj � jG � j) : (4.19)

Proof. By Lemma 4.1, we have thatjSI � (G� )j < 1 , which ensures the differenceSI � (G� ) �

SI � (G) is well de�ned.

SI � (G� ) � S I � (G) (4.20)

= SI � (G� ) �
X

k2 [K ]

Ep( k ) logp(k)(x ) � S I � (G) +
X

k2 [K ]

Ep( k ) logp(k)(x ) (4.21)

= sup
�

X

k2 [K ]

Ep( k ) logf (k)
G� I � � (x ) �

X

k2 [K ]

Ep( k ) logp(k)(x )

� sup
�

X

k2 [K ]

Ep( k ) logf (k)
GI � � (x ) +

X

k2 [K ]

Ep( k ) logp(k)(x )

+ � (jGj � jG � j) (4.22)

= inf
�

�
X

k2 [K ]

Ep( k ) logf (k)
GI � � (x ) +

X

k2 [K ]

Ep( k ) logp(k)(x )

� inf
�

�
X

k2 [K ]

Ep( k ) logf (k)
G� I � � (x ) �

X

k2 [K ]

Ep( k ) logp(k)(x )

+ � (jGj � jG � j) (4.23)

= inf
�

X

k2 [K ]

DKL (p(k) jj f (k)
GI � � ) � inf

�

X

k2 [K ]

DKL (p(k) jj f (k)
G� I � � )

+ � (jGj � jG � j) (4.24)

The �rst equality holds since by Assumption 4.4 the differential entropy ofp(k) is �nite for all k.

In (4.24), we use the linearity of the expectation, which holds because the entropy term is �nite. By

Assumption 4.1,(p(k))k2 [K ] 2 F I � (G� ) which implies thatinf �
P

k2 [K ] DKL (p(k) jj f (k)
G� I � � ) = 0 .�

We will now prove three technical lemmas (Lemma 4.3, 4.4 & 4.5). Their proof can be safely

skipped during a �rst reading.

Lemma 4.3 is adapted from Koller and Friedman [2009, Theorem 8.7] to handle cases where

in�nite differential entropies might arise.

Lemma 4.3. LetGbe a DAG. Ifp 62 M(G) andp(x) > 0 for all x 2 Rd, then

inf
f 2M (G)

DKL (pjj f ) > 0:
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Proof. We consider a new density function de�ned as

f̂ (x ) :=
dY

j =1

p(x j j x � G
j
) ; (4.25)

where

p(x j jx � G
j
) :=

p(x j ; x � G
j
)

p(x � G
j
)

; (4.26)

i.e. it is the conditional density. This should not be con�ated withp(x j jx � G�
j

). It should be clear

from (4.25)and the fact thatp is strictly positive that̂f 2 M (G) hencep 6= f̂ . We will show that

f̂ 2 arg minf 2M (G) DKL (pjj f ).

Pick an arbitraryf 2 M (G). We �rst show thatEp log f̂ (x )
f (x ) can be written as a sum of KL

divergences.

Ep log
f̂ (x )
f (x )

= Ep

dX

j =1

log
p(x j jx � G

j
)

f (x j jx � G
j
)

(4.27)

=
dX

j =1

Ep log
p(x j jx � G

j
)

f (x j jx � G
j
)

(4.28)

In Equation(4.28), we apply the linearity of the Lebesgue integral, which holds as long as we

are not summing in�nities of opposite signs (in which case the sum is unde�ned).5 We now show

that it is not the case since each term is an expectation of a KL divergence, which is in[0; + 1 ]:

Ep log
p(x j jx � G

j
)

f (x j jx � G
j
)

=
Z

p(x � G
j
)
Z

p(x j j x � G
j
) log

p(x j jx � G
j
)

f (x j jx � G
j
)
dx j dx � G

j
(4.29)

=
Z

p(x � G
j
)DKL (p(�j j x � G

j
)jj f (�j j x � G

j
))) : (4.30)

This implies thatEp log f̂ (x )
f (x ) 2 [0; + 1 ]. We can now show that̂f 2 arg minf 2M (G) DKL (pjj f ):

5The linearity of the Lebesgue integral is typically stated for Lebesgue integrable functionsf andg, i.e.
R

jf j;
R

jgj < 1 .
See for example Billingsley [1995, Theorem 16.1]. However, it can be extended to cases wheref andg are not integrable,
as long as

R
f and

R
g are well-de�ned and are not in�nities of opposite sign (which would yield the unde�ned expression

1 � 1 ). The proof is a simple adaptation of Theorem 16.1 which makes use of Theorem 15.1 in Billingsley [1995].
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DKL (pjj f ) = Ep log
p(x )

f̂ (x )

f̂ (x )
f (x )

(4.31)

= Ep log
p(x )

f̂ (x )
+ Ep log

f̂ (x )
f (x )

(4.32)

= DKL (pjj f̂ ) + Ep log
f̂ (x )
f (x )

(4.33)

� DKL (pjj f̂ ) > 0: (4.34)

Equation(4.32)holds as long as we do not have1 � 1 . It is not the case here since (i) the �rst

term is a KL divergence, so it is in[0; + 1 ], and (ii) the second term was already shown to be in

[0; + 1 ]. The very last inequality holds becausep 6= f̂ .

We conclude by noting thatinf f 2M (G) DKL (pjj f ) = DKL (pjj f̂ ) > 0. �

The following lemma will make use of the following de�nition:

Z (j; A ) := f (f (1) ; f (2) ) j f (1) (x j j x A ) = f (2) (x j j x A ) andf (1) ; f (2) > 0g: (4.35)

Lemma 4.4. Let j 2 V andA � V n f j g. If (p(1) ; p(2) ) 62 Z(j; A ) and bothp(1) andp(2) are strictly

positive, then

inf
(f (1) ;f (2) )2Z (j;A )

DKL (p(1) jj f (1) ) + DKL (p(2) jj f (2) ) > 0:

Proof. The proof is very similar in spirit to the proof of Lemma 4.3.

We de�ne new density functions:

pmid(x ) :=
p(1) (x ) + p(2) (x )

2
(4.36)

f̂ (k)(x ) := p(k)(x A )pmid(x j j x A )p(k)(x V nAnj j x A[ j ) 8k 2 f 1; 2g: (4.37)

We note thatpmid, f̂ (1) andf̂ (2) are strictly positive sincep(1) andp(2) are strictly positive. By

construction, we havêf (1) (x j jx A ) = f̂ (2) (x j jx A ), and thus(f̂ (1) ; f̂ (2) ) 2 Z (i; A ). This means that

f̂ (1) 6= p(1) or f̂ (2) 6= p(2) .
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Pick an arbitrary (f (1) ; f (2) ) 2 Z (j; A ). We start by showing that the integral
R

p(1) (x ) log f̂ (1) (x )
f (1) (x ) + p(2) (x ) log f̂ (2) (x )

f (2) (x ) dx is in [0; + 1 ].

Z
p(1) (x ) log

f̂ (1) (x )
f (1) (x )

+ p(2) (x ) log
f̂ (2) (x )
f (2) (x )

dx (4.38)

=
Z

p(1) (x )

"

log
p(1) (x A )
f (1) (x A )

+ log
pmid(x j j x A )
f (1) (x j j x A )

+ log
p(1) (x V nAnj j x A[ j )

f (1) (x V nAnj j x A[ j )

#

+ p(2) (x )

"

log
p(2) (x A )
f (2) (x A )

+ log
pmid(x j j x A )
f (1) (x j j x A )

+ log
p(2) (x V nAnj j x A[ j )

f (2) (x V nAnj j x A[ j )

#

dx (4.39)

= DKL (p(1) (�A )jj f (1) (�A )) + Ep(1) DKL (p(1) (�V nAnj j x A[ j )jj f (1) (�V nAnj j x A[ j ))

+ DKL (p(2) (�A )jj f (2) (�A )) + Ep(2) DKL (p(2) (�V nAnj j x A[ j )jj f (2) (�V nAnj j x A[ j ))

+ 2
Z

p(1) (x ) + p(2) (x )
2

log
pmid(x j j x A )
f (1) (x j j x A )

dx
| {z }

= EpmidD KL (pmid(�j jx A )jj f (1) (�j jx A ))

: (4.40)

In (4.39), we used the fact thatf (1) (x j j x A ) = f (2) (x j j x A ). In (4.40), we use the linearity of

the integral (which can be safely apply because each resulting “piece” is in[0; + 1 ]). Since each

term in (4.40) is in[0; + 1 ], their sum is in[0; + 1 ] as well.
We can now look at the sum of KL-divergences we are interested in.

DKL (p(1) jj f (1) ) + DKL (p(2) jj f (2) )

=
Z

p(1) (x ) log
p(1)

f (1)
dx +

Z
p(2) (x ) log

p(2)

f (2)
dx (4.41)

=
Z

p(1) (x ) log
p(1)

f (1)
+ p(2) (x ) log

p(2)

f (2)
dx (4.42)

=
Z

p(1) (x ) log
p(1) (x )

f̂ (1) (x )
+ p(1) (x ) log

f̂ (1) (x )
f (1) (x )

+ p(2) (x ) log
p(2) (x )

f̂ (2) (x )
+ p(2) (x ) log

f̂ (2) (x )
f (2) (x )

dx (4.43)

= DKL (p(1) jj f̂ (1) ) + DKL (p(2) jj f̂ (2) ) +
Z

p(1) (x ) log
f̂ (1) (x )
f (1) (x )

+ p(2) (x ) log
f̂ (2) (x )
f (2) (x )

dx (4.44)

� DKL (p(1) jj f̂ (1) ) + DKL (p(2) jj f̂ (2) ) > 0: (4.45)

In (4.42), we use the linearity of the integral (which can be safely applied given the initial integrals

were in[0; + 1 ]). In (4.44), we again use the linearity of the integral (which is, again, possible

because each resulting piece are in[0; + 1 ]). In (4.45), we use the fact that
R

p(1) (x ) log f̂ (1) (x )
f (1) (x ) +

p(2) (x ) log f̂ (2) (x )
f (2) (x ) dx 2 [0; + 1 ] to get the� while the strict inequality holds because eitherf̂ (1) 6=

p(1) or f̂ (k) 6= p(k) .

This implies that

inf
(f (1) ;f (2) )2Z (j;A )

DKL (p(1) jj f (1) ) + DKL (p(2) jj f (2) ) = DKL (p(1) jj f̂ (1) ) + DKL (p(2) jj f̂ (2) ) > 0: �
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The following de�nition will be useful for the next lemma.

De�nition 4.6. Given a DAGGwith node setV and two nodesi; j 2 V, we de�ne the following

sets:

TG
ij := f ` 2 V j the immoralityi ! `  j is in Gg (4.46)

LG
ij := DE G(TG

ij ) [ f i; j g ; (4.47)

whereDE G(S) is the set of descendants ofS in G, includingS itself.

Lemma 4.5. LetGbe a DAG with node setV. Wheni ! j 62 Gandi  j 62 Gwe have

i ?? G j j V n LG
ij : (4.48)

Proof: By contradiction. Suppose there is a path from(i = a0; a1; :::; ap = j ) with p > 1 which

is not d-blocked byV n LG
ij in G. We �rst consider the case where the path contains no colliders.

If the path contains no colliders, thena0  a1 or ap� 1 ! ap. Moreover, since the path is not

d-blocked and botha1 andap� 1 are not colliders,a1; ap� 1 2 LG
ij . But this implies that there is a

directed path fromi = a0 to a1 and a directed path fromj = ap to ap� 1. This creates a directed

cycle: eithera0 ! � � � ! a1 ! a0 or ap ! � � � ! ap� 1 ! ap. This is a contradiction sinceG is

acyclic.

Suppose there is a colliderak , i.e. ak� 1 ! ak  ak+1 . Since the path is not d-blocked, there

must exists a nodez 2 DE G(ak) [ f akg such thatz 62LG
ij . If i = ak� 1 andj = ak+1 , then clearly

z 2 LG
ij , which is a contradiction. Otherwise,i 6= ak� 1 or j 6= ak+1 . Without loss of generality,

assumei 6= ak� 1. Clearly,ak� 1 is not a collider and since the path is not d-blocked,ak� 1 2 LG
ij . But

by de�nition, LG
ij also contains all the descendants ofak� 1 includingz. Again, this is a contradiction

with z 62LG
ij . �

We recall Theorem 1 from Section 4.3.1 and present its proof.

Theorem 4.1(Identi�cation via score maximization). Suppose the interventional familyI � is such

that I �
1 := ; . Let G� be the ground truth DAG and̂G 2 arg maxG2DAG SI � (G). Assume that the

density model has enough capacity to represent the ground truth distributions, thatI � -faithfulness

holds, that the density model is strictly positive and that the ground truth densitiesp(k) have �nite

differential entropy, respectively Assumptions 4.1, 4.2, 4.3 & 4.4. Then for� > 0 small enough, we

have thatĜ is I � -Markov equivalent toG� .

Proof. It is suf�cient to prove that, for allG 62 I� -MEC(G� ), SI � (G� ) > SI � (G). We use

Theorem 4.3 which states thatĜ is notI � -Markov equivalent toG� if and only if ĜI �
does not share

its skeleton or its immoralities withG�I �
. The proof is organized in six cases. Cases 1-2 treat when

GandG� do not share the same skeleton, cases 3 & 4 when their immoralities differ and cases 5 &

6 when their immoralities implying interventional nodes� k differ. In almost every cases, the idea is

the same:
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(1) Use Lemma 4.5 to �nd a d-separation which holds inGI �
and show it does not hold inG�I �

;

(2) Use the fact thatF I (G) � M I (G) (by strict positivity), Proposition 4.2 and the

I � -faithfulnessassumption to obtain an invariance which holds for all(f (k))k2 [K ] 2 F I � (G)

but not in(p(k))k2 [K ];

(3) Use the fact that the invariance forcesinf �
P

k2 [K ] DKL (p(k) jj f (k)
GI � � ) to be greater than

zero (by Lemma 4.3 or 4.4) and;

(4) Conclude thatSI � (G� ) > SI � (G) via Lemma 4.2.

In this proof, we are exclusively referring toI � . Thus for notational convenience, we set

I := I � .

Case 1: We consider the graphsG such that there existsi ! j 2 G� but i ! j 62 Gand

i  j 62 G. Let G be the set of all suchG. By Lemma 4.5,i ?? G j j V n LG
ij but clearly

i 6?? G� j j V n LG
ij . Hence, byI -faithfulness (Assumption 4.2) we havex i 6?? p(1) x j jx V nL G

ij
. It

implies thatp(1) 62 M(G), by Proposition 4.1.

For notation convenience, let us de�ne

� (G) := inf
�

X

k2 [K ]

DKL (p(k) jj f (k)
GI � ) : (4.49)

Note that

� (G) � inf
�

DKL (p(1) jj f (1)
GI � ) � inf

f 2M (G)
DKL (p(1) jj f ) > 0; (4.50)

where the �rst inequality holds by non-negativity of the KL divergence, the second holds because, for

all � , f (1)
GI � 2 M (G) and the third holds by Lemma 4.3 (which applies here becausep(1) 62 M(G)).

Using Lemma 4.2, we can write

SI (G� ) � S I (G) = � (G) + � (jGj � jG � j) : (4.51)

If jGj � jG � j then clearlySI (G� ) � S I (G) > 0. Let G+ := fG 2 G j jGj < jG� jg. To make sure

we haveSI (G� ) � S I (G) > 0 for all G 2 G+ , we need to pick� suf�ciently small. Choosing

0 < � < minG2G+
� (G)

jG� j�jGj is suf�cient since (and note that minimum exists because the setG+ is

�nite and is strictly positive by (4.50)):

� < min
G2G+

� (G)
jG� j � jGj

(4.52)

() � <
� (G)

jG� j � jGj
8G 2 G+ (4.53)

() � (jG� j � jGj ) < � (G) 8G 2 G+ (4.54)

() 0 < � (G) + � (jGj � jG � j) = SI (G� ) � S I (G) 8G 2 G+ : (4.55)

105



Case 2: We consider the graphsG such that there existsi ! j 2 G but i ! j 62 G� and

i  j 62 G� . We can assumek ! ` 2 G� impliesk ! ` 2 G or k  ` 2 G, since otherwise we are

in Case 1. Hence, it meansjGj > jG� j which in turn implies thatSI (G� ) > SI (G).

