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Résumé

La couverture quadratique en temps discret et le calcul des ratios de couverture dynamique
pour les options ont été peu explorés malgré leur importance dans la gestion des risques
financiers. Ce mémoire de maitrise présente deux avancées significatives dans ce domaine.
Tout d’abord, une nouvelle représentation du ratio de couverture quadratique est introduite,
permettant le calcul simultané des prix des options et des ratios de couverture en utilisant
des méthodes numériques efficaces sans contraintes sur ’espacement des prix d’exercice.
Ensuite, des expressions récursives en forme fermée pour les cumulants des modeles de la
classe affine a facteurs multiples sont dérivées, permettant une mise en ceuvre plus précise
et plus efficace sur le plan computationnel de la stratégie de couverture. Des expériences
numériques approfondies, utilisant des modeles estimés sur un ensemble de données d’options
sur l'indice S&P 500 de 1996 a 2018, démontrent l'efficacité de ces méthodes a travers
diverses maturités et prix d’exercice. Les résultats montrent des améliorations substantielles
en termes de vitesse de calcul et de précision, offrant un cadre solide pour la gestion des
risques dans les marchés financiers complexes.

Mots-clés: Evaluation du prix d’options; Couverture de risque quadratique; Modeles
de volatilité multifactoriels; GARCH; Transformation de Fourier rapide (FFT); Expansion

Fourier-cosine (Méthode COS); Transformation de Fourier fractionnaire (FRFT)
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Abstract

Discrete-time quadratic hedging and the computation of dynamic hedging ratios for options
have been underexplored despite their importance in financial risk management. This mas-
ter’s thesis presents two significant advancements in this area. First, a novel representation
of the quadratic hedging ratio is introduced, allowing for the simultaneous computation of
option prices and hedging ratios using efficient numerical methods without constraints on
strike price spacing. Second, closed form recursive expressions for the cumulants of affine
multi-factor models are derived, enabling a more accurate and computationally efficient im-
plementation of the hedging strategy. Extensive numerical experiments, using models fitted
on a comprehensive dataset of S&P 500 options from 1996 to 2018, demonstrate the effec-
tiveness of these methods across various option maturities and strike prices. The results
show substantial improvements in both computational speed and accuracy, offering a robust
framework for risk management in complex financial markets.

Keywords: Option pricing, Quadratic hedging, Multi-factor volatility models, GARCH,
Fast Fourier transform (FFT), Fourier-cosine expansion (COS Method), Fractional Fourier
transform (FRFT)

iv



Contents

Résumeé. . ..o e e e ettt iii
N 071 5 = Y 2 PP iv
List of tables. ... ..o i i i i ittt viii
NG 0 ) 1) 7 0 T N ix
Remerciements . ... ..ottt i ittt ittt ittt X
Introduction . ... ...t i i i i i ittt i 1
Chapter 1. Numerical Methods for Option Pricing........................ 3
1.1 Market Setting ... ... 3
1.2 Option Pricing and Fourier Based Methods.......... ... ... ... ... ... ... 4
1.3 Pricing Multiple Options Simultaneously ............. ... ... ... ... ... ... 8
1.3.1 The Fast-Fourier Transform .......... ... ... .. .. . .. 8

1.3.2 The Fractional Fast-Fourier Transform................ ... ... ... . ... 11

1.3.3 The Fourier-Cosine Series Expansion ................. ..., 12

1.4 Other Formulations ... ... ... 16
Chapter 2. Numerical Methods for Discrete-Time Quadratic Hedging..... 18
2.1 Terminology . . ... 18
2.2 Quadratic Hedging .. ... 19
2.3 Modelling Framework: Assumptions and Affine Volatility Factor Models........ 19
Chapter 3. Relevant Cases of GARCH models.................. ..ot 25
3.1 Example of a Gaussian Framework ........ ... . ... ... ... 25
3.2 Heston-Nandi Stochastic Volatility Model.......... ... ... ... ... .. ... ... 26
3.3 Gaussian GARCH Component Model......... ... ... ... ... ... ... ... 28
Chapter 4. Empirical Study of Hedging Error and Speed ................. 31