Cases 1 and 2 completely cover the situations whereGI andG�I do not share the same skeleton.

Next, we assume thatGI andG�I do have the same skeleton (which implies thatjGj = jG� j). The

remaining cases treat the differences in immoralities.

Case 3:SupposeG� contains an immoralityi ! `  j which is not present inG. We �rst show

that` 62LG
ij . Suppose the opposite. This means` is a descendant of bothi andj in G. SinceGand

G� share skeleton and becausei ! `  j is not an immorality inG, we have thati  ` 2 G or

` ! j 2 G, which in both cases creates a cycle. This is a contradiction.

The path(i; `; j ) is not d-blocked byV n LG
ij in G� since` 2 V n LG

ij . By I -faithfulness (As-

sumption 4.2), this means thatx i 6?? p(1) x j j x V nL G
ij

. SinceG� andGshare the same skeleton, we

know i ! j andi  j are not inG. Using Lemma 4.5, we have thati ?? G j j V n LG
ij . Hence by

Proposition 4.1,p(1) 62 M(G). Similarly to Case 1, this implies that� (G) > 0 which in turn implies

thatSI (G� ) � S I (G) > 0 (using the factjG� j = jGj).

Case 4: SupposeG contains an immoralityi ! `  j which is not present inG� . Since

G andG� share the same skeleton and` 62V n LG
ij , we know there is a (potentially undirected)

path(i; `; j ) which is not d-blocked byV n LG
ij in G� . By I -faithfulness (Assumption 4.2), we

know thatx i 6?? p(1) x j j x V nL G
ij

. However by Lemma 4.5, we have thati ?? G j j V n LG
ij , which

implies, again by Proposition 4.1, thatp(1) 62 M(G). Thus, again by the same argument as Case 3,

SI (G� ) � S I (G) > 0.

So far, all cases did not require interventional nodes� k . Cases 5 and 6 treat the difference in

immoralities implying interventional nodes� k . Note that the arguments are analog to cases 3 and 4.

Case 5:Suppose that there is an immoralityi ! `  � j in G�I which does not appear inGI .

The path(i; `; � j ) is not d-blocked by� � j [ V n LGI

i� j
in G�I since` 2 � � j [ V n LGI

i� j
(by same

argument as presented in Case 3). ByI -faithfulness (Assumption 4.2), this means that

p(1) (x i j x
V nL GI

i� j

) 6= p(j )(x i j x
V nL GI

i� j

) : (4.56)

Thus,(p(1) ; p(j )) 62 Z(i; V n LGI

i� j
) (de�ned in Equation (4.35)).

On the other hand, Lemma 4.5 implies thati ?? GI � j j � � j [ V n LGI

i� j
. Thus by Proposition 4.2

and sinceF I (G) � M I (G), we have that for all� ,

f (1)
GI � (x i j x

V nL GI
i� j

) = f (j )
GI � (x i j x

V nL GI
i� j

) i.e. (f (1)
GI � ; f (j )

GI � ) 2 Z (i; V n LGI

i� j
) : (4.57)
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This means thatSI (G� ) > SI (G) since

SI (G� ) � S I (G) = inf
�

X

k2 [K ]

DKL (p(k) jj f (k)
GI � ) (4.58)

� inf
�

DKL (p(1) jj f (1)
GI � ) + DKL (p(j ) jj f (j )

GI � ) (4.59)

� inf
(f (1) ;f ( j ) )2Z (i;V nL GI

i� j
)
DKL (p(1) jj f (1) ) + DKL (p(j ) jj f (j )) (4.60)

> 0: (4.61)

In (4.60), we use the fact that, for all� , (f (1)
GI � ; f (j )

GI � ) 2 Z (i; V n LGI

i� j
). The very last strict inequality

holds by Lemma 4.4, which applies here because(p(1) ; p(j )) 62 Z(i; V n LGI

i� j
).

Case 6:Suppose that there is an immoralityi ! `  � j in GI which does not appear inG�I .

The path(i; `; � j ) is not d-blocked by� � j [ V n LGI

i� j
in G�I , since` 62� � j [ V n LGI

i� j
and both

I -DAGs share the same skeleton. It follows byI -faithfulness (Assumption 4.2) that

p(1) (x i j x
V nL GI

i� j

) 6= p(j )(x i j x
V nL GI

i� j

) : (4.62)

On the other hand, Lemma 4.5 implies thati ?? GI � j j � � j [ V n LGI

i� j
. Again by theI -Markov

property (Proposition 4.2), it means that, for all� ,

f (1)
GI � (x i j x

V nL GI
i� j

) = f (j )
GI � (x i j x

V nL GI
i� j

) : (4.63)

By an argument identical to that of Case 5, it follows thatSI (G� ) > SI (G).

The proof is complete since there is no other way in whichGI andG�I can differ in terms of

skeleton and immoralities.�

A.3. Theory for unknown targets

Theorem 4.1 assumes implicitly that, for each interventionk, the ground truth interventional

targetI �
k is known. What if we do not have access to this information? We now present an extension

of Theorem 4.1 to unknown targets. In this setting, the interventional familyI is learned similarly

to G. We denote the ground truth interventional family byI � := ( I �
1 ; � � � ; I �

K ) and assume that

I �
1 := ; . We �rst recall score introduced in Section 4.3.3:

S(G; I ) := sup
�

KX

k=1

Ex � p( k ) logf (k)(x ; M G; R I ; � ) � � jGj � � R jI j ; (4.64)

wheref (k)(x ; M G; R I ; � ) was de�ned in(4.15)andjIj =
P K

k=1 jI k j. Notice that the assumption

thatI �
1 = ; is integrated in the joint density of(4.15)with k = 1 (the row vectorR I

1: has no effect).
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The only difference betweenSI � (G) andS(G; I ) is that, in the latter,I is considered a variable and

the extra regularizing term� � R jI j .

The result of this section relies on the exact same assumptions as those of Theorem 4.1, namely

Assumptions 4.1, 4.2, 4.3 & 4.4.

The next Lemma is an adaptation of Lemma 4.2 to this new setting.

Lemma 4.6(Rewriting of score differences). Under Assumption 4.1 & 4.4, we have

S(G� ; I � ) � S (G; I ) = inf
�

X

k2 [K ]

DKL (p(k) jj f (k)
GI � ) + � (jGj � jG � j) + � R (jIj � jI � j) : (4.65)

Proof. We note thatjS(G� ; I � )j = jSI � (G� ) � � R jI � jj < 1 , by Lemma 4.1. This implies that

the differenceS(G� ; I � ) � S (G; I ) is always well de�ned.

The rest of the proof is identical to Lemma 4.2.�

We are now ready to state and prove our identi�ability result for unknown targets.

Theorem 4.2(Unknown targets identi�cation). SupposeI � is such thatI �
1 := ; . Let G� be

the ground truth DAG and(Ĝ; Î ) 2 arg maxG2DAG;I S(G; I ). Under the same assumptions as

Theorem 4.1 and for�; � R > 0 small enough,̂G is I � -Markov equivalent toG� andÎ = I � .

Proof: We simply add two cases at the beginning of the proof of Theorem 4.1 to handle cases

whereI 6= I � (we will denote them by Case 0.1 and Case 0.2). Similarly to Theorem 4.1, it is

suf�cient to prove that, wheneverG 62 I� -MEC(G� ) or I 6= I � , we have thatS(G� ; I � ) > S(G; I ).

For convenience, let us de�ne

� (G; I ) := inf
�

X

k2 [K ]

DKL (p(k) jj f (k)
GI � ) : (4.66)

Case 0.1:Let I be the set of allI such that there existsk0 2 [K ] andj 2 [d] such thatj 2 I �
k0

but j 62I k0 . Let I 2 I and letGbe an arbitrary DAG.

Since the edge� k0 ! j is in G�I �
, we have that� k0 and j are never d-separated. By

I � -faithfulness (Assumption 4.2), we have that

p(1) (x j jx � G
j
) 6= p(k0 )(x j jx � G

j
) : (4.67)

Note that this is true for any conditioning set. It means(p(1) ; p(k0 )) 62 Z(j; � G
j ) (de�ned in (4.35)).

Sincej 62I k , we have by de�nition from (4.15) that, for all� ,

f (1)
GI � (x j jx � G

j
) = f (k0 )

GI � (x j jx � G
j
) i.e. (f (1)

GI � ; f (k0 )
GI � ) 2 Z (j; � G

j ): (4.68)

108



This implies that

� (G; I ) � inf
�

DKL (p(1) jj f (1)
GI � ) + DKL (p(k0 ) jj f (k0 )

GI � ) (4.69)

� inf
(f (1) ;f ( k 0 ) )2Z (j;� G

j )
DKL (p(1) jj f (1) ) + DKL (p(k0 ) jj f (k0 )) (4.70)

> 0; (4.71)

where (4.70) holds because, for all� , (f (1)
GI � ; f (k0 )

GI � ) 2 Z (j; � G
j ) and (4.71) holds by Lemma 4.4.

If minfjGj � jG � j; jI j � jI � jg � 0, then clearly S(G� ; I � ) � S (G; I ) > 0. Let

S := f (G; I ) 2 DAG � I j minfjGj � jG � j; jI j � jI � jg < 0g. To make sure we have

S(G� ; I � ) � S (G; I ) > 0 for all (G; I ) 2 S, we need to pick� and � R suf�ciently small.

Choosing� + � R < min(G;I )2 S
� (G;I )

� min fjGj�jG � j;jIj�jI � jg is suf�cient since (and note that the minimum

exists because the setS is �nite, and is strictly positive by (4.71)):

� + � R < min
(G;I )2 S

� (G; I )
� minfjGj � jG � j; jI j � jI � jg

(4.72)

() � + � R <
� (G; I )

� minfjGj � jG � j; jI j � jI � jg
8(G; I ) 2 S (4.73)

() � (� + � R ) minfjGj � jG � j; jI j � jI � jg < � (G; I ) 8(G; I ) 2 S (4.74)

() 0 < � (G; I ) + ( � + � R ) minfjGj � jG � j; jI j � jI � jg 8(G; I ) 2 S (4.75)

� � (G; I ) + � (jGj � jG � j) + � R (jIj � jI � j) (4.76)

= S(G� ; I � ) � S (G; I ) : (4.77)

From now on, we can assumeI �
k � I k for all k 2 [K ], since otherwise we are in Case 0.1.

Case 0.2:Let �I := fI j [I �
k � I k 8k] and[9 k0; j s.t. j 2 I k0 andj 62I �

k0
]g. Let I 2 �I and letG

be a DAG. We can already notice thatjIj > jI � j.

If jGj � jG � j, thenS(G� ; I � )�S (G; I ) > 0by (4.65). Let �S := f (G; I ) 2 DAG � �I j jGj < jG� jg.

To make sureS(G� ; I � ) � S (G; I ) > 0 for all (G; I ) 2 �S, we need to pick� suf�ciently small.

Choosing� < min(G;I )2 �S
� (G;I )+ � R (jIj�jI � j)

jG� j�jGj is suf�cient since this implies

� <
� (G; I ) + � R (jIj � jI � j)

jG� j � jGj
8 (G; I ) 2 �S (4.78)

() � (jG� j � jGj ) < � (G; I ) + � R (jIj � jI � j) 8 (G; I ) 2 �S (4.79)

() 0 < � (G; I ) + � (jGj � jG � j) + � R (jIj � jI � j) 8 (G; I ) 2 �S (4.80)

= S(G� ; I � ) � S (G; I ) : (4.81)

Cases 0.1 & 0.2 cover all situations whereI 6= I � . This implies that̂I = I � . For the rest of the

proof, we can assume thatI = I � . By noting thatS(G� ; I � ) � S (G; I ) = SI � (G� ) � S I � (G), we

can apply exactly the same steps as in Theorem 4.1 to show thatĜ 2 I � -MEC(G� ).

109



We will end up with multiple conditions on� and� R . We now make sure they can all be

satis�ed simultaneously. Recall the three conditions we derived:

� + � R < min
(G;I )2 S

� (G; I )
� minfjGj � jG � j; jI j � jI � jg

=: � (4.82)

� < min
(G;I )2 �S

� (G; I ) + � R (jIj � jI � j)
jG� j � jGj

=: � (� R ) (4.83)

� < min
G2G+

� (G; I � )
jG� j � jGj

=: 
 ; (4.84)

where the third condition comes from the steps of Theorem 4.1. We can simply pick� R 2 (0; � )

and� 2 (0; minf � � � R ; � (� R ); 
 g). �

A.4. Adapting the score to perfect interventions

The score developed in Section 4.3.1 is designed for general imperfect interventions. Since

perfect interventions are just a special case of imperfect ones, this score will work on perfect

interventions without problems. However, one can leverage the fact that the interventions are perfect

to simplify the score a little bit.

max
G2DAG

SI � (G) (4.85)

= max
G2DAG

sup
�

KX

k=1

Ex � p( k ) logf (k)(x ; M G; R I �
; � ) � � jGj (4.86)

= max
G2DAG

sup
� (1)

2

4
KX

k=1

Ex � p( k ) log
Y

j 62I �
k

~f (x j ; NN(M G
j � x ; � (1)

j ))

3

5

+ sup
� (2) ;:::; � ( K )

2

4
KX

k=2

Ex � p( k ) log
Y

j 2 I �
k

~f (x j ; NN(M G
j � x ; � (k)

j ))

3

5 � � jGj (4.87)

= max
G2DAG

sup
� (1)

2

4
KX

k=1

Ex � p( k ) log
Y

j 62I �
k

~f (x j ; NN(M G
j � x ; � (1)

j ))

3

5

+ sup
� (2) ;:::; � ( K )

2

4
KX

k=2

Ex � p( k ) log
Y

j 2 I �
k

~f (x j ; NN(0 � x ; � (k)
j ))

3

5 � � jGj; (4.88)

where in(4.88)we use the fact that the interventions are perfect. In(4.88), the secondsupdoes

not depend onG, so it can be ignored without changing thearg maxG2DAG.
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Hence, for perfect intervention we use the score

Sperf
I � (G) := sup

� (1)

2

4
KX

k=1

Ex � p( k ) log
Y

j 62I �
k

~f (x j ; NN(M G
j � x ; � (1)

j ))

3

5 � � jGj: (4.89)

B. Additional information

B.1. Synthetic data sets

In this section, we describe how the different synthetic data sets were generated. For each type

of data set, we �rst sample a DAG following theErd�os-Rényischeme and then we sample the

parameters of the different causal mechanisms as stated below (in the bulleted list). For 10-node

graphs, single node interventions are performed on every node. For 20-node graphs, interventions

target1 to 2 nodes chosen uniformly at random. Then,n=(d + 1) examples are sampled for each

interventional setting (ifn is not divisible byd + 1, some intervention setting may have one extra

sample in order to have a total ofn samples). The data are then normalized: we subtract the mean

and divide by the standard deviation. For all data sets, the source nodes are Gaussian with zero

mean and variance sampled fromU[1; 2]. The noise variablesN j are mutually independent and

sampled fromN (0; � 2
j ) 8j , where� 2

j � U [1; 2].

For perfect intervention, the distribution of intervened nodes is replaced by a marginalN (2; 1).

This type of intervention, that produce a mean-shift, is similar to those used in Hauser and Bühlmann

[2012], Squires et al. [2020]. For imperfect interventions, besides the initial parameters, an extra

set of parameters were sampled by perturbing the initial parameters as described below. For nodes

without parents, the distribution of intervened nodes is replaced by a marginalN (2; 1). Both for

the perfect and imperfect cases, we explore other types of interventions and report the results in

Appendix C.5. We now describe the causal mechanisms and the nature of the imperfect intervention

for the three different types of data set:

� Thelinear data sets are generated followingx j := w >
j x � G

j
+ 0:4 � nj 8j , wherew j is a

vector ofj� G
j j coef�cients each sampled uniformly from[� 1; � 0:25][ [0:25; 1] (to make

sure there are now close to 0). Imperfect interventions are obtained by adding a random

vector ofU([� 5; � 2] [ [2; 5]) to w j .

� Theadditive noise model(ANM) data sets are generated followingx j := f j (x � G
j
) + 0 :4 � nj

8j , where the functionsf j are fully connected neural networks with one hidden layer of10

units andleaky ReLUwith a negative slope of0:25as nonlinearities. The weights of each

neural network are randomly initialized fromN (0; 1). Imperfect interventions are obtained

by adding a random vector ofN (0; 1) to the last layer.

� The nonlinear with non-additive noise(NN) data sets are generated followingx j :=

f j (x � G
j
; nj ) 8j , where the functionsf j are fully connected neural networks with one hidden
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layer of20units andtanhas nonlinearities. The weights of each neural network are randomly

initialized fromN (0; 1). Similarly to the additive noise model, imperfect intervention are

obtained by adding a random vector ofN (0; 1) to the last layer.

B.2. Deep Sigmoidal Flow: Architectural details

A layer of a Deep Sigmoidal Flow is similar to a fully-connected network with one hidden layer,

a single input, and a single output, but is de�ned slightly differently to ensure that the mapping is

invertible and that the Jacobian is tractable. Each layerl is de�ned as follows:

h(l )(x ) = � � 1(w > � (a � x + b)) ; (4.90)

where0 < w i < 1,
P

i w i = 1 anda i > 0. In our method, the neural networksNN(�; � (k)
j ) output

the parameters(w j ; a j ; bj ) for each DSF� j . To ensure that the determinant of the Jacobian is

calculated in a numerically-stable way, we follow the recommendations of Huang et al. [2018b].

While other �ows like the Deep Dense Sigmoidal Flow have more capacity, DSF was suf�cient for

our use.

B.3. Optimization

In this section, we show how the augmented Lagrangian is applied, how the gradient is estimated

and, �nally, we illustrate the learning dynamics by analyzing an example.

Let us recall the score and the optimization problem from Section 4.3.2:

Ŝint(� ) := sup
�

E
M � � (� )

"
KX

k=1

E
x � p( k )

logf (k)(x ; M ; � ) � � jjM jj 0

#

; (4.91)

sup
�

Ŝint(� ) s.t. Tr e� (� ) � d = 0 : (4.92)

We optimize for� and� jointly, which yields the following optimization problem:

sup
� ;�

E
M � � (� )

"
KX

k=1

E
x � p( k )

logf (k)(x ; M ; � )

#

� � jj � (� )jj 1 s.t. Tr e� (� ) � d = 0 ; (4.93)

where we used the fact thatEM � � (� ) jjM jj 0 = jj � (� )jj 1. Let us use the notation:

h(� ) := Tr e� (� ) � d: (4.94)

The augmented Lagrangian transforms the constrained problem into a sequence of unconstrained

problems of the form

sup
� ;�

E
M � � (� )

"
KX

k=1

E
x � p( k )

logf (k)(x ; M ; � )

#

� � jj � (� )jj 1 � 
 th(� ) �
� t

2
h(� )2 ; (4.95)
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where
 t and� t are the Lagrangian multiplier and the penalty coef�cient of thetth unconstrained

problem, respectively. In all our experiments, we initialize
 0 = 0 and� 0 = 10� 8. Each such

problem is approximately solved using a stochastic gradient descent algorithm (RMSprop Tieleman

and Hinton [2012] in our experiments). We consider that a subproblem has converged when(4.95)

evaluated on a held-out data set stops increasing. Let(� �
t ; � �

t ) be the approximate solution to

subproblemt. Then,
 t and� t are updated according to the following rule:


 t+1  
 t + � t � h (� �
t )

� t+1  

(
� � � t ; if h (� �

t ) > � � h
�
� �

t � 1

�

� t ; otherwise

(4.96)

with � = 2 and� = 0:9. Each subproblemt is initialized using the previous subproblem's solution

(� �
t � 1; � �

t � 1). The augmented Lagrangian method stops whenh(� ) � 10� 8 and the graph formed

by adding an edge whenever� (� ) > 0:5 is acyclic.

Gradient estimation. The gradient of (4.95) w.r.t.� and� is estimated by

r � ;�

"
1

jB j

X

i 2 B

logf (k i )(x (i ) ; M (i ) ; � ) � � th(� ) �
� t

2
h(� )2

#

; (4.97)

whereB is an index set sampled without replacement,x(i ) is an example from the training set and

ki is the index of its corresponding intervention. To compute the gradient of the likelihood part

w.r.t. � , we use the Straight-Through Gumbel-Softmax estimator, adapted to sigmoids Maddison

et al. [2017], Jang et al. [2017]. This approach was already used in the context of causal discovery

without interventional data Ng et al. [2019], Kalainathan et al. [2018]. The matrixM (i ) is given by

M (i ) := I (� (� + L (i )) > 0:5) + � (� + L (i )) � grad-block(� (� + L (i ))) ; (4.98)

whereL (i ) is a d � d matrix �lled with independent Logistic samples,I is the indicator func-

tion applied element-wise and the functiongrad-block is such thatgrad-block(z) = z and

r zgrad-block(z) = 0 . This implies that each entry ofM (i ) evaluates to a discrete Bernoulli

sample with probability given by� (� ) while the gradient w.r.t.� is computed using the soft

Gumbel-Softmax sample. This yields a biased estimation of the actual gradient of objective(4.95),

but its variance is low compared to the popular unbiased REINFORCE estimator (a Monte Carlo

estimator relying on the log-trick) Rezende et al. [2014], Maddison et al. [2017]. A temperature

term can be added inside the sigmoid, but we found that a temperature of one gave good results.

In addition to this, we experimented with a different relaxation for the discrete variableM .

We tried treatingM directly as a learnable parameter constrained in[0; 1] via gradient projection.

However, this approach yielded signi�cantly worse results. We believe that the factM is continuous

in this setting is problematic, since as an entry ofM gets closer and closer to zero, the weights of

the �rst neural network layer can compensate, without affecting the likelihood whatsoever. This
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cannot happen when using the Straight-Through Gumbel-Softmax estimator because the neural

network weights are only exposed to discreteM .
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Figure 4.6. Top: Learning curves during training.NLL andNLL on validationare respectively
the (pseudo) negative log-likelihood (NLL) on training and validation sets.AL minus NLLcan be
thought of as the acyclicity constraint violation plus the edge sparsity regularizer.AL andAL on
validation setare the augmented Lagrangian objectives on training and validation set, respectively.
Middle and bottom: Entries of the matrix� (� ) w.r.t. to the number of iterations (green edges =
edge present in the ground truth DAG, red edges = edge not present). The adjacency matrix to the
left correspond to the ground truth DAG. The other matrices correspond to� (� ) at20 000, 30 000
and62 000iterations.
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Learning dynamics. We present in Figure 4.6 the learning curves (top) and the matrix� (� )

(middle and bottom) as DCDI-DSF is trained on a linear data set with perfect intervention sampled

from a sparse 10-node graph (the same phenomenon was observed in a wide range of settings). In

the graph at the top, we show the augmented Lagrangian and the (pseudo) negative log-likelihood

(NLL) on train and validation set. To be exact, the NLL corresponds to a negative log-likelihood

only once acyclicity is achieved. In the graph representing� (� ) (middle), each curve represents a

� (� ij ): green edges are edges present in the ground truth DAG and red edges are edges not present.

The same information is presented in matrix form for a few speci�c iterations and can be easily

compared to the adjacency matrix of the ground truth DAG (white = presence of an edge, blue =

absence). Recall that when a� (� ij ) is equal (or close to) 0, it means that the entryij of the mask

M will also be 0. This is equivalent to say that the edge is not present in the learned DAG.

In this section, we review some important steps of the learning dynamics. At �rst, the NLL on

the training and validation sets decrease sharply as the model �ts the data. Around iteration 5000,

the decrease slows down and the weights of the constraint (namely
 and� ) are increased. This

puts pressure on the entries� (� ij ) to decrease. At iteration20 000, many� (� ij ) that correspond to

red edges have diminished close to 0, meaning that edges are correctly removed. It is noteworthy to

mention that the matrix at this stage is close to being symmetric: the algorithm did not yet choose

an orientation for the different edges. While this learned graph still has false-positive edges, the

skeleton is reminiscent of a Markov Equivalence Class. As the training progresses, the weights of

the constraint are greatly increased passed the20 000th iteration leading to the removal of additional

edges (leading also to an NLL increase). Around iteration62 000(the second vertical line), the

stopping criterion is met: the acyclicity constraint is below the threshold (i.e.h(� ) � 10� 8),

the learned DAG is acyclic and the augmented Lagrangian on the validation set is not improving

anymore. Edges with a� (� ij ) higher than0:5 are set to 1 and others set to 0. The learned DAG has

a SHD of 1 since it has a reversed edge compared to the ground truth DAG.

Finally, we illustrate the learning of interventional targets in the (perfect) unknown intervention

setting by comparing an example of� (� kj ), the learned targets, with the ground truth targets in

Figure 4.7. Results are from DCDI-G on 10-node graph with higher connectivity. Each column

corresponds to an interventional targetI k and each row corresponds to a node. In the right matrix, a

dark grey square in positionij means that the nodei was intervened on in the interventional setting

I j . Each entry of the left matrix corresponds to the value of� (� kj ). The binary matrixR (from

Equation 4.15) is sampled following these entries.

B.4. Baseline methods

In this section, we provide additional details on the baseline methods and cite the implementa-

tions that were used. GIES has been designed for the perfect interventions setting. It assumes linear
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Figure 4.7. Learned targets� (� kj ) compared to the ground truth targets.

relations with Gaussian noise and outputs anI -Markov equivalence classes. In order to obtain the

SHD and SID, we compare a DAG randomly sampled from the returnedI -Markov equivalence

classes to the ground truth DAG. CAM has been modi�ed to support perfect interventions. In

particular, we used the loss that was already present in the code (similarly to the loss proposed for

DCDI in the perfect intervention setting). Also, the preliminary neighbor search (PNS) and pruning

processes were modi�ed to not take into account data where variables are intervened on. Note that,

while these two methods yield competitive results in the imperfect intervention setting, they were

designed for perfect interventions: the targeted conditional are not �tted by an additional model

(in contrast to our proposed score), they are simply removed from the score. Finally, JCI-PC is

JCI used with the PC method Mooij et al. [2020]. The graph to learn is augmented with context

variables (one per system variable in our case). This modi�ed version of PC can deal with unknown

interventions. For the conditional independence test, we only used the gaussian CI test since using

KCI-test was too slow for this algorithm.

For GIES, we used the implementation from the R packagepcalg . For CAM, we modi�ed

the implementation from the R packagepcalg . For IGSP and UT-IGSP, we used the imple-

mentation fromhttps://github.com/uhlerlab/causaldag . The cutoff values used for

alpha-inv was always the same asalpha . For JCI-PC, we modi�ed the implementation from

the R packagepcalg using code from the JCI repository:https://github.com/caus-am/

jci/tree/master/jci . The normalizing �ows that we used for DCDI-DSF were adapted

from the DSF implementation provided by its author Huang et al. [2018b]. We also used several

tools from the Causal Discovery Toolbox (https://github.com/FenTechSolutions/

CausalDiscoveryToolbox ) Kalainathan and Goudet [2019] to interface R with Python and

to compute the SHD and SID metrics.

B.5. Default hyperparameters and hyperparameter search

For all score-based methods, we performed a hyperparameter search. The models were trained

on 80%examples and evaluated on the20%remaining examples. The hyperparameter combination

chosen was the one that induced the lowest negative log-likelihood on the held-out examples. For
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DCDI, a grid search was performed over 10 values of the regularization coef�cient (see Table 4.1)

for known interventions (10 hyperparameter combinations in total) and, in the unknown intervention

case,3 values for the regularization coef�cient of the learned targets� R were also explored (30

hyperparameter combinations in total). For GIES and CAM, 50 hyperparameter combinations were

considered using a random search following the sampling scheme of Table 4.1.

For IGSP, UT-IGSP and JCI-PC, we could not do a similar hyperparameter search since there

is no score available to rank hyperparameter combinations. Thus, all examples were used to �t

the model. Despite this, for IGSP and UT-IGSP, we explored a range of cutoff values around

10� 5 (the value used for all the experiments in Squires et al. [2020]):� = f 2e � 1; 1e � 1; 1e �

2; 1e � 3; 1e � 5; 1e � 7; 1e � 9g. In the main text and �gures, we report results with� = 1e � 3,

which yielded low SHD and SID. For JCI-PC, we tested the following range of cutoff values:

� = f 2e � 1; 1e � 1; 1e � 2; 1e � 3g and report results with� = 1e � 3. Note that in a realistic

setting, we do not have access to the ground truth graphs to choose a good cutoff value.

Hyperparameter space

DCDI
log10(� ) � Uf� 7; � 6; � 5; � 4; � 3; � 2; � 1; 0; 1; 2g
log10(� R ) � Uf� 4; � 3; � 2g (only for unknown interventions)

CAM log10(pruning cutoff)� U [� 7; 0]
GIES log10(regularizer coef�cient)� U [� 4; 4]

Table 4.1. Hyperparameter search spaces for each algorithm

Except for the normalizing �ows of DCDI-DSF, DCDI-G and DCDI-DSF used exactly the same

default hyperparameters that are summarized in Table 4.2. Some of these hyperparameters (� 0, 
 0),

which are related to the optimization process are presented in Appendix B.3. These hyperparameters

were used for almost all experiments, except for the real-world data set and the two-node graphs with

complex densities, where over�tting was observed. Smaller architectures were tested until no major

over�tting was observed. The default hyperparameters were chosen using small-scale experiments

on perfect-known interventions data sets in order to have a small SHD. Since we observed that

DCDI is not highly sensible to changes in hyperparameter values, only the regularization factors

were part of a more thorough hyperparameter search. The neural networks were initialized following

the Xavier initialization Glorot and Bengio [2010a]. The neural network activation functions were

leaky-ReLU. RMSprop was used as the optimizer Tieleman and Hinton [2012] with minibatches of

size 64.
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DCDI hyperparameters

� 0: 10� 8, 
 0: 0, � : 2, � : 0.9
Augmented Lagrangian constraint threshold:10� 8

learning rate:10� 3

# hidden units:16
# hidden layers:2
# �ow hidden units:16(only for DCDI-DSF)
# �ow hidden layers:2 (only for DCDI-DSF)

Table 4.2. Default Hyperparameter for DCDI-G and DCDI-DSF

C. Additional experiments

C.1. Real-world data set

We tested the methods that support perfect intervention on the �ow cytometry data set of Sachs

et al. [2005]. The measurements are the level of expression of phosphoproteins and phospholipids

in human cells. Interventions were performed by using reagents to activate or inhibit the measured

proteins. As in Wang et al. [2017], we use a subset of the data set, excluding experimental

conditions where the perturbations were not directly done on a measured protein. This subset

comprises5 846measurements:1 755measurements are considered observational, while the other

4 091measurements are from �ve different single node interventions (with the following proteins

as targets: Akt, PKC, PIP2, Mek, PIP3). The consensus graph from Sachs et al. [2005] that we

use as the ground truth DAG contains 11 nodes and 17 edges. While the �ow cytometry data set is

standard in the causal structure learning literature, some concerns have been raised. The “consensus”

network proposed by Sachs et al. [2005] has been challenged by some experts Mooij et al. [2016].

Also, several assumptions of the different models may not be respected in this real-world data set

(for more details, see Mooij et al. [2016]): i) the causal suf�ciency assumption may not hold, ii) the

interventions may not be as speci�c as stated, and iii) the ground truth network is possibly not a

DAG since feedback loops are common in cellular signaling networks.

Method SHD SID tp fn fp rev F1 score

IGSP 18 54 4 6 5 7 0.42
GIES 38 34 10 0 41 7 0.33
CAM 35 20 12 1 30 4 0.51

DCDI-G 36 43 6 2 25 9 0.31
DCDI-DSF 33 47 6 2 22 9 0.33

Table 4.3. Results for the �ow cytometry data sets
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In Table 4.3 we report SHD and SID for all methods, along with the number of true positive (tp),

false-negative (fn), false positive (fp), reversed (rev) edges, and theF1 score. There are no measures

of central tendencies, since there is only one graph. The modi�ed version of CAM has overall the

best performance: the highestF1 score and a low SID. IGSP has a low SHD, but a high SID, which

can be explained by the relatively high number of false negative. DCDI-G and DCDI-DSF have

SHDs comparable to GIES and CAM, but higher than IGSP. In terms of SID, they outperform IGSP,

but not GIES and CAM. Finally, the DCDI models haveF1 scores similar to that of GIES. Hence,

we conclude that DCDI performs comparably to the state of the art on this data set, while none of

the methods show great performance across the board.