(@0 Y s Led L1 1= Lo ) 4 PSSR 39

References. ... .ot i i i i ittt ettt a it 41
Appendix A. Preliminary Notions ............ oottt 45
A.1 Probability NOtIons ... ... 45
A.2 Linear Algebra NOtionS. ... ... 50
Appendix B. Omne-step Derivatives........ ...ttt 52
B.1 One-step derivatives under Heston et al. (2023) Stochastic Volatility (HNSV) ... 52
B.1.1 First Order Partial Derivatives .......... .. ... . i 52
B.1.2 Second Order Partial Derivatives ............ ... ... ... ... i, 52
B.1.3 Third Order Partial Derivatives............ ... ... 53
B.1.4 Fourth Order Partial Derivatives............. ... ... ... 53

B.2 One-step derivatives under Christoffersen et al. (2008) Gaussian GARCH com-
ponent (GARCH(C)) ... 54
B.2.1 First Order Partial Derivatives ......... ... ... . i i 54
B.2.2 Second Order Partial Derivatives ............ ... ... ... i .. 56
B.2.3 Third Order Partial Derivatives. .......... ... ... 57
B.2.4 Fourth Order Partial Derivatives.............. ... ... i .. 60
Appendix C. Cumulants of the log-price process.......................... 63
C.1 N-Dimensional cumulants.............. .. 63
C.1.1 Cumulants under risk-neutral measure Q ................................ 63
C.1.1.1 Cumulant 1...... o 63
C.1.1.2 Cumulant 2..... ... 63
C.1.1.3 Cumulant 3....... 63
C.1.1.4 Cumulant 4. ... 64
C.1.2 Cumulants under measure @t ............................................ 64
C.1.2.1 Cumulant 1...... . 64
C.1.2.2 Cumulant 2...... ... ... 65
C.1.2.3 Cumulant 3....... .. 65
C.1.24 Cumulant 4. ... .. 67

vi



C.2 One-Dimensional Cumulants ........... ...
C.2.1 Cumulants under risk-neutral measure Q ................................
C.2.1.1 Cumulant 1......

C.2.1.2 Cumulant 2... .. ..

C.2.2 Cumulants under measure Q... .....oooire e
C.2.2.1 Cumulant 1...... ...

C.2.2.2 Cumulant 2...... . ...

Appendix D. Proofs.........oiiiiiiiiiii e e e
D.1 Derivation of the inverse Discrete Fourier Transform............... .. .. ... ...
D.2 Proof of Theorem D.3.1 .. ..
D.3 Proof of N-Dimensional Derivatives ............ ... ... ... ...

D.3.1 First derivative..... ... ...
D.3.2 Second Derivative .. ... ... .o
D.3.3 Third Derivative. .. ... ...
D.3.4 Fourth Derivative. . ... ..
D.4 Proof of Equation (1.2.9) ... ...
D.5 Proof of Proposition 2.3.3 ... ... .
D.6 Proof of Affine Property of Heston et al. (2023) Stochastic Volatility (HNSV)
and Heston et al. (2023) Stochastic Volatility (HNSV) Risk-Neutral Dynamics ..
D.7 Proof of Joint Dynamics of Heston et al. (2023) Stochastic Volatility (HNSV)
Noise Process . ... ..o
D.8 Proof of the Dynamics of Christoffersen et al. (2008) Gaussian GARCH com-
ponent (GARCH(C)) Noise Process ...,

vii



List of tables

4.1

4.2

4.3

4.4

Error convergence and cpu time comparing the Fourier Quadrature and Fourier-
cosine expansion method of Fang and Oosterlee (2009) (COS method) for
computing quadratic hedging ratios of 21 European call options successively
under Heston et al. (2023) Stochastic Volatility (HNSV) modelling assumptions

at different maturities. . ... ..ot 35

Error convergence and cpu time comparing the Fourier Quadrature and Fourier-
cosine expansion method of Fang and Oosterlee (2009) (COS method) for
computing quadratic hedging ratios of 21 European call options successively
under Christoffersen et al. (2008) Gaussian GARCH component (GARCH(C))

modelling assumptions at different maturities.............. ... ... ... . 36

Error convergence and cpu time comparing the FFT, FRFT and Fourier-cosine
expansion method of Fang and Oosterlee (2009) (COS method) for computing
quadratic hedging ratios of 21 European call options simultaneously under Heston
et al. (2023) Stochastic Volatility (HNSV) modelling assumptions at different