Hyperparameters. We report the hyperparameters used for Table 4.3. IGSP used the KCI-test

with a cutoff value of10� 3. Hyperparameters for CAM and GIES were chosen following the

hyperparameter search described in Appendix B.5. For DCDI, since over�tting was observed,

we included some hyperparameters related to the architecture in the hyperparameter grid search

(number of hidden units:f 4; 8g, number of hidden layers:f 1; 2g and only for DSF, number of �ow

hidden units:f 4; 8g, number of �ow layers:f 1; 2g), and used the scheme described in Appendix B.5

for choosing the regularization coef�cient.

C.2. Learning causal direction from complex distributions

To show that insuf�cient capacity can hinder learning the right causal direction, we used toy data

sets with simple 2-node graphs under perfect and imperfect interventions. We show, in Figure 4.8

and 4.9, the joint densities respectively learned by DCDI-DSF and DCDI-G. We tested two different

data sets: X and DNA, which corresponds to the left and right column, respectively. In both data

sets, we experimented with perfect and imperfect interventions, on both the cause and the effect,

i.e. I = ( ; ; f 1g; f 2g). In both �gures, the top row corresponds to the learned densities when no

intervention are performed. The bottom row corresponds to the learned densities under an imperfect

intervention on the effect variable (changing the conditional).

For the X data set, both under perfect and imperfect interventions, the incapacity of DCDI-G to

model this complex distribution properly makes it conclude (falsely) that there is no dependency

between the two variables (the� outputted by DCDI-G is constant). Conversely, for the DNA

data set with perfect interventions, it does infer the dependencies between the two variables and

learn the correct causal direction, although the distribution is modeled poorly. Notice that, for the

DNA data set with imperfect interventions, the lack of capacity of DCDI-G has pushed it to learn

the same density with and without interventions (compare the two densities in the second column

of Figure 4.9; the learned density functions remain mostly unchanged from top to bottom). This

prevented DCDI-G from learning the correct causal direction, while DCDI-DSF had no problem.

We believe that if the imperfect interventions were more radical, DCDI-G could have recovered
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Figure 4.8. Joint density learned by DCDI-DSF. White dots are data points and the color represents
the learned density. The x-axis is cause and the y-axis is the effect. First row is observational while
second row is with an imperfect intervention on the effect.

Figure 4.9. Joint density learned by DCDI-G. White dots are data points and the color represents
the learned density. The x-axis is cause and the y-axis is the effect. First row is observational while
second row is with an imperfect intervention on the effect.

the correct direction even though it lacks capacity. In all cases, DCDI-DSF can easily model these

functions and systematically infers the right causal direction.

While the proposed data sets are synthetic, similar multimodal distributions could be observed

in real-world data sets due to latent variables that are parent of only one node (i.e., that are not

confounders). A hidden variable that act as a selector between two different mechanisms could

induce distributions similar to those in Figures 4.8 and 4.9. In fact, this idea was used to produce

the synthetic data sets, i.e., a latent variablez 2 f 0; 1g was sampled and, according to its value,

examples were generated following one of two mechanisms. The X dataset (second column in the
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�gures) was generated by two linear mechanisms in the following way:

y :=

8
<

:
wx + N z = 0

� wx + N z = 1;

whereN is a Gaussian noise andw was randomly sampled from[� 1; � 0:25][ [0:25; 1].

C.3. Scalability experiments

Figure 4.10 presents two experiments which study the scalability of various methods in terms of

number of examples (left) and number of variables (right). In these experiments, the runtime was

restricted to 12 hours while the RAM memory was restricted to 16GB. All experiments considered

perfect interventions. Experiments from Figure 4.10 were run with �xed hyperparameters.DCDI.

Same as Table 4.2 except� 0 = 10� 2, # hidden units= 8 and� = 10� 1. CAM. Pruning cutoff=

10� 3. Preliminary neighborhood selection was performed in the large graph experiments (otherwise

CAM cannot run on 50 nodes in less than 12 hours).GIES. Regularizing parameter= 1. IGSP.

The suf�xes -G and -K refers to the partial correlation test and the KCI-test, respectively. The�

parameter is set to10� 3.

Number of examples. DCDI was the only algorithm supporting nonlinear relationships that could

run on as much as 1 million examples without running out of time or memory. We believe different

trade-offs between SHD and SID could be achieved with different hyperparameters, especially for

GIES and CAM which achieved very good SID but poor SHD.

Number of variables. We see that using a GPU starts to pay off for graphs of 50 nodes or more.

For 10-50 nodes data sets, DCDI-GPU outperforms the other methods in terms of SHD and SID,

while maintaining a runtime similar to CAM. For the hundred-node data sets, the runtime of

DCDI increases signi�cantly with a SHD/SID performance comparable to the much faster GIES.

We believe the weaker performance of DCDI in the hundred-node setting is due to the fact that

the conditionals are high dimensional functions which are prone to over�tting. Also, we believe

this runtime could be signi�cantly reduced by limiting the number of parents via preliminary

neighborhood selection similar to CAM Bühlmann et al. [2014]. This would have the effect of

reducing the cost of computing the gradient of w.r.t. to the neural network parameters. These

adaptions to higher dimensionality are left as future work.

C.4. Ablation study

In this section, by doing ablation studies, we show that i) that interventions are bene�cial to our

method to recover the DAG, ii) that the proposed losses yield better results than a standard loss

ignoring information about interventions, and iii) that the use of high capacity model is relevant for

nonlinear data sets.
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Figure 4.10. We report the runtime (in hours), SHD and SID of multiple methods in multiple
settings. The horizontal dashed lines at 12 hours represents the time limit imposed. When a curve
reaches this dashed line, it means that the method could not �nish within 12 hours. We write
� 16G when the RAM memory needed by the algorithm exceeded 16GB. All data sets have 10
interventional targets containing0:1d targets. We considered perfect interventions.Left: Different
data set sizes. Ten nodes ANM data with connectivitye = 1. Right: Different number of variables.
NN data set with connectivitye = 4 and 104 samples. Each curve is an average over 5 different
datasets while the error bars are %95 con�dence intervals computed via bootstrap.

Effect of number of interventions. In a small scale experiment, we show in Figure 4.11

the effect of the number of interventions on the performance of DCDI-G. The SHD and SID of

DCDI-G and DCD are shown over ten linear data sets (20-node graph with sparse connectivity)

with f 0; 5; 10; 15; 20g perfect interventions. The baseline DCD is equivalent to DCDI-G, but

it uses a loss that doesn't take into account the interventions. It can �rst be noticed that, as

the number of interventions increases, the performance of DCDI-G increases. This increase is

particularly noticeable from the purely interventional data to data with 5 interventions. While

DCD's performance also increases in terms of SHD, it seems to have no clear gain in terms of SID.

Also, DCDI-G with interventional data is always better than DCD showing that the proposed loss
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Figure 4.11. SHD and SID for DCDI-G and DCD on data sets with a different number of
interventional settings.

for perfect interventions is pertinent. Note that the �rst two boxes are the same since DCDI-G on

observational data is equivalent to DCD (the experiment was done only once).

Relevance of DCDI score to leverage interventional data.In a larger scale experiment, with

the same data sets used in the main text (Section 4.4), we compare DCDI-G and DCDI-DSF to

DCD and DCD-no-interv for perfect/known, imperfect/known and perfect/unknown interventions

(shown respectively in Appendix C.4.1, C.4.2, and C.4.3). The values reported are the mean and the

standard deviation of SHD and SID over ten data sets of each condition. DCD-no-interv is DCDI-G

applied to purely observational data. These purely observational data sets were generated from the

same CGM as the other data set containing interventions and had the same total sample size. For

SHD, the advantage of DCDI over DCD and DCD-no-interv is clear over all conditions. For SID,

DCDI has no advantage for sparse graphs, but is usually better for graphs with higher connectivity.
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As in the �rst small scale experiment, the bene�cial effect of interventions is clear. Also, these

results show that the proposed losses for the different type of interventions are pertinent.

Relevance of neural network models.As a sanity check of our proposed method, we trained

DCDI-G without hidden layers, i.e. a linear model. In Table 4.4, 4.5 and 4.6, we report the mean

and standard deviation of SHD and SID over ten 20-node graphs for DCDI-linear and compare it to

results obtained for DCDI-G and DCDI-DSF (both using hidden layers). As expected, this linear

version of DCDI has competitive results for the linear data set, but poorer results on nonlinear data

sets, showing the interest of using high capacity models.

20nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID

DCDI-linear 5.9� 7.6 7.1� 6.9 16.0� 6.7 98.3� 31.4

DCDI-G 5.4� 4.5 13.4� 12.0 23.7� 5.6 112.8� 41.8

DCDI-DSF 3.6� 2.7 6.0� 5.4 16.6� 6.4 92.5� 40.1

Table 4.4. Results for the linear data set with perfect intervention

20nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID

DCDI-linear 29.6� 15.4 24.8� 18.4 66.2� 13.7 219.0� 41.7

DCDI-G 21.8� 30.1 11.6� 13.1 35.2� 13.2 109.8� 44.6

DCDI-DSF 4.3� 1.9 19.7� 12.6 26.7� 16.9 105.3� 22.7

Table 4.5. Results for the additive noise model data set with perfect intervention

20nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID

DCDI-linear 19.8� 12.7 14.2� 9.2 45.6� 12.0 177.9� 27.6

DCDI-G 13.9� 20.3 13.7� 8.1 16.8� 8.7 82.5� 38.1

DCDI-DSF 8.3� 4.1 32.4� 17.3 11.8� 2.1 102.3� 34.5

Table 4.6. Results for the nonlinear with non-additive noise data set with perfect intervention
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10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

DCD 6.6� 3.6 14.1� 11.5 24.4� 6.0 67.0� 9.2 18.2� 15.8 30.9� 21.7 56.7� 10.2 227.0� 38.6

DCD-no-interv 8.9� 2.8 19.5� 10.9 26.7� 5.9 69.0� 11.2 24.6� 20.5 31.2� 22.8 64.4� 11.4 292.9� 28.9

DCDI-G 1.3� 1.9 0.8� 1.8 3.3� 2.1 10.7� 12.0 5.4� 4.5 13.4� 12.0 23.7� 5.6 112.8� 41.8

DCDI-DSF 0.9� 1.3 0.6� 1.9 3.7� 2.3 18.9� 14.1 3.6� 2.7 6.0� 5.4 16.6� 6.4 92.5� 40.1

Table 4.7. Results for the linear data set with perfect intervention

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

DCD 11.5� 6.6 18.2� 11.8 30.4� 3.8 75.5� 4.6 39.3� 28.4 39.8� 33.3 62.7� 14.2 241.0� 44.8

DCD-no-interv 11.6� 8.8 15.8� 12.1 21.3� 5.2 63.5� 12.3 41.7� 44.1 36.2� 27.1 43.7� 9.2 226.1� 42.8

DCDI-G 5.2� 7.5 2.4� 4.9 4.3� 2.4 16.0� 11.9 21.8� 30.1 11.6� 13.1 35.2� 13.2 109.8� 44.6

DCDI-DSF 4.2� 5.6 5.6� 5.5 5.5� 2.4 23.9� 14.3 4.3� 1.9 19.7� 12.6 26.7� 16.9 105.3� 22.7

Table 4.8. Results for the additive noise model data set with perfect intervention

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

DCD 5.9� 6.9 10.9� 10.4 15.7� 4.9 53.0� 9.9 28.7� 13.0 29.7� 9.3 29.3� 8.9 163.1� 48.4

DCD-no-interv 11.0� 9.3 9.9� 11.0 18.4� 6.4 56.4� 11.0 16.5� 22.8 31.9� 17.5 31.6� 11.3 160.3� 46.3

DCDI-G 2.3� 3.6 2.7� 3.3 2.4� 1.6 13.9� 8.5 13.9� 20.3 13.7� 8.1 16.8� 8.7 82.5� 38.1

DCDI-DSF 7.0� 10.7 7.8� 5.8 1.6� 1.6 7.7� 13.8 8.3� 4.1 32.4� 17.3 11.8� 2.1 102.3� 34.5

Table 4.9. Results for the nonlinear with non-additive noise data set with perfect intervention

C.4.1. Perfect interventions.

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

DCD 10.6� 5.4 24.6� 18.2 24.0� 4.1 67.2� 7.6 21.2� 11.5 56.0� 31.5 56.7� 9.0 268.0� 25.4

DCD-no-interv 6.8� 4.4 19.5� 13.2 27.4� 4.4 74.0� 7.2 19.8� 9.2 48.2� 30.6 58.2� 9.9 288.6� 31.6

DCDI-G 2.7� 2.8 8.2� 8.8 5.2� 3.5 25.1� 12.9 15.6� 14.5 29.1� 23.4 34.0� 7.7 180.9� 44.5

DCDI-DSF 1.3� 1.3 4.2� 4.0 1.7� 2.4 10.2� 14.9 6.9� 6.3 22.7� 21.9 21.7� 8.1 137.4� 34.3

Table 4.10. Results for the linear data set with imperfect intervention

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

DCD 12.0� 9.2 14.8� 10.4 24.3� 3.8 64.5� 11.1 51.7� 41.7 44.5� 20.0 54.1� 12.0 196.6� 37.2

DCD-no-interv 14.6� 4.3 12.1� 11.8 24.8� 4.8 69.3� 8.3 49.5� 36.0 32.7� 22.7 41.2� 8.1 197.7� 50.1

DCDI-G 6.2� 5.4 7.6� 11.0 13.1� 2.9 48.1� 9.1 30.5� 33.0 12.5� 8.8 43.1� 10.2 96.6� 47.1

DCDI-DSF 13.4� 8.4 17.9� 10.5 14.4� 2.4 53.2� 8.2 13.1� 4.5 43.5� 19.2 50.5� 11.4 172.1� 19.6

Table 4.11. Results for the additive noise model data set with imperfect intervention
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10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

DCD 12.7� 8.4 11.8� 7.3 15.2� 3.7 52.2� 9.1 40.4� 54.7 45.2� 43.9 30.5� 8.0 151.2� 41.7

DCD-no-interv 13.6� 9.7 13.0� 8.1 14.8� 3.5 51.7� 12.5 37.1� 40.7 57.1� 56.2 31.3� 5.5 162.3� 40.5

DCDI-G 3.9� 3.9 7.5� 6.5 7.3� 2.2 28.0� 10.5 18.2� 28.8 36.9� 37.0 21.7� 8.0 127.3� 40.1

DCDI-DSF 5.3� 4.2 16.3� 10.0 5.9� 3.2 35.1� 12.3 13.2� 5.1 76.5� 57.8 16.8� 5.3 143.6� 48.8

Table 4.12. Results for the nonlinear with non-additive noise data set with imperfect intervention

C.4.2. Imperfect interventions.

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

DCD 6.6� 3.6 14.1� 11.5 24.4� 6.0 67.0� 9.2 18.2� 15.8 30.9� 21.7 56.7� 10.2 227.0� 38.6

DCD-no-interv 8.9� 2.8 19.5� 10.9 26.7� 5.9 69.0� 11.2 24.6� 20.5 31.2� 22.8 64.4� 11.4 292.9� 28.9

DCDI-G 5.3� 3.7 12.9� 11.5 5.2� 3.0 24.3� 15.3 15.4� 10.3 30.8� 18.6 39.2� 8.7 173.7� 45.6

DCDI-DSF 3.9� 4.3 7.1� 7.1 7.1� 3.6 35.8� 12.5 4.3� 2.4 18.4� 7.3 29.7� 12.6 147.8� 42.7

Table 4.13. Results for the linear data set with perfect intervention with unknown targets

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

DCD 11.5� 6.6 18.2� 11.8 30.4� 3.8 75.5� 4.6 39.3� 28.4 39.8� 33.3 62.7� 14.2 241.0� 44.8

DCD-no-interv 11.6� 8.8 15.8� 12.1 21.3� 5.2 63.5� 12.3 41.7� 44.1 36.2� 27.1 43.7� 9.2 226.1� 42.8

DCDI-G 7.6� 10.3 5.0� 5.4 9.1� 3.8 37.5� 14.1 41.3� 39.2 22.9� 15.5 39.9� 18.8 153.7� 50.3

DCDI-DSF 11.9� 8.8 13.8� 7.9 6.6� 2.6 32.6� 14.1 22.3� 31.9 33.1� 17.5 42.5� 18.7 152.9� 53.4

Table 4.14. Results for the additive noise model data set with perfect intervention with unknown
targets

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

DCD 5.9� 6.9 10.9� 10.4 15.7� 4.9 53.0� 9.9 28.7� 13.0 29.7� 9.3 29.3� 8.9 163.1� 48.4

DCD-no-interv 11.0� 9.3 9.9� 11.0 18.4� 6.4 56.4� 11.0 16.5� 22.8 31.9� 17.5 31.6� 11.3 160.3� 46.3

DCDI-G 3.4� 4.2 6.9� 7.5 3.3� 1.3 20.4� 10.4 21.8� 32.1 20.9� 12.3 20.1� 8.1 104.6� 47.1

DCDI-DSF 7.8� 7.9 11.8� 5.7 3.3� 1.2 23.2� 9.1 27.4� 30.9 49.3� 15.7 22.2� 10.4 131.0� 41.0

Table 4.15. Results for the nonlinear with non-additive noise data set with perfect intervention with
unknown targets

C.4.3. Unknown interventions.
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C.5. Different kinds of interventions

In this section, we compare DCDI to IGSP using data sets under different kinds of interventions.