INALUTIEICS. . o ot ot 37

Error convergence and cpu time comparing the FFT, FRFT and Fourier-cosine
expansion method of Fang and Oosterlee (2009) (COS method) for computing
quadratic hedging ratios of 21 European call options simultaneously under
Christoffersen et al. (2008) Gaussian GARCH component (GARCH(C)) modelling

assumptions at different maturities......... ... ... . 38

viii



Acronyms

CAR: compound autoregressive class of models of Darolles et al. (2006)
CGPF': cumulant generating function

COS method: Fourier-cosine expansion method of Fang and Oosterlee (2009)
DFRFT: discrete fractional Fourier transform

DFT: discrete Fourier transform

FFT: Fast-Fourier transform

FRFT: Fractional Fast-Fourier transform

GARCH: generalized autoregressive conditional heteroskedasticity
GARCH(C): Christoffersen et al. (2008) Gaussian GARCH component
HN: Heston and Nandi (2000) GARCH

HNSV: Heston et al. (2023) Stochastic Volatility

IDFT: inverse discrete Fourier transform

ixX



Remerciements

Je tiens a exprimer ma profonde gratitude envers ma famille pour leur incroyable et constant
soutien tout au long de cette aventure. A ma meére Maryse, mon pére Remo et ma sceur Re-
nata, vos encouragements et votre amour ont été essentiels pour mener a bien cette maitrise.
Je souhaite également remercier chaleureusement mon superviseur, Dr. Maciej Augustyniak,
pour son soutien inestimable, ses conseils éclairés, et sa patience tout au long de ce parcours
académique. Vos conseils avisés ont grandement contribué a ’aboutissement de ce travail.
Enfin, un merci tout particulier a mon fidele compagnon, mon chien T-Bone, qui a su, a sa

maniere, me soutenir et m’accompagner durant les moments les plus intenses de ce périple.



Introduction

Option pricing is a central problem in mathematical finance, concerned with determining
the fair value of derivative securities—contracts that derive their value from an underlying
asset. These derivatives are vital in financial markets, enabling investors to hedge risks
or speculate on future asset prices. The complexity of these instruments often means that
closed-form solutions for option prices are unavailable, particularly when certain assumptions
about the underlying asset’s dynamics are relaxed. This has led to the development of various
numerical methods to approximate option prices, which are crucial when analytical solutions
are infeasible.

Over the past three decades, numerical methods for option pricing have been extensively
studied. A notable contribution came from Carr et al. (2001), who formulated option prices as
an inverse Fourier transform, incorporating a damping parameter to ensure the integrability
of the call option’s payoff at maturity. This approach enabled the use of the Fast-Fourier
transform (FFT) to price multiple options on the same underlying asset but at different strike
prices simultaneously. This innovation paved the way for several Fourier-based methods, such
as the Fourier-cosine expansion method of Fang and Oosterlee (2009) (COS method) and
the Fractional Fast-Fourier transform (FRFT), which have since become central to the field.
Among these, the COS method stands out for its flexibility and computational efficiency,
offering faster convergence than other numerical approaches and avoiding the need to impose
restrictions on strike prices when pricing multiple options simultaneously.

Despite extensive research and the availability of option pricing methods, discrete-time
quadratic hedging and the computation of dynamic hedging ratios for options have not
received the same level of attention. Quadratic hedging, a technique aimed at minimizing
the variance of the hedging error, is crucial for effective financial risk management. However,
existing methods for computing hedging ratios are often developed for the single-strike setting
(Augustyniak et al., 2023), with little comparative analysis of their practical effectiveness,
especially in the multi-strike setting.

This master’s thesis addresses this gap by making two important contributions to the

literature. First, we propose a new representation of the quadratic hedging ratio, expressed



in terms of the option’s price under two different measures: the risk-neutral measure and
a measure derived from the risk-neutral measure. This representation allows us to leverage
the most efficient numerical methods for option pricing to simultaneously compute both the
option’s price and its quadratic hedging ratio for multiple strikes simultaneously. Moreover,
it overcomes previous limitations that restricted the use of methods like the COS method
for option pricing only. Importantly, this approach introduces a novel capability: the ability
to simultaneously compute the hedge ratio for multiple options at different strikes without
imposing any constraints on the spacing between strikes.

Second, in addition to this novel representation, we derive closed form recursive expres-
sions to compute the first four cumulants of all affine multi-factor models fitting the modeling
assumptions provided in Augustyniak et al. (2023). These models, which fall within the com-
pound autoregressive class of models of Darolles et al. (2006) (CAR), encompass most of the
option pricing models proposed in discrete-time literature and cover a wide array of Gauss-
ian and non-Gaussian time series models. The closed form expressions of the cumulants are
crucial for the efficiency of our proposed method, as they allow for a more accurate and
computationally efficient implementation of the quadratic hedging strategy using the COS
method.

To conduct our numerical experiments, we focus on two generalized autoregressive con-
ditional heteroskedasticity (GARCH) models that incorporate either one or two volatility
components with Gaussian innovations. Indeed, we use Christoffersen et al. (2008) Gaussian
GARCH component (GARCH(C)) model and we use Augustyniak et al. (2024)’s formulation
of the Heston et al. (2023) Stochastic Volatility (HNSV) model. We use model parameters
from Augustyniak et al. (2023) who estimated the model parameters from S&P 500 returns
and options data over the period of 1996 to 2018. In our analysis, we rigorously compare the
efficiency of various numerical methods by evaluating their error convergence and computa-
tional speed across different maturities and numbers of strikes. In particular, we emphasize
a thorough comparison of these methods’ performance in computing both single-strike and
multi-strike scenarios, providing insights into their effectiveness under varying market con-
ditions.

The remainder of this master’s thesis is organized as follows. Chapter 1 provides an intro-
duction to discrete-time option pricing using Fourier-based methods. Chapter 2 introduces
the general class of discrete-time affine multi-factor models of Augustyniak et al. (2023) and
derives a semi-closed form expression for the quadratic hedging ratio of an option. Chapter 3
describes specific GARCH models included in the discrete-time affine framework. Chapter 4
presents the data and evaluation procedure for the numerical experiments, and presents the

results from such numerical experiments. Finally, Chapter 4 is followed by the Conclusion.



Chapter 1

Numerical Methods for Option Pricing

1.1 Market Setting

In finance, there are two different scenarios to consider when formulating the filtered prob-
ability space in which the financial assets and instruments will evolve. We will focus on
formulating the necessary assumptions and definitions for a discrete-time market. In other
words, the index set with total order modelling time will be discrete, so over a subset of
the natural numbers N. However, we will still include remarks regarding the equivalent
formulations for a continuous-time market.

We consider a discrete-time market defined on the time set Z = {0,...,7} with one
risky asset S = {S;}iez and one risk-free bond B = {B;}icz. The market uncertainty is
modelled on an augmented filtered probability space (2, F,F,P) where P corresponds to
the physical probability measure and F = {F;},.; represents the information available to
a market participant progressively over time. For any t € Z, we assume the risk-free bond
evolves correspondingly to a constant one-period risk-free rate of return r and thus follows
the deterministic equation B; = e™. We denote Y = {Y;};c7 as the log-price process of
the risky asset such that Y; = log(Sy). The log-return process denoted as y = {yi}c1 (o)
is defined by y; = Y; — Y;_1. An option is a financial instrument whose price is based on
the value of an underlying asset or group of underlying assets. The option’s contract allows
the owner to buy or sell the underlying asset at a predetermined price depending on the
type of option contract they hold. The expiration date 1" is called the option’s maturity, the
predetermined price K is called the strike price and buying or selling the underlying at the
given strike price is called exercising the option. The option owner can exercise the option
up to or at the maturity date depending on the type of option contract they hold. Finally,
at the option’s maturity, the owner of the option contract is not required to buy or sell the
underlying asset. An option giving its owner the opportunity to buy the underlying asset

is called a call and an option giving its owner the opportunity to sell the underlying asset



is called a put. If an option can be exercised any time before its maturity date then it is
an American option and if an option can only be exercised at maturity then it is called a
European option. We will specifically focus on European options. Let H represent the payoff
of a European option at maturity 7" then H : R — R™ is a function of the underlying asset’s
log-price Y at maturity 7. Indeed, European call and put option payoffs are respectively
defined as:

H(Yr) = max [¢'" — K,0], H(Yr) = max [K — e'7,0] . (1.1.1)

Now, in our simplified market setting, we will define an option’s fair value as its no-arbitrage
price. We will now introduce some necessary mathematical finance notions to understand
no-arbitrage pricing, starting with the first fundamental theorem of asset pricing in discrete-

time.