We report results in tabular form for 10-node and 20-node graphs. For the perfect interventions,

instead of replacing the target conditional distribution by the marginalN (2; 1) (as in the main

results), we used a marginal that doesn't involve a mean-shift:U[� 1; 1]. The results reported

in Tables 4.16, 4.17, 4.18 of Section C.5.1 are the mean and the standard deviation of SHD and

SID over ten data sets of each condition. From these results, we can conclude that DCDI-G

still outperforms IGSP and, by comparing to DCD (DCDI-G with a loss that doesn't take into

account interventions), that the proposed loss is still bene�cial for this kind of interventions. It has

competitive results compared to GIES and CAM on the linear data set and it outperforms them on

the other data sets.

For imperfect intervention, we tried more modest changes in the parameters. For the linear

data set, an imperfect intervention consisted of addingU[0:5; 1] to wj if wj > 0 and subtracting

if wj � 0. It was done this way to ensure that the intervention would not remove dependencies

between variables. For the additive noise model and the nonlinear with non-additive noise data sets,

N (0; 0:1) was added to each weight of the neural networks. Results are reported in Tables 4.19,

4.20, 4.21 of Section C.5.2. These smaller changes made the difference between DCD and DCDI

imperceptible. For sparse graphs, IGSP has a better or comparable performance to DCDI. For

graphs with higher connectivity, DCDI often has a better performance than IGSP.

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP 4.0� 4.8 15.7� 15.4 28.8� 2.0 72.2� 5.1 9.7� 8.7 45.1� 45.4 68.1� 13.6 295.4� 27.6

GIES 0.3� 0.5 0.0� 0.0 4.0� 6.5 6.7� 17.7 1.5� 1.2 0.3� 0.9 49.4� 22.2 111.9� 51.4

CAM 0.6� 1.0 0.0� 0.0 11.8� 4.3 32.2� 17.2 6.3� 7.4 7.6� 9.8 91.4� 21.3 181.7� 60.5

DCD 6.3� 3.4 14.8� 10.6 26.1� 3.3 66.4� 11.4 11.1� 4.7 45.8� 22.8 49.0� 12.0 258.6� 41.6

DCDI-G 0.4� 0.7 1.3� 2.1 7.5� 1.4 29.7� 8.2 3.2� 3.2 12.1� 11.2 21.0� 4.9 147.6� 49.5

Table 4.16. Results for the linear data set with perfect intervention

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP 5.7� 2.3 23.4� 13.6 32.8� 2.4 79.3� 3.2 14.9� 8.1 78.8� 64.6 80.5� 6.4 337.6� 27.3

GIES 7.5� 5.1 2.3� 2.5 9.2� 2.9 27.1� 11.5 23.8� 18.4 3.1� 4.4 89.6� 14.7 143.9� 53.1

CAM 6.3� 6.9 0.0� 0.0 6.3� 3.8 14.6� 20.1 9.2� 14.3 13.5� 25.1 106.2� 14.6 96.2� 57.9

DCD 6.4� 4.6 22.0� 14.7 31.1� 3.4 77.4� 3.1 18.1� 8.0 51.5� 41.5 55.7� 8.3 261.3� 22.5

DCDI-G 0.9� 1.2 3.9� 6.4 5.2� 1.9 24.0� 9.3 6.5� 5.6 17.9� 19.1 26.8� 7.0 94.4� 41.5

Table 4.17. Results for the additive noise model data set with perfect intervention
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10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP 6.6� 3.9 25.8� 17.9 31.1� 3.3 77.1� 5.7 14.4� 4.8 63.8� 26.5 79.7� 8.1 341.4� 18.1

GIES 6.2� 3.5 0.9� 1.5 9.5� 3.6 29.0� 17.7 12.2� 2.1 3.4� 3.2 63.8� 11.1 124.9� 36.9

CAM 4.1� 3.8 2.3� 3.4 11.3� 4.2 35.4� 20.8 4.2� 2.3 10.9� 10.3 106.6� 15.7 144.2� 51.8

DCD 6.6� 3.5 18.1� 8.1 20.6� 3.9 65.8� 9.9 9.4� 4.9 25.6� 16.2 28.6� 6.8 188.0� 28.7

DCDI-G 2.1� 1.5 4.6� 5.4 5.0� 4.3 28.8� 17.6 6.4� 3.8 15.1� 8.0 12.2� 2.7 96.1� 18.9

Table 4.18. Results for the nonlinear with non-additive noise data set with perfect intervention

C.5.1. Perfect interventions.

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP 1.1� 1.1 5.4� 5.4 28.7� 3.2 72.4� 6.7 4.2� 3.9 17.7� 12.3 86.1� 12.3 289.8� 26.3

DCD 3.8� 3.6 9.4� 6.4 27.7� 3.4 74.6� 3.5 27.2� 22.3 39.3� 20.5 65.0� 8.0 306.8� 26.3

DCDI-G 4.7� 4.5 11.5� 9.5 27.4� 4.9 73.8� 5.4 29.6� 16.5 37.7� 14.5 62.8� 6.5 303.2� 27.6

DCDI-DSF 4.1� 2.3 10.3� 7.5 24.3� 5.3 69.1� 8.7 12.2� 2.9 42.6� 18.3 56.1� 9.2 291.4� 35.7

Table 4.19. Results for the linear data set with imperfect intervention

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP 5.7� 4.0 17.4� 13.4 30.3� 4.0 73.9� 11.3 12.5� 6.6 44.9� 26.7 85.8� 4.4 344.0� 9.8

DCD 12.0� 10.3 11.3� 8.4 23.5� 2.1 69.7� 2.5 39.5� 42.3 28.2� 13.9 50.9� 7.1 247.8� 36.6

DCDI-G 12.7� 9.1 11.8� 6.5 21.7� 4.3 65.2� 9.2 16.2� 18.0 27.8� 13.1 46.2� 5.9 240.1� 26.3

DCDI-DSF 8.1� 8.2 15.8� 9.3 23.3� 6.3 68.7� 8.2 12.3� 4.1 39.9� 19.5 51.0� 7.1 257.7� 31.6

Table 4.20. Results for the additive noise model data set with imperfect intervention

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP 7.0� 5.7 22.7� 19.5 29.4� 5.0 74.2� 7.3 18.7� 7.1 86.3� 37.1 81.6� 6.9 344.4� 20.5

DCD 9.4� 8.9 13.3� 11.0 15.1� 3.7 54.2� 9.8 28.5� 25.0 25.5� 16.8 32.7� 9.8 177.1� 37.5

DCDI-G 6.7� 5.1 13.0� 9.7 14.6� 3.3 53.9� 9.1 28.9� 33.7 25.2� 15.2 32.3� 7.9 177.0� 55.8

DCDI-DSF 12.8� 9.6 22.9� 14.8 14.4� 4.8 54.2� 10.3 13.3� 5.3 54.2� 20.9 28.6� 8.9 199.5� 32.7

Table 4.21. Results for the nonlinear with non-additive noise data set with imperfect intervention

C.5.2. Imperfect interventions.
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Figure 4.12. Log-likelihood on unseen interventional distributions of the nonlinear with non-
additive noise data sets.

C.6. Evaluation on unseen interventional distributions

As advocated by Gentzel et al. [2019], we presentinterventional performance measuresfor the

�ow cytometry data set of Sachs et al. [2005] and for the nonlinear with non-additive noise data set.

Interventional performance refers to the ability of the causal graph to model the effect ofunseen

interventions. To evaluate this, methods are trained on all the data, except for data coming from one

interventional setting. Then, we evaluate the likelihood of the �tted model on the remainingunseen

interventional distribution. Since some algorithms do not model distributions, for each method,

given its estimated causal graph, we �t a distribution using a normalizing �ow model, enabling a

fair comparison. We report the log-likelihood evaluated on an unseen intervention. Note that when

evaluating the likelihood, we ignore the conditional of the targeted node.

For the nonlinear data sets with non-additive noise, we report in Figure 4.12 boxplots over 10

dense graphs (e = 4) of 10 nodes. For each graph, one interventional setting was chosen randomly

as the unseen intervention. DCDI-G and DCDI-DSF have the best performance, as was the case for

the SHD and SID.

For Sachs, the data where intervention were applied on the proteinAkt were used as the “held-

out” distribution. We report in Figure 4.13 the log-likelihood and its standard deviation over these

data samples. The ordering of the methods is different from the structural metrics: IGSP has the

best performance followed by DCDI-G (whereas CAM seemed to have the best performance with

the structural metrics).

C.7. Comprehensive results of the main experiments

In this section, we report the main results presented in Section 4.4 in tabular form for 10-node and

20-node graphs. Recall that the hyperparameters of DCDI, CAM and GIES were selected to yield

130



Figure 4.13. Log-likelihood on an unseen interventional distribution of the Sachs data set.

the best likelihood on a held-out data set. However, this is not possible for IGSP, UTIGSP and JCI-

PC since they do not have a likelihood model. To make sure these algorithms are represented fairly,

we report their performance for different hyperparameter values. For IGSP and UT-IGSP, we report

performance for the cutoff hyperparameter� = f 2e� 1; 1e� 1; 1e� 2; 1e� 3; 1e� 5; 1e� 7; 1e� 9g.

This range was chosen to be around the cutoff values used in Wang et al. [2017] and Squires et al.

[2020]. We used the same range for JCI-PC, but since most runs with� � 1e � 5 would not

terminate after 12 hours, we only report results with� = f 2e � 1; 1e � 1; 1e � 2; 1e � 3g. The

overall ranking of the methods does not change for different hyperparameters. To be even fairer

to these methods, we also report the performance one obtains by selecting, for every data set, the

hyperparameter which yields the lowest SHD. These results are denoted by IGSP*, UTIGSP*

and JCI-PC*. Notice that this is unfair to DCDI, CAM and GIES which have not tuned their

hyperparameters to minimize SHD or SID. Even in this unfair comparison, DCDI remains very

competitive. For IGSP and UTIGSP, we also include results using partial correlation test (indicated

with the suf�x -lin) and KCI-test for every data sets. The reported values in the following tables are

the mean and the standard deviation of SHD and SID over ten data sets of each condition. As stated

in the main discussion, our conclusions are similar for 10-node graphs: DCDI has competitive

performance in almost all conditions and outperforms the other methods for graphs with higher

connectivity.
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10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP*-lin 2.2� 2.0 11.5� 11.4 23.5� 1.8 67.3� 3.3 4.7� 3.7 19.1� 13.4 73.4� 7.9 291.6� 46.4

IGSP* 1.9� 1.8 8.9� 9.5 24.6� 3.3 69.0� 10.3 9.2� 4.8 42.5� 31.8 78.5� 6.8 337.0� 16.4

IGSP(� =2e-1)-lin 9.3� 4.1 18.5� 15.6 26.4� 3.9 71.2� 3.9 37.7� 10.7 42.9� 37.1 94.6� 8.9 271.8� 18.3

IGSP(� =1e-1)-lin 5.8� 3.5 17.1� 13.4 27.4� 2.8 71.6� 4.0 18.7� 4.4 25.9� 12.8 84.4� 12.2 264.8� 27.4

IGSP(� =1e-2)-lin 2.4� 2.1 11.8� 11.0 27.6� 4.2 70.9� 8.2 7.2� 5.3 22.8� 17.3 78.9� 10.6 278.7� 19.5

IGSP(� =1e-3)-lin 2.4� 2.1 11.8� 11.0 26.9� 4.0 68.3� 6.8 8.5� 7.2 33.3� 29.4 82.4� 12.1 304.3� 20.4

IGSP(� =1e-5)-lin 2.4� 2.1 11.9� 11.1 30.6� 3.9 74.8� 7.0 9.4� 5.4 41.1� 36.8 83.9� 11.1 327.8� 9.0

IGSP(� =1e-7)-lin 2.7� 2.5 13.8� 14.3 33.7� 3.3 78.8� 4.8 8.6� 5.1 44.2� 36.0 81.5� 10.6 338.7� 8.8

IGSP(� =1e-9)-lin 2.6� 2.5 13.4� 14.6 29.3� 3.4 71.0� 9.7 11.6� 5.1 65.1� 45.5 82.0� 6.4 341.5� 12.2

IGSP(� =2e-1) 8.1� 3.4 10.7� 11.2 28.6� 5.3 74.0� 6.3 51.8� 10.4 64.7� 46.5 102.4� 9.8 311.4� 13.8

IGSP(� =1e-1) 5.4� 2.8 13.1� 11.1 26.7� 3.7 69.5� 11.1 31.0� 8.6 52.0� 31.9 93.2� 8.2 314.3� 21.3

IGSP(� =1e-2) 2.5� 2.0 10.5� 10.3 31.0� 3.8 78.2� 4.8 12.1� 5.1 40.4� 22.6 86.8� 9.5 336.4� 16.4

IGSP(� =1e-3) 2.8� 2.5 13.1� 13.8 31.3� 2.9 76.0� 8.1 12.4� 4.7 55.6� 30.9 84.7� 10.1 346.3� 8.5

IGSP(� =1e-5) 2.9� 2.7 13.8� 14.6 33.3� 2.5 78.8� 7.1 12.9� 5.6 64.9� 35.3 84.4� 6.1 347.7� 14.0

IGSP(� =1e-7) 4.1� 3.9 15.6� 14.9 33.0� 3.3 77.7� 5.4 15.2� 7.2 75.6� 43.6 83.9� 6.6 350.1� 20.4

IGSP(� =1e-9) 4.0� 3.6 16.3� 17.9 33.6� 3.1 76.2� 5.6 16.7� 6.3 81.9� 35.7 83.0� 6.7 339.7� 13.8

GIES 0.6� 1.3 0.0� 0.0 2.9� 3.0 0.0� 0.0 3.2� 6.3 1.1� 3.5 53.1� 25.8 82.9� 84.9

CAM 1.9� 2.6 1.7� 3.1 10.6� 3.1 34.5� 11.0 5.4� 7.9 8.2� 9.6 91.1� 21.7 167.8� 55.4

DCDI-G 1.3� 1.9 0.8� 1.8 3.3� 2.1 10.7� 12.0 5.4� 4.5 13.4� 12.0 23.7� 5.6 112.8� 41.8

DCDI-DSF 0.9� 1.3 0.6� 1.9 3.7� 2.3 18.9� 14.1 3.6� 2.7 6.0� 5.4 16.6� 6.4 92.5� 40.1

Table 4.22. Results for linear data set with perfect intervention

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP*-lin 7.7� 2.4 24.1� 11.1 22.5� 2.0 64.4� 6.3 14.2� 5.2 58.6� 37.5 75.9� 3.1 307.1� 25.0

IGSP* 5.3� 3.0 20.9� 13.9 25.8� 2.8 68.0� 9.4 13.6� 6.6 69.6� 47.9 76.7� 6.5 332.6� 18.2

IGSP(� =2e-1)-lin 17.0� 5.2 25.0� 13.1 27.3� 3.3 69.2� 7.0 56.3� 10.5 78.3� 47.5 125.3� 7.9 282.9� 27.2

IGSP(� =1e-1)-lin 13.2� 5.3 21.1� 9.8 27.3� 4.4 69.4� 5.6 42.0� 11.9 73.4� 37.5 115.8� 11.6 286.0� 34.6