Theorem 1.1.1. A discrete-time market on a probability space (2, F,P) is arbitrage-free
(i.e. free of arbitrage opportunities) if and only if there exists at least one probability measure
equivalent to the physical measure P under which the discounted risky asset’s price process is
a martingale. These equivalent probability measures are usually called equivalent martingale

measures or risk-neutral measures and are denoted as Q.

Now, the price of an option in an arbitrage-free discrete-time market corresponds to
the price at which a trader could not profit without taking on risk given the creation of a
trading strategy replicating the option’s cashflows. A consequence of Theorem 1.1.1 is that

the no-arbitrage price of an option is given by the following equation:

VteT :Vi=e " T YR [H(Yy) | F

o (1.1.2)
= eT(Tt)/ H(x)p%(x | Fi)dz,

where p% (x | Ft) corresponds to the Fi-conditional probability density function of the log-

price at maturity 7".!

1.2 Option Pricing and Fourier Based Methods

Now, in order to price an option under @Q (i.e. numerically compute Equation 1.1.2), depend-
ing on the modelling assumptions made, various methods have been proposed. Indeed, the
most computationally costly method, especially in a high-dimensional setting with respect
to the number of underlying assets, is Monte-Carlo simulation. This method is especially
used when the option’s payoff is heavily path-dependent. If the option’s price is not path de-

pendent, it is very common to use quadrature methods and/or Fourier based methods based

I'We assume the random variables Y; for ¢ € T are absolutely continuous.



on the availability of the underlying assets’ characteristic functions as they are very compu-
tationally efficient and accurate. Indeed, the Fourier transform of a function corresponds to

the following integral transform:

Definition 1.2.1. If f : R — R and f € £! then the Fourier transform F': R — C of f is
defined as

Flw) = /_ T w)e e gy (1.2.1)

Now, the Fourier transform is a unitary operator in the £? space equipped with the
Hilbert inner product. Consequently, the Fourier transform preserves the space £2 meaning
that the Fourier transform of an £? function remains in £2. Thus, we obtain the following

definition for £2-functions:

Definition 1.2.2. If f : R — R and f € £? then we obtain the following pair of Fourier
transforms which denote the Fourier transform F' : R — C of f and the inverse fourier

transform of F':

F(u) = /_OO f(z)e ™ dux, (1.2.2)
flz) = % /_OO F(u)e™ du, (1.2.3)

where we applied the change of variable u = 27w in Equation (1.2.1).

It now follows that the characteristic function is a transformation similar to the Fourier

transform. Indeed, the characteristic function of a random variable X is defined as follows:
ox(t)=E[e], teR. (1.2.4)

If we let f(z) in Equation (1.2.2) denote the probability density function of a random variable
X then with sign reversal (i.e. u — —u) in Equation (1.2.2), we recover the definition of
the characteristic function. Consequently, given the characteristic function of a real random
variable always exists and given the conditions of Definition 1.2.2 are respected, it is possible
to recover the density f(x) using the integral representation:

f(x) ! /OO e px (—w) dw. (1.2.5)

:% .

This is a crucial detail as often times in finance, it is often not tractable to derive a closed-form
expression for the F;-conditional probability density function of the log-price at maturity 7'
which is necessary to compute the expectation in Equation (1.1.2). However, given certain
modelling assumptions, it is possible to obtain a closed-form or semi-closed form expression

for the Fi-conditional characteristic function of the log-price at maturity 7. Consequently,



given the option’s payoff function satisfies certain assumptions, it is possible to rephrase
Equation (1.1.2) in terms of the Fj-conditional characteristic function of the log-price at
maturity 7" and obtain a semi-closed form expression for an option’s price. We introduce the

following assumption on the option’s payoff function with this goal in mind:

Assumption 1. We assume that the function H : R — R used to define the payoff at
time 7" of the European derivative H(Y7) where Y, = log(S7) admits the following integral

representation:

1 R+i00 v ¥ 1 R+ico v ¥
H(Yr) = — =i dz =Re |— =i d 1.2.6

R N Lo I N (T FEY

where Re[g] denotes the real part of a function g, for f : C — C and R € R such that

2+ f(R+iz) is integrable and EQ[S2F] < oo.?