IGSP(� =1e-2)-lin 11.4� 4.6 26.4� 13.9 27.8� 3.4 72.4� 4.2 21.5� 9.6 64.7� 42.0 101.0� 10.1 298.6� 20.2

IGSP(� =1e-3)-lin 10.4� 3.9 26.6� 11.8 26.9� 2.9 70.2� 7.3 19.0� 8.0 58.1� 34.2 93.2� 4.8 308.5� 18.3

IGSP(� =1e-5)-lin 9.7� 2.3 27.4� 8.8 28.2� 3.9 70.2� 9.9 20.1� 8.6 84.9� 49.1 82.9� 5.3 312.9� 19.6

IGSP(� =1e-7)-lin 9.2� 2.3 28.1� 10.4 27.9� 3.8 72.5� 8.2 16.1� 5.2 63.5� 37.3 84.1� 8.6 322.1� 22.4

IGSP(� =1e-9)-lin 9.8� 2.4 31.5� 12.3 30.9� 4.7 77.7� 5.4 17.2� 6.3 73.1� 37.3 78.7� 5.7 314.8� 23.9

IGSP(� =2e-1) 13.3� 4.9 23.2� 15.9 28.4� 3.3 71.5� 8.3 43.2� 7.6 55.8� 30.0 98.0� 11.2 302.3� 34.7

IGSP(� =1e-1) 9.7� 5.3 21.8� 14.6 29.0� 2.9 73.4� 4.9 30.6� 6.4 64.7� 41.5 88.9� 9.2 320.9� 16.2

IGSP(� =1e-2) 7.3� 3.3 21.9� 11.3 31.4� 2.5 74.3� 9.7 17.2� 6.0 74.7� 40.2 84.1� 10.1 322.8� 15.8

IGSP(� =1e-3) 7.8� 3.4 24.2� 12.1 29.6� 3.8 75.1� 5.6 16.5� 8.9 79.6� 53.6 85.1� 7.7 334.2� 22.0

IGSP(� =1e-5) 8.1� 4.0 29.2� 15.3 30.5� 4.2 77.3� 4.7 16.6� 6.6 79.7� 50.3 81.2� 8.2 324.4� 26.0

IGSP(� =1e-7) 7.3� 2.8 28.5� 11.1 33.0� 1.8 78.3� 4.0 15.3� 6.2 75.0� 45.4 82.5� 6.8 334.3� 22.8

IGSP(� =1e-9) 9.4� 5.2 34.3� 15.6 30.9� 3.9 73.7� 10.3 15.3� 6.7 78.2� 50.6 81.6� 10.8 333.4� 17.2

GIES 9.1� 8.5 1.8� 3.6 9.0� 2.7 23.8� 15.6 40.3� 61.0 7.5� 7.2 103.2� 18.6 120.1� 68.5

CAM 5.2� 3.0 1.0� 1.9 8.5� 3.7 11.5� 13.4 7.5� 6.0 5.6� 4.9 105.7� 13.2 108.7� 61.0

DCDI-G 5.2� 7.5 2.4� 4.9 4.3� 2.4 16.0� 11.9 21.8� 30.1 11.6� 13.1 35.2� 13.2 109.8� 44.6

DCDI-DSF 4.2� 5.6 5.6� 5.5 5.5� 2.4 23.9� 14.3 4.3� 1.9 19.7� 12.6 26.7� 16.9 105.3� 22.7

Table 4.23. Results for the additive noise model data set with perfect intervention
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10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP*-lin 4.4� 2.6 15.2� 11.0 23.3� 1.9 66.0� 7.9 13.4� 3.2 67.4� 27.8 67.0� 9.6 318.4� 19.1

IGSP* 4.1� 2.8 13.6� 11.9 25.4� 3.8 69.4� 5.3 15.3� 4.5 73.0� 28.8 72.7� 9.6 329.4� 21.5

IGSP(� =2e-1)-lin 12.4� 4.5 15.2� 9.1 27.6� 3.9 70.1� 6.3 51.4� 9.1 72.5� 31.1 102.2� 11.5 297.1� 27.5

IGSP(� =1e-1)-lin 9.7� 4.7 17.5� 13.4 26.5� 3.1 68.5� 8.1 35.8� 9.2 83.4� 35.1 93.6� 10.2 293.9� 25.3

IGSP(� =1e-2)-lin 7.1� 3.4 16.4� 12.5 28.7� 2.7 72.7� 4.9 19.0� 5.1 73.7� 33.7 76.0� 12.9 315.7� 14.2

IGSP(� =1e-3)-lin 5.9� 3.5 15.9� 10.5 29.6� 3.0 75.0� 2.8 16.4� 4.4 77.1� 32.2 75.0� 11.0 325.1� 17.7

IGSP(� =1e-5)-lin 6.6� 3.0 21.1� 12.3 27.7� 3.4 73.6� 4.8 15.9� 5.7 79.6� 22.5 73.3� 12.7 323.2� 16.0

IGSP(� =1e-7)-lin 7.2� 4.3 24.3� 15.9 30.1� 4.1 75.4� 5.9 17.3� 3.9 84.1� 22.1 73.2� 11.2 325.5� 23.1

IGSP(� =1e-9)-lin 5.9� 3.5 20.9� 16.1 31.3� 2.1 76.6� 4.0 19.2� 4.2 94.4� 29.9 77.4� 11.3 347.2� 15.5

IGSP(� =2e-1) 10.6� 2.7 12.4� 4.9 27.0� 3.0 70.8� 4.1 48.2� 7.7 97.5� 29.8 89.5� 15.5 306.3� 17.1

IGSP(� =1e-1) 7.7� 4.1 12.1� 8.8 27.5� 5.0 73.0� 5.2 32.3� 7.1 87.5� 39.9 89.4� 16.4 325.4� 21.6

IGSP(� =1e-2) 5.4� 2.5 15.3� 6.4 29.5� 3.5 74.2� 4.9 19.5� 5.2 82.5� 38.5 83.0� 9.5 337.3� 15.9

IGSP(� =1e-3) 6.6� 4.1 21.7� 14.5 31.3� 3.8 75.9� 7.7 17.3� 6.1 83.3� 36.2 80.4� 11.9 331.0� 23.7

IGSP(� =1e-5) 6.3� 3.1 19.8� 12.1 34.0� 4.2 76.8� 12.0 19.3� 4.6 90.8� 32.6 77.0� 9.5 345.2� 9.8

IGSP(� =1e-7) 6.3� 3.3 21.4� 13.1 34.1� 1.9 78.5� 8.4 19.1� 4.0 91.6� 29.0 75.8� 11.1 344.4� 16.6

IGSP(� =1e-9) 5.9� 3.7 21.7� 15.9 34.6� 2.6 79.7� 6.2 18.8� 3.9 94.0� 33.8 77.5� 9.0 341.4� 24.5

GIES 4.4� 6.1 1.0� 1.6 7.9� 4.7 25.5� 13.2 26.9� 50.5 9.5� 7.4 80.1� 36.2 96.7� 59.1

CAM 1.8� 1.5 2.8� 4.4 7.9� 3.6 26.7� 19.0 6.1� 5.2 18.1� 16.3 101.8� 24.5 142.5� 49.1

DCDI-G 2.3� 3.6 2.7� 3.3 2.4� 1.6 13.9� 8.5 13.9� 20.3 13.7� 8.1 16.8� 8.7 82.5� 38.1

DCDI-DSF 7.0� 10.7 7.8� 5.8 1.6� 1.6 7.7� 13.8 8.3� 4.1 32.4� 17.3 11.8� 2.1 102.3� 34.5

Table 4.24. Results for the nonlinear with non-additive noise data set with perfect intervention

C.7.1. Perfect interventions.

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP*-lin 2.1� 0.9 11.7� 6.7 20.7� 5.8 61.4� 11.0 4.0� 2.9 17.9� 12.9 62.2� 12.0 256.8� 35.5

IGSP* 3.4� 1.8 14.9� 12.4 24.1� 2.5 68.9� 9.3 8.0� 5.7 43.8� 33.6 75.3� 9.2 338.3� 22.3

IGSP(� =2e-1)-lin 8.5� 2.7 15.5� 8.0 23.2� 7.3 65.8� 11.3 45.3� 9.5 48.0� 28.4 86.1� 15.0 253.7� 29.8

IGSP(� =1e-1)-lin 4.5� 3.3 15.3� 10.8 24.4� 6.6 65.4� 12.6 23.4� 9.9 47.3� 31.8 80.5� 13.7 259.4� 27.2

IGSP(� =1e-2)-lin 2.8� 1.9 12.8� 6.6 26.1� 4.8 69.7� 8.8 6.6� 4.4 20.2� 13.3 68.2� 13.7 279.2� 22.4

IGSP(� =1e-3)-lin 3.9� 2.8 17.2� 9.1 26.4� 5.6 71.1� 9.7 7.0� 5.9 33.2� 26.3 70.6� 16.2 296.3� 20.8

IGSP(� =1e-5)-lin 4.3� 2.6 21.4� 13.4 29.2� 5.1 75.3� 7.4 8.1� 5.0 45.4� 39.9 75.5� 7.7 325.3� 21.3

IGSP(� =1e-7)-lin 3.4� 1.3 19.1� 10.1 29.1� 3.9 74.8� 6.6 10.7� 5.1 52.8� 33.3 77.9� 9.2 333.1� 16.7

IGSP(� =1e-9)-lin 4.6� 3.3 23.7� 20.4 31.3� 4.1 79.1� 5.7 10.5� 5.0 61.6� 33.9 78.0� 8.1 343.4� 23.9

IGSP(� =2e-1) 9.5� 3.6 21.5� 13.6 27.7� 5.4 70.9� 10.4 46.9� 10.3 64.1� 34.6 95.5� 8.6 306.0� 20.0

IGSP(� =1e-1) 5.6� 2.2 15.9� 16.0 26.8� 5.3 68.8� 9.8 32.3� 9.6 54.3� 30.5 89.0� 9.7 315.5� 20.6

IGSP(� =1e-2) 5.0� 2.8 20.2� 15.3 32.0� 3.2 76.3� 5.3 11.8� 9.1 48.8� 43.6 82.7� 12.5 339.2� 11.7

IGSP(� =1e-3) 4.0� 2.7 19.9� 14.3 31.0� 4.1 76.4� 6.8 10.8� 6.0 56.6� 32.3 82.6� 8.6 347.3� 8.3

IGSP(� =1e-5) 5.4� 4.4 23.3� 19.8 30.9� 4.1 80.4� 2.9 12.7� 6.9 71.2� 41.5 80.3� 9.6 347.6� 12.6

IGSP(� =1e-7) 5.1� 2.4 21.6� 12.7 31.4� 2.7 79.5� 3.4 13.8� 7.4 80.4� 42.1 82.2� 7.3 351.0� 13.7

IGSP(� =1e-9) 6.5� 3.3 28.0� 18.4 30.6� 3.9 78.3� 4.4 15.3� 7.7 80.3� 45.2 83.0� 8.8 351.4� 8.6

GIES 13.7� 11.9 20.9� 19.4 14.2� 7.1 47.1� 16.8 33.7� 48.8 20.8� 22.4 78.7� 40.4 194.1� 61.0

CAM 8.1� 6.2 22.6� 18.8 19.4� 4.7 56.0� 10.1 10.5� 5.8 36.3� 23.6 111.7� 16.5 232.5� 23.4

DCDI-G 2.7� 2.8 8.2� 8.8 5.2� 3.5 25.1� 12.9 10.8� 12.0 27.0� 21.3 34.7� 7.1 188.0� 48.8

DCDI-DSF 1.3� 1.3 4.2� 4.0 1.7� 2.4 10.2� 14.9 7.0� 4.0 21.0� 12.5 18.9� 5.9 133.6� 33.9

Table 4.25. Results for the linear data set with imperfect intervention
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10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP*-lin 9.1� 4.4 23.6� 12.7 22.8� 4.6 62.0� 9.7 18.1� 6.0 67.5� 26.2 81.2� 8.8 322.9� 13.8

IGSP* 6.2� 3.4 15.8� 9.9 27.6� 2.3 67.2� 8.7 17.0� 3.9 79.7� 33.9 75.7� 7.4 321.0� 23.8

IGSP(� =2e-1)-lin 19.7� 3.4 29.9� 14.9 26.0� 5.0 67.0� 11.7 59.0� 11.9 87.0� 40.0 123.7� 10.4 279.5� 27.6

IGSP(� =1e-1)-lin 17.8� 5.5 35.4� 14.1 26.1� 5.5 68.9� 9.5 40.1� 12.0 71.4� 39.3 119.2� 10.8 285.5� 21.3

IGSP(� =1e-2)-lin 13.0� 4.7 28.1� 12.0 27.7� 3.0 70.0� 5.8 24.9� 9.9 67.1� 35.0 109.6� 11.6 291.6� 29.8

IGSP(� =1e-3)-lin 13.1� 6.0 30.6� 16.0 28.7� 3.6 71.8� 6.2 24.4� 9.0 68.8� 24.9 96.5� 10.6 303.7� 17.3

IGSP(� =1e-5)-lin 11.5� 7.3 31.0� 17.4 28.8� 6.0 69.6� 12.8 21.6� 5.1 81.3� 32.2 90.4� 10.8 314.1� 15.3

IGSP(� =1e-7)-lin 10.6� 5.8 31.0� 15.8 29.5� 5.0 74.1� 8.1 23.3� 5.1 93.2� 35.9 84.2� 8.9 329.3� 15.6

IGSP(� =1e-9)-lin 11.0� 6.4 34.0� 20.7 29.7� 2.8 69.7� 9.5 21.3� 5.7 86.3� 29.7 83.4� 8.1 328.5� 19.2

IGSP(� =2e-1) 11.4� 4.2 23.8� 16.0 29.0� 3.2 72.1� 7.5 48.0� 8.3 77.8� 42.6 97.5� 12.8 307.5� 23.7

IGSP(� =1e-1) 10.6� 5.1 26.2� 15.8 31.3� 3.3 73.7� 7.1 36.9� 6.1 86.9� 42.6 88.8� 11.1 318.5� 25.8

IGSP(� =1e-2) 9.1� 4.4 24.3� 11.5 32.4� 4.1 76.9� 6.8 20.9� 6.2 84.8� 39.9 86.1� 8.4 334.3� 14.2

IGSP(� =1e-3) 8.2� 4.5 24.5� 13.5 32.7� 2.2 78.2� 8.3 19.3� 4.4 78.8� 32.2 82.9� 5.7 325.1� 19.7

IGSP(� =1e-5) 8.0� 3.8 25.8� 14.2 33.8� 2.4 79.4� 4.1 21.4� 5.4 91.8� 40.5 83.1� 7.8 343.4� 14.3

IGSP(� =1e-7) 8.4� 4.3 27.6� 15.3 33.2� 1.9 78.1� 5.9 20.3� 4.7 87.2� 39.6 85.6� 7.4 334.9� 25.2

IGSP(� =1e-9) 8.4� 4.5 28.3� 16.3 34.4� 3.4 79.9� 4.4 19.6� 3.1 90.1� 33.1 79.1� 7.4 332.5� 20.9

GIES 19.9� 10.4 23.0� 10.1 18.9� 6.0 59.5� 11.2 74.4� 59.8 56.4� 43.1 112.2� 23.8 245.2� 36.1

CAM 11.2� 9.3 7.8� 8.7 9.6� 3.0 25.2� 10.8 16.3� 9.9 26.7� 27.2 121.9� 11.6 155.4� 41.5

DCDI-G 6.2� 5.4 7.6� 11.0 13.1� 2.9 48.1� 9.1 26.0� 34.6 23.3� 25.7 36.4� 13.4 88.5� 43.8

DCDI-DSF 13.4� 8.4 17.9� 10.5 14.4� 2.4 53.2� 8.2 15.2� 2.7 49.4� 26.7 44.6� 15.4 149.8� 26.0

Table 4.26. Results for the additive noise model data set with imperfect intervention

10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

IGSP*-lin 5.6� 3.6 23.0� 19.6 22.5� 2.9 63.4� 6.7 13.8� 6.9 86.0� 71.7 65.1� 12.0 315.4� 46.2