The second equality is true, since the payoff function at time 7" of a European derivative
is real meaning the integrand is odd in its imaginary part and even in its reals part under
complex conjugation. Now, this assumption simply states that we can express the payoff of
a European derivative as an inverse Laplace transform. It is common in option pricing and
satisfied for most common derivatives. For example, the European call option payoff with a

strike price of K = e* where k = log(K) admits such an integral representation:

1 [Rtico p(1=2)k
H(Yr) = max [e' — €,0] =Re [—/ GZYT—dz} : for any R > 1, (1.2.7)
T J R+i0 z(z—1)

so that f (z) = % The European put option payoff can be expressed similarly by setting
R < 0. We can link the inverse Fourier transform to the inverse Laplace transform by the

following change of variables u = R + ¢z and obtain a modified version of Assumption 1:

1 [ ) v
H = —/ Re [e(RH“)YTf (R+ iu)| du. (1.2.8)
0

™

From now on, we will proceed with the inverse Fourier transform representation. With As-
sumption 1, we are able to obtain an integral representation for the price of an option in terms
of the F-conditional cumulant generating function (CGF) of Y7* and the Fourier transform

of the option’s payoff given the F;-conditional CGF of the log-price process is available in

2Laplace transform representations or equivalently Fourier transform representations of a variety of payoff

functions are given in Hubalek et al. (2006) and Raible (2000).
3The definition of the F;-conditional CGF of Yy is:

CE (u | Fy) = log(d(—iu | Fr)),

where ¢( - | F;) represents the Fi-conditional characteristic function of Yr.



closed-form and a specified risk-neutral measure Q defined analogously to Theorem 1.1.1:

efr(Tft

V= —) /000 Re [exp (C;(,PT (R+iu | F)) f(R+ zu)} du, (1.2.9)

™

where C% corresponds to the F;-conditional CGF of Y7. A proof of the derivation can be
found in Appendix D.4.* We will focus on the pricing of European call options as the put

option price can be obtained via the well known Put-Call Parity:
Cy— P, ="t — Fr(T=1), (1.2.10)

where C; and P, respectively correspond to the call and put prices at time ¢ on an underlying
asset paying no dividends with strike e* and maturity 7. Now, in the case of a call option,
the R parameter can be viewed as a damping parameter similarly to the damping parameter
introduced by Carr et al. (2001) to ensure that the call option’s payoff is square integrable.”
Indeed, the authors derived a similar semi-closed form expression for the price of an option
based on the Fourier transform of the modified call price ¢; = e*'°eF)C,. If we set R = a+1

for a > 0 we obtain their representation of the payoff of a call option:

—r(T—t) 00 5
o, =5 - / Re[exp(C%(aJrlﬂ'u|ft))f(a+1+z'u)]du
; ' (1.2.11)
e—r(T—t)—ak 0o R e~ iuk C@ 1 . - ]
_T/o e[(a+1+iu)(a+iu)eXp(YT(O‘+ + iu | t)>:| u.

Similarly, we obtain the price of a European put option payoff by setting @ < 0. To nu-
merically compute the integral representation in Equation (1.2.9), any sufficiently accurate
quadrature rule such as the Newton—Cotes quadrature rules (i.e. Midpoint, Trapedzoidal or

Simpson’s rule) can be applied to discretize the integral. Indeed, using Simpson’s rule after

Lewis (2002) derived a similar formulation for the price of an option for Levy processes with a known
characteristic function. He introduced transform formulas based on the Laplace transform of an option price
with respect to the spot price S;. Lee (2004) then derived general formulas for both discrete and continuous-
time markets in terms of the bilateral Laplace transform of an option price with respect to its log-strike
price.

SCarr et al. (2001) introduced the damping parameter «, since the call option’s payoff function is not
square integrable and square integrability is required for the inverse Fourier transform to be unique. Indeed,
the Parseval relation only stands for £2(R) integrable functions and is necessary for the unitary property of
the inverse Fourier transform. A sufficient condition for a real valued function f to be square integrable is
lim| |00 f(2) = 0. Clearly, limp_, o e~ "(T-HEQ [max (eYT — ek70) | ]:t} =¥t > 0.



truncating the integral at a sufficiently large value a.® we obtain
or(T—t) N .
Vi ~ E— Z Re [exp (C% (R+iu; | F)) f(R+ iuj)wj] ) (1.2.12)
§=0
where u; = jA,, A, = & and for 0 < j < N:
1 N
ETAY if j=0,N,
wj = %Au if 7 is even, (1.2.13)
4 po .
AW if 7 is odd.