IGSP* 5.1� 4.3 20.8� 16.5 24.3� 2.9 69.1� 5.5 18.2� 7.9 100.3� 74.7 71.7� 5.2 331.7� 35.9

IGSP(� =2e-1)-lin 14.1� 6.1 30.8� 21.8 26.9� 4.1 70.1� 5.8 49.7� 13.2 89.7� 64.3 100.2� 8.8 297.2� 13.9

IGSP(� =1e-1)-lin 9.8� 4.8 24.9� 23.0 25.5� 4.6 68.1� 7.1 39.7� 12.3 104.9� 62.7 90.2� 13.0 289.0� 32.7

IGSP(� =1e-2)-lin 8.0� 4.4 29.6� 22.6 26.4� 3.8 69.9� 4.0 18.1� 8.2 88.6� 58.7 70.6� 13.0 301.0� 40.9

IGSP(� =1e-3)-lin 7.6� 4.8 26.9� 22.4 28.4� 2.3 73.7� 3.7 16.3� 8.8 88.5� 72.6 72.9� 8.7 326.0� 18.1

IGSP(� =1e-5)-lin 7.7� 5.3 29.2� 24.7 27.2� 4.0 69.3� 8.6 18.9� 6.9 112.2� 64.6 70.7� 9.8 320.2� 27.6

IGSP(� =1e-7)-lin 6.7� 4.6 26.3� 19.9 28.8� 3.9 73.1� 5.8 16.8� 7.2 106.1� 63.8 72.6� 9.9 338.0� 17.2

IGSP(� =1e-9)-lin 7.7� 4.3 29.2� 17.9 30.0� 3.2 74.4� 7.4 17.7� 6.8 119.8� 77.9 72.3� 9.6 337.1� 23.8

IGSP(� =2e-1) 12.5� 5.5 27.9� 21.0 26.7� 4.4 71.7� 4.2 52.9� 6.6 113.0� 64.2 91.7� 7.6 311.0� 15.9

IGSP(� =1e-1) 9.5� 5.4 26.7� 24.0 26.2� 4.7 70.6� 6.4 37.1� 10.1 113.0� 79.7 79.5� 9.0 318.2� 30.3

IGSP(� =1e-2) 7.3� 4.5 26.9� 19.4 28.4� 3.3 73.9� 4.3 20.9� 7.7 100.1� 71.9 77.5� 7.5 324.7� 28.7

IGSP(� =1e-3) 7.4� 5.2 29.8� 21.8 29.6� 2.9 76.0� 3.0 22.4� 7.8 125.9� 89.4 76.2� 7.6 343.4� 21.3

IGSP(� =1e-5) 6.6� 5.1 24.9� 20.4 31.0� 2.4 76.5� 4.7 19.6� 8.4 114.6� 79.9 74.4� 5.4 335.7� 24.3

IGSP(� =1e-7) 6.8� 5.2 25.5� 20.2 32.6� 3.3 77.7� 7.2 21.3� 10.0 129.2� 92.4 76.4� 5.6 341.0� 26.0

IGSP(� =1e-9) 6.8� 4.4 25.7� 18.9 33.0� 2.4 77.2� 6.7 21.3� 9.1 127.6� 92.8 76.8� 6.5 348.4� 18.5

GIES 13.2� 11.2 16.7� 13.9 18.1� 5.6 53.7� 15.0 36.8� 41.1 67.0� 46.3 92.7� 29.4 215.8� 63.9

CAM 4.3� 3.3 9.3� 6.8 14.7� 5.1 45.7� 14.9 20.7� 16.2 53.9� 32.9 121.5� 9.3 194.1� 40.3

DCDI-G 3.9� 3.9 7.5� 6.5 7.4� 2.7 29.8� 11.0 10.0� 14.0 39.2� 41.5 20.9� 7.2 124.0� 39.0

DCDI-DSF 5.3� 4.2 16.3� 10.0 5.6� 3.1 32.4� 14.6 12.4� 5.3 70.3� 55.2 16.4� 4.9 139.7� 42.6

Table 4.27. Results for the nonlinear with non-additive noise data set with imperfect intervention

C.7.2. Imperfect interventions.
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10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

UTIGSP*-lin 0.7� 1.6 3.4� 8.4 21.1� 3.6 62.9� 6.0 3.9� 3.6 14.6� 9.1 67.9� 10.8 271.6� 38.6

UTIGSP* 1.7� 2.0 7.4� 10.7 25.8� 2.5 67.4� 8.7 14.3� 4.8 65.5� 32.2 77.9� 5.5 332.2� 19.7

UTIGSP(� =2e-1)-lin 7.7� 3.7 15.1� 15.4 24.5� 6.1 67.6� 8.0 37.6� 10.2 44.4� 32.6 95.9� 9.7 265.6� 24.5

UTIGSP(� =1e-1)-lin 3.7� 3.2 10.2� 12.6 26.4� 2.9 68.9� 6.5 18.4� 5.1 16.8� 7.4 83.4� 13.1 255.8� 20.3

UTIGSP(� =1e-2)-lin 1.7� 2.1 7.0� 9.3 27.2� 5.8 70.1� 9.8 4.6� 4.0 13.9� 11.1 70.1� 12.0 271.2� 19.9

UTIGSP(� =1e-3)-lin 1.6� 2.2 7.2� 10.1 29.6� 5.5 73.1� 9.4 6.9� 6.5 25.6� 31.6 81.0� 12.7 301.1� 17.6

UTIGSP(� =1e-5)-lin 1.2� 1.9 5.1� 8.7 29.4� 4.2 73.2� 7.1 8.8� 6.0 36.7� 29.9 81.5� 11.7 323.1� 14.1

UTIGSP(� =1e-7)-lin 1.8� 2.6 7.6� 13.4 29.4� 3.4 72.3� 9.6 8.8� 5.5 43.3� 40.1 84.8� 9.7 339.6� 11.8

UTIGSP(� =1e-9)-lin 1.8� 2.4 7.8� 13.5 29.2� 3.8 70.2� 7.5 11.6� 7.3 57.3� 48.4 81.2� 5.7 339.4� 13.7

UTIGSP(� =2e-1) 8.5� 3.0 9.6� 8.6 27.8� 4.7 70.7� 10.4 50.3� 15.2 65.1� 49.2 106.7� 9.7 315.7� 24.0

UTIGSP(� =1e-1) 6.2� 3.2 13.0� 10.9 30.5� 2.4 74.3� 6.7 32.5� 7.0 57.5� 35.9 97.4� 9.8 317.5� 22.1

UTIGSP(� =1e-2) 2.6� 2.7 8.6� 9.7 30.4� 4.0 74.6� 7.3 17.9� 5.6 60.5� 27.1 85.9� 8.1 328.2� 20.1

UTIGSP(� =1e-3) 2.7� 2.2 9.3� 10.2 32.1� 3.0 78.1� 4.6 16.9� 6.5 70.2� 34.1 83.2� 8.6 341.4� 8.0

UTIGSP(� =1e-5) 4.3� 2.6 15.2� 11.5 31.5� 2.2 78.4� 8.0 17.0� 6.6 82.8� 37.4 82.2� 5.2 344.2� 14.1

UTIGSP(� =1e-7) 5.0� 3.9 18.2� 16.6 32.0� 2.8 77.1� 5.9 19.5� 6.9 89.7� 37.7 82.8� 4.9 346.0� 17.4

UTIGSP(� =1e-9) 6.0� 3.7 22.2� 18.0 31.7� 3.8 73.6� 7.1 18.8� 6.7 87.4� 41.2 81.4� 5.7 345.8� 15.4

JCI-PC* 5.7� 2.6 23.6� 13.2 35.9� 1.7 83.0� 6.5 13.1� 3.5 77.4� 22.2 76.2� 7.0 341.9� 22.5

JCI-PC(� =2e-1) 7.4� 2.1 28.4� 13.8 36.1� 1.8 83.2� 6.7 17.6� 4.2 84.9� 26.2 76.2� 7.0 341.9� 22.5

JCI-PC(� =1e-1) 6.9� 2.0 26.2� 13.0 36.1� 1.8 83.2� 6.7 15.2� 3.7 83.1� 25.3 76.2� 7.0 341.9� 22.5

JCI-PC(� =1e-2) 5.9� 2.3 23.6� 13.2 36.1� 1.8 83.2� 6.7 13.4� 3.4 79.0� 23.1 76.2� 7.0 341.9� 22.5

JCI-PC(� =1e-3) 5.7� 2.6 23.6� 13.2 36.1� 1.8 83.2� 6.7 13.1� 3.5 77.4� 22.2 76.2� 7.0 341.9� 22.5

DCDI-G 10.1� 4.2 12.4� 8.6 16.4� 5.3 52.3� 15.2 14.3� 18.8 23.3� 13.6 59.9� 10.5 237.6� 40.8

DCDI-DSF 4.4� 5.3 9.4� 9.4 9.3� 4.0 36.9� 11.9 4.9� 3.1 20.0� 12.0 32.5� 7.8 161.3� 37.1

Table 4.28. Results for the linear data set with perfect intervention with unknown targets
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10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

UTIGSP*-lin 7.1� 2.3 20.5� 12.5 22.6� 3.0 59.2� 12.6 14.1� 4.8 56.8� 32.0 76.4� 5.7 312.5� 24.3

UTIGSP* 7.0� 4.3 20.6� 13.7 24.9� 2.3 70.8� 5.9 16.8� 7.0 87.1� 52.7 77.9� 6.6 333.4� 18.7

UTIGSP(� =2e-1)-lin 16.9� 4.1 24.2� 12.5 25.9� 5.0 66.5� 9.3 58.0� 10.8 73.7� 31.9 125.5� 11.0 275.8� 23.0

UTIGSP(� =1e-1)-lin 13.8� 6.0 20.8� 15.0 26.9� 4.1 67.1� 11.8 40.0� 11.7 67.0� 50.1 117.9� 6.3 290.7� 16.1

UTIGSP(� =1e-2)-lin 11.2� 4.3 25.2� 13.1 26.4� 4.6 66.5� 13.4 20.5� 10.5 54.8� 41.6 101.5� 7.6 298.6� 19.3

UTIGSP(� =1e-3)-lin 10.3� 3.7 28.1� 13.2 26.2� 3.6 64.6� 7.5 17.3� 7.2 47.6� 24.4 94.5� 7.9 306.8� 20.1

UTIGSP(� =1e-5)-lin 9.3� 2.5 27.4� 9.8 29.0� 3.7 73.0� 5.4 18.3� 6.9 73.0� 42.4 87.9� 7.8 325.2� 14.9

UTIGSP(� =1e-7)-lin 8.1� 2.1 24.9� 11.6 28.2� 3.7 72.4� 8.6 16.6� 5.7 65.8� 40.3 80.2� 8.4 316.4� 22.1

UTIGSP(� =1e-9)-lin 8.2� 2.8 27.5� 10.7 30.7� 3.9 76.7� 5.3 16.7� 5.9 70.2� 42.0 78.3� 4.0 318.9� 20.7

UTIGSP(� =2e-1) 13.5� 3.9 22.2� 17.2 27.6� 3.7 73.7� 3.5 45.6� 9.3 66.2� 43.7 98.6� 10.0 297.3� 36.4

UTIGSP(� =1e-1) 10.6� 6.1 20.1� 12.8 26.7� 2.9 71.9� 6.7 31.3� 5.3 68.3� 45.8 87.8� 10.0 301.0� 35.3

UTIGSP(� =1e-2) 9.1� 4.2 25.3� 10.3 29.0� 2.6 73.1� 3.1 20.8� 7.6 97.6� 53.0 84.4� 9.6 328.2� 17.4

UTIGSP(� =1e-3) 10.4� 4.1 28.1� 12.9 30.5� 4.7 77.8� 5.4 18.6� 7.0 84.5� 45.4 83.6� 5.3 335.0� 25.3

UTIGSP(� =1e-5) 9.9� 4.3 33.6� 12.0 32.1� 3.9 77.4� 6.7 19.5� 6.6 95.6� 50.9 81.9� 7.1 341.3� 12.1

UTIGSP(� =1e-7) 9.4� 4.9 33.3� 14.4 33.7� 3.9 76.8� 9.4 18.5� 6.9 92.3� 49.0 83.3� 8.1 337.5� 21.5

UTIGSP(� =1e-9) 9.4� 5.2 32.1� 15.2 33.0� 4.2 77.7� 8.7 18.7� 6.8 93.8� 52.0 82.9� 7.0 329.4� 28.2

JCI-PC* 8.5� 2.7 33.6� 12.0 35.5� 3.0 76.5� 8.7 15.2� 5.0 90.8� 52.1 72.4� 5.4 330.6� 12.8

JCI-PC(� =2e-1) 10.2� 3.3 35.8� 13.1 35.5� 3.0 75.6� 8.0 21.0� 3.6 92.0� 49.6 72.9� 5.4 328.7� 13.8

JCI-PC(� =1e-1) 9.5� 3.0 35.2� 12.9 35.5� 3.0 75.6� 8.0 17.5� 3.8 91.2� 51.2 72.9� 5.4 328.7� 13.8

JCI-PC(� =1e-2) 9.1� 3.0 35.4� 13.8 35.5� 3.0 75.6� 8.0 15.2� 5.0 90.8� 52.1 72.5� 5.4 330.5� 12.9

JCI-PC(� =1e-3) 8.6� 2.8 33.7� 12.1 35.5� 3.0 75.6� 8.0 15.2� 5.0 90.8� 52.1 72.4� 5.4 330.6� 12.8

DCDI-G 18.2� 10.1 16.4� 5.8 20.4� 6.8 64.8� 10.4 28.0� 33.5 39.1� 29.5 65.5� 11.6 249.8� 26.1

DCDI-DSF 10.6� 7.0 15.3� 10.5 9.1� 3.8 42.2� 12.4 28.0� 29.9 37.8� 22.6 42.4� 15.6 168.5� 37.8

Table 4.29. Results for the additive noise model data set with perfect intervention with unknown
targets
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10nodes,e = 1 10 nodes,e = 4 20 nodes,e = 1 20 nodes,e = 4

Method SHD SID SHD SID SHD SID SHD SID

UTIGSP*-lin 3.6� 2.2 14.5� 11.1 23.1� 3.4 66.3� 6.4 13.7� 3.6 67.2� 28.8 68.0� 11.8 323.6� 15.7

UTIGSP* 4.1� 2.7 13.9� 9.5 24.2� 3.8 64.2� 11.1 17.8� 3.7 87.2� 25.8 73.4� 7.6 328.7� 24.9

UTIGSP(� =2e-1)-lin 11.3� 2.8 13.7� 6.9 24.7� 4.7 67.5� 7.4 50.2� 5.4 66.2� 29.4 104.3� 13.6 292.4� 18.5

UTIGSP(� =1e-1)-lin 8.5� 3.2 13.2� 10.3 27.0� 4.2 70.5� 6.3 36.7� 8.5 81.7� 38.1 91.7� 7.6 288.6� 20.4

UTIGSP(� =1e-2)-lin 6.6� 2.6 17.0� 9.9 27.4� 3.4 67.9� 8.7 18.3� 3.7 71.5� 37.0 77.6� 12.1 304.2� 22.4

UTIGSP(� =1e-3)-lin 4.4� 2.5 14.5� 10.8 27.8� 3.6 72.2� 6.0 16.1� 5.2 77.2� 38.4 72.2� 13.4 319.0� 16.9

UTIGSP(� =1e-5)-lin 6.3� 3.6 20.8� 14.8 28.7� 3.4 72.6� 5.7 15.7� 3.7 80.5� 19.0 71.5� 9.3 323.3� 17.0

UTIGSP(� =1e-7)-lin 5.7� 2.9 21.6� 15.3 29.9� 2.8 75.1� 5.4 15.7� 4.2 77.7� 25.7 73.0� 12.8 325.7� 17.8

UTIGSP(� =1e-9)-lin 5.3� 3.3 19.6� 15.3 30.2� 4.0 74.3� 8.6 17.1� 4.1 81.3� 28.2 76.2� 11.3 345.8� 17.9

UTIGSP(� =2e-1) 10.4� 4.0 12.4� 10.0 26.4� 4.4 69.3� 9.7 48.5� 7.8 93.9� 37.5 90.3� 15.5 306.8� 19.9

UTIGSP(� =1e-1) 8.1� 3.3 14.0� 7.6 26.9� 4.1 70.6� 6.8 35.6� 6.5 103.2� 28.8 86.5� 13.9 319.6� 28.1

UTIGSP(� =1e-2) 6.1� 4.1 16.6� 12.5 28.1� 4.8 68.4� 14.3 23.0� 5.7 107.1� 27.5 84.5� 8.9 327.3� 20.4

UTIGSP(� =1e-3) 6.4� 3.6 19.5� 14.5 31.0� 3.1 76.8� 4.3 20.6� 3.5 97.3� 20.8 81.1� 6.2 338.5� 10.8

UTIGSP(� =1e-5) 6.8� 3.5 21.1� 12.9 35.0� 2.2 80.6� 4.8 20.5� 4.2 95.8� 23.2 79.4� 8.8 338.1� 16.0

UTIGSP(� =1e-7) 6.2� 3.5 20.0� 11.5 32.5� 2.1 75.2� 9.9 20.0� 4.5 97.4� 22.2 78.8� 9.3 348.1� 12.2

UTIGSP(� =1e-9) 7.6� 3.8 22.3� 13.4 33.9� 2.0 78.6� 6.9 19.4� 3.9 94.3� 27.1 77.9� 7.5 342.3� 18.7

JCI-PC* 8.1� 2.6 26.7� 13.4 38.8� 1.9 80.8� 7.6 16.3� 3.5 89.8� 34.7 73.7� 7.7 335.8� 15.1

JCI-PC(� =2e-1) 10.5� 2.0 27.3� 14.3 39.2� 2.2 82.9� 6.6 23.4� 4.6 99.4� 34.8 73.8� 7.7 334.4� 18.4

JCI-PC(� =1e-1) 9.6� 2.0 27.8� 14.2 39.2� 2.2 82.9� 6.6 20.5� 3.9 100.0� 33.3 73.9� 7.7 336.2� 15.4

JCI-PC(� =1e-2) 8.2� 2.5 26.7� 13.4 39.4� 2.2 84.8� 4.6 16.8� 3.5 88.8� 36.2 74.0� 7.7 340.0� 14.3

JCI-PC(� =1e-3) 8.1� 2.6 26.7� 13.4 39.5� 2.1 84.9� 4.5 16.4� 3.6 90.9� 37.0 74.1� 7.8 340.1� 14.4

DCDI-G 6.6� 10.1 9.2� 9.4 8.5� 4.2 37.1� 15.3 16.5� 22.8 20.8� 10.5 35.4� 8.4 177.3� 38.8

DCDI-DSF 8.3� 11.4 12.1� 6.6 4.3� 2.6 28.6� 14.2 17.0� 13.5 52.6� 20.2 27.7� 10.0 126.9� 36.6

Table 4.30. Results for the nonlinear with non-additive noise data set with perfect intervention with
unknown targets
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Prologue to the Third Contribution

Article Details

Nonparametric Partial Disentanglement via Mechanism Sparsity: Sparse Actions, Interven-

tions and Sparse Temporal Dependencies

by Sébastien Lachapelle, Pau Rodríguez López, Yash Sharma, Katie Everett, Rémi Le Priol, Alexan-

dre Lacoste and Simon Lacoste-Julien.This work was submitted to the Journal of Machine Learning

Research in 2024.

This work is a signi�cantly extended version of the following articles (excluded from thesis):

Disentanglement via Mechanism Sparsity Regularization: A New Principle for Nonlinear ICA

By Sébastien Lachapelle, Pau Rodríguez López, Yash Sharma, Katie Everett, Rémi Le Priol,

Alexandre Lacoste and Simon Lacoste-Julien.This work was published at the First Conference on

Causal Learning and Reasoning (CLeaR 2022).

Partial Disentanglement via Mechanism Sparsity

By Sébastien Lachapelle and Simon Lacoste-Julien.This work was presented at The First Workshop

on Causal Representation Learning at UAI 2022 with abest paper awardand anoral.

Contributions of the Authors (JMLR version)

Sébastien Lachapelledeveloped the idea, the theory and proofs behind mechanism sparsity

regularization for disentanglement, wrote the crux of the paper, and developed the regularized VAE-

based method and performed most of the experiments.Rémi Le Priol provided valuable feedback

on the clarity of the manuscript.Simon Lacoste-Julienhelped with overall paper presentation,

clari�ed the conceptual framework and the motivation and provided supervision.

Contributions of the Authors (CLeaR version)

Sébastien Lachapelledeveloped the idea, the theory and proofs behind mechanism sparsity

regularization for disentanglement, wrote the �rst draft of the paper, and designed and implemented

the regularized VAE-based method.Pau Rodríguez Lópezran all experiments appearing in the



paper, produced associated �gures and ran experiments with image data that are still work in

progress.Yash Sharmacontributed to the research process, the experimental design in particular,

implemented and ran experiments on image data that did not make it in the �nal version, and

contributed to the writing and the literature review.Katie Everett implemented and ran experiments

on image data that did not make it in the �nal version and contributed to the writing and �gures.

Rémi Le Priol reviewed the proofs of main theorems, simpli�ed some arguments and the overall

proof presentation and contributed to the writing and �gures.Alexandre Lacosteproduced image

datasets that did not make it into the �nal version and provided supervision.Simon Lacoste-Julien

helped with overall paper presentation, clari�ed the conceptual framework and the motivation and

provided supervision.

Context and Limitations

The following contribution (of which a �rst version was presented at the Workshop on the

Neglected Assumptions in Causal Inference at ICML 2021) was inspired by numerous talks given

by Yoshua Bengio at Mila where he described the idea of learning a “causal graph in latent space”

and how it could alleviate some of the limitations of current deep learning approaches [Bengio, 2019,

Schölkopf et al., 2021]. However, there were no theoretical guarantees showing this vision was

actually achievable despite the apparent lack of identi�ability. This state of affairs did not prevent

empirical investigations in this space including Goyal et al. [2021b], which proposed an architecture

in which a sparsely connected latent dynamical system is learned and shown empirically to improve

out-of-distribution generalization, Volodin [2021], which proposed a very similar sparsity principle

to ours without identi�ability guarantees, and Träuble et al. [2021], which highlighted the failure

of disentanglement methods to recover correlated latent variables. On the theoretical side, the

dif�culty of identi�ability in the nonlinear mixing case were already well understood [Hyvärinen

and Pajunen, 1999, Locatello et al., 2020a] and seminal works in nonlinear ICA were proving the

�rst identi�ability results for nonlinear mixing [Hyvarinen and Morioka, 2016, 2017, Hyvärinen

et al., 2019, Khemakhem et al., 2020a], which were crucial for the following contribution. The

key novelty in our work is to leverage sparsity of the latent causal graphical model to disentangle

with theoretical guarantees. More precisely the framework can leverage auxiliary variables with

sparse effects (like actions), sparse interventions (also see [Lippe et al., 2022, 2023b]) and/or sparse

temporal dependencies. The latter principle was exploited before in an extreme form where each

latentz t
i can only be in�uenced by itself,z t � 1

i [Tong et al., 1993, Hyvarinen and Morioka, 2017,

Klindt et al., 2021]. To the best of our knowledge, our framework is the �rst to show theoretically that

more permissive dependency structures between latent factors can be also leveraged to disentangle,

even without an observed auxiliary variable (e.g. no actions nor interventions). Our work was also

140



the �rst to prove that interventions on latent variables can be used to disentangled, concurrently

with Lippe et al. [2022].

We provide a more thorough review of the literature both predating and postdating the CLeaR

2022 version in Section 5.7, where we discuss many recent works in causal representation learning

and disentanglement showing identi�ability in various settings. We highlight the fact that Zheng

et al. [2022] largely based their proof strategies and assumptions on the CLeaR 2022 version of our

work, to show that sparsity in the mixing functionf (z) can also be leveraged for disentanglement.

In the last few years, the community went from having no theoretical basis for causal represen-

tation learning to a plethora of new identi�ability results showing causal representation learning

is actually possible, at least in the in�nite data regime. The next frontier for causal representation

learning, and disentanglement more generally, is to go from success in theory to success in practical

applications. Lopez et al. [2023] adapted our approach in order to apply it to gene expression data

with perturbations and showed that (i) many different perturbations have the same effect on a given

latent factors, suggesting these act on the same pathway, which is corroborated by previous studies,

and (ii) sparse models with a disentangled representation can transfer more easily to held-out

perturbations. Lei et al. [2023] similarly showed that the model we propose (with a sparse latent

graph) can also adapt faster to sparse shift in the latent distribution of simple video data. These

observations might be instantiations of the phenomenon identi�ed by Bengio et al. [2020] and

theoretically analyzed by Le Priol et al. [2021] which showed that causal models can sometimes

adapt faster to sparse changes, i.e. with fewer samples. Further investigations are needed to explain

this phenomenon in the causal representation learning setting.

At the moment, training models for causal representation learning is challenging since it inherits

both dif�culties of learning a causal graph (which is discrete) and training deep neural networks.

There might also be an inherent trade-off between identi�ability and ease of optimization: Overpa-

rameterization is known to make optimization easier but also making the model less identi�able.

Nevertheless, Lippe et al. [2023a] have shown important progress when it comes to training these

models, and showed convincing results on image data simulating robot control. More efforts

are needed to demonstrate the applicability of causal representation learning methods to realistic

settings.
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Chapter 5

Nonparametric Partial Disentanglement via

Mechanism Sparsity: Sparse Actions, Interventions

and Sparse Temporal Dependencies

Abstract

This work introduces a novel principle for disentanglement we callmechanism sparsity regu-

larization, which applies when the latent factors of interest depend sparsely on observed auxiliary

variables and/or past latent factors. We propose a representation learning method that induces

disentanglement bysimultaneouslylearning the latent factors and the sparse causal graphical model

that explains them. We develop a nonparametric identi�ability theory that formalizes this principle

and shows that the latent factors can be recovered by regularizing the learned causal graph to be

sparse. More precisely, we show identi�ablity up to a novel equivalence relation we callconsistency,

which allows some latent factors to remain entangled (hence the termpartial disentanglement). To

describe the structure of this entanglement, we introduce the notions ofentanglement graphsand

graph preserving functions. We further provide a graphical criterion which guaranteescomplete

disentanglement, that is identi�ability up to permutations and element-wise transformations. We

demonstrate the scope of the mechanism sparsity principle as well as the assumptions it relies

on with several worked out examples. For instance, the framework shows how one can leverage

multi-node interventions with unknown targets on the latent factors to disentangle them. We fur-

ther draw connections between our nonparametric results and the now popular exponential family

assumption. Lastly, we propose an estimation procedure based on variational autoencoders and

a sparsity constraint and demonstrate it on various synthetic datasets. This work is meant to be a

signi�cantly extended version of Lachapelle et al. [2022].



5.1. Introduction

It has been proposed that causal reasoning will be central to move modern machine learning

algorithms beyond their current shortcomings, such as their lack ofrobustness, transferabilityand

interpretability[Pearl, 2019, Schölkopf, 2019, Goyal and Bengio, 2021]. To achieve this, the �eld

of causal representation learning(CRL) [Schölkopf et al., 2021] aims to learn representations

of high-dimensional observations, such as images, that are suitable to perform causal reasoning

such as predicting the effect of unseen interventions and answering counterfactual queries. A

now popular formalism to do so is to assume that the observationsx 2 Rdz are sampled from a

generative model of the formx = f (z) wherez 2 Rdz is a random vector ofunobservedand

semantically meaningfulvariables, also called latent factors, distributed according to an unknown

causal graphical model(CGM) [Pearl, 2009b, Peters et al., 2017] and transformed by a potentially

highly nonlineardecoder, or mixing function, f [Kocaoglu et al., 2018, Volodin, 2021, Lachapelle

et al., 2022, Lippe et al., 2023b, Brehmer et al., 2022, Ahuja et al., 2023, Buchholz et al., 2023, von

Kügelgen et al., 2023, Zhang et al., 2023, Jiang and Aragam, 2023]. The goal is then to recover the

latent factorsz i up to permutation and rescaling as well as the causal relationships explaining them.

This is closely related to the problem ofdisentanglement[Bengio et al., 2013, Higgins et al., 2017,

Locatello et al., 2020a] which also aims at extracting interpretable variables from high-dimensional

observations, but without the emphasis on modelling their causal relations. Such problems are

plagued by the dif�cult question ofidenti�ability , which is of crucial importance to the classical

settings ofcausal discovery[Pearl, 2009b, Peters et al., 2017], wheref is assumed to be the identity,

andindependent component analysis(ICA) [Hyvärinen et al., 2001, 2023], where the causal graph

over latents is assumed empty. In the former, one can only identify the Markov equivalence class

of the causal graph (assuming faithfulness) thus leaving some edge orientations ambiguous [Pearl,

2009b], while in the latter, identi�ability of the ground-truth latent factors is impossible when

assuming a general nonlinearf , [Hyvärinen and Pajunen, 1999]. The general CRL problem inherits

the dif�culties from both of these settings, which makes identi�ability especially challenging.

Various strategies to improve identi�ability have been contributed to the literature such as assuming

access tointerventional datain which latent factors are targeted by interventions [Lachapelle et al.,

2022, Lippe et al., 2022, 2023b, Ahuja et al., 2023], or access to anauxiliary variablea that renders

the factorsz i mutually independent when conditioned on [Hyvärinen et al., 2019, Khemakhem

et al., 2020a,b]. A valid auxiliary variablea must be observed and could correspond, for instance,

to a time or an environment index, an action in an interactive environment, or even a previous

observation if the data has temporal structure. See Section 5.7 for a more extensive review of

existing approaches for latent variable identi�cation.
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The present paper introduces1 mechanism sparsity regularizationas a new principle for la-

tent variable identi�cation. We show that if (i) an auxiliary variablea is observed and affects

the latent variablessparselyand/or (ii) the latent variables presentsparsetemporal dependen-

cies, then the latent variables can be recovered by learning a graphical model forz anda and

regularizing it to be sparse (Theorems 5.1, 5.2, 5.3 & 5.5). More speci�cally, we consider

models of the formx t = f (z t ) + n t , wheren t is independent noise (Assumption 5.1) and

the latent factorsz t
i are mutually independent given the past factors and auxiliary variables, i.e.

p(z t j z<t ; a<t ) =
Q dz

i =1 p(z t
i j z<t ; a<t ) (Assumption 5.2). Crucially, we leverage the assumption

that these mechanisms are sparse in the sense thatp(z t j z<t ; a<t ) factorizes according to a sparse

causal graphG (Assumption 5.3). Interestingly, ifa corresponds to an intervention index, our

framework explains how interventions targeting unknown subsets of latent factors can identify them

(Section 5.3.3.1). We emphasize that the settings where the data has no temporal dependencies or no

auxiliary variablea are special cases of our framework. Our identi�ability results are summarized

in Table 5.1.

This work is meant to be an extended version of Lachapelle et al. [2022] in which we generalize

along two main axes: First, we relax theexponential familyassumption by providing a fully

nonparameterictreatment. Secondly, our results drop the graphical criterion of Lachapelle et al.

[2022] and, thus, allow forarbitrary latent causal graphs. As a consequence of this relaxation,

instead of guaranteeing identi�ability up to permutation and element-wise transformation, we

guarantee identi�ability up to what we calla-consistencyor z-consistency(De�nitions 5.13 & 5.14),

which might allow certain latent variables to remain entangled. Our results thus have the following

�avor: Given a speci�c ground-truth causal graphG over z anda, we describe precisely the

structure of the entanglement between latent factors via what we call anentanglement graph

(De�nition 5.3) andgraph preserving functions(De�nition 5.12). See Figure 5.3 for examples.

Interestingly, the stronger identi�ability up to permutation and element-wise transformation arises

as a simple consequence of our theory when the graphical criterion of Lachapelle et al. [2022]

is assumed to hold. In addition to these two main axes of generalization, we provide extensive

examples illustrating the scope of our framework, our assumptions and the consequences of our

results (See Table 5.2 for a list). When it comes to the learning algorithm, we replaced the sparsity

penaltyby a sparsityconstraint, which improves the learning dynamics and is more interpretable,

which results in easier hyperparameter tuning.

The hypothesis thathigh-level concepts can be described by a sparse dependency graphhas

been described and leveraged for out-of-distribution generalization by Bengio [2019] and Goyal

et al. [2021b], which were early sources of inspiration for this work. To the best of our knowledge,

1A shorter version of this work originally appeared in Lachapelle et al. [2022].
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