1.3 Pricing Multiple Options Simultaneously

1.3.1 The Fast-Fourier Transform

Carr et al. (2001) also proposed the use of the FFT in order to simultaneously price mul-
tiple options of the same underlying and maturity at different strike prices. The FFT is
an algorithm that reduces the computational complexity of computing the discrete Fourier
transform (DFT) of a sequence or its inverse, the inverse discrete Fourier transform (IDFT),
from O(n?) to O(nlog(n)).

Definition 1.3.1. Let z = {x,}, <jen_1 represent a sequence of N complex numbers
then the DFT transforms of the sequence is another sequence of N complex numbers
X = {X;}, GN_1 defined by the following equation:

N-1

Xp=Y x,Wy™, for 0<k<N-1, (1.3.1)

n=0
where Wy = ¢'¥ is the N complex root of unity (i.e. W = 1). The sequence z can also
be recovered from the sequence X through the IDFT:

N-1
ro= Y X WiE, for 0<n<N-1. (1.3.2)
k=0

Various FFT algorithms have been proposed to compute the discrete Fourier transform of a
sequence. The most popular algorithm by Cooley and Tukey (1965) recursively re-expresses
a DFT of a composite size N = N1 N, into smaller DFTs of size N; and N,. Indeed, for 0 <
ki,ng <K Ny—1and 0 < koyng < No—1, let k = Noky+ky and n = Nyng+ny. By substituting

6Lee (2004) linked the two approaches of Lewis (2002) and Carr et al. (2001) under one unified frame-
work. He provides strategies on how to choose the value of a or equivalently R and subsequently choose
quadrature parameters A, and N in order to minimize sampling error and truncation error introduced by

the discretization of the Fourier integral in Equation (1.2.12).



these definitions of k& and n into Equation (1.3.1) and since WyN"2V2M — (W N)—nek =
we obtain:
Ni—1Np—1

—(Ning+ni)(Nak1+k
XN2I€1+]€2 - Z Z le'le-i—nlWN( 2t 1)( 2ht 2) (133)

n1=0 ngy=0

Ni—1 No—1
_ E —n1ka E L —n1k1
— WN :'UNI na+ni WN2 WNl

n1=0 no=0

(1.3.4)

where the terms W&"lk? are called the twiddle factors. Now, the inner-sum represents a
DFT of size Ny and the outer-sum represents a DFT of size N;. Equation (1.3.3) represents
the general Cooley and Tukey (1965) factorization of the DFT. This factorization allows
the use of any FFT type algorithm as it simply divides a larger DFT into smaller DFTs.
Initially, Cooley and Tukey (1965) demonstrated it was advantageous to use powers of 2 as
values of N (i.e. N = 2™ for m € N) to obtain high computational speedups. Depending on
the size of the input data, it even became common practice to zero-pad the input sequence
until its length became a power of 2.7 This special case of the algorithm is known as the
radix-2 algorithm.® Nevertheless, Cooley and Tukey (1965) also showed that an arbitrary
radix » € N is also a valid option and modern implementations typically use larger radices
such as r = 32 in order to take advantage of modern hardware and processors (Frigo &
Johnson, 2005).

Now, in order to simultaneously price multiple options of the same underlying and ma-
turity at different strike prices, Equation (1.2.12) can be reformulated as an IDFT. For
0 <1< N —1,let e¥ represent N distinct strike prices corresponding to N options of the
same underlying and maturity. Let m,,,, represent largest value of log-moneyness and define

the log-moneyness of each option as

such that the log-moneyness values are equally distributed from —my,qp t0 My — Ag with
a spacing of Ap. We also set my,qp = N QA’“ as this allows us to obtain N different values of

log-moneyness centered around the at-the-money strike price. This is the usual formulation
as we are interested in options whose strike price is near the current price of the underlying.
Given this setting and let Vt(l) represent the price of the option associated with the (I 4 1)%

strike price within the N distinct strikes prices then we can reformulate Equation (1.2.12)

et ¢ = {acj}0<j<N_1 represent a sequence of arbitrary length N where N # 2™for m € N then zero-
padding the sequence until its length is a power of 2 represents appending zeros to the end of the sequence

until its length equals the smallest power of 2 larger than V.
8Please refer to the following resources for more information about the Fast-Fourier transform and

Cooley-Tukey algorithm


https://www.cs.cmu.edu/afs/andrew/scs/cs/15-463/2001/pub/www/notes/fourier/fourier.pdf
https://people.scs.carleton.ca/~maheshwa/courses/5703COMP/16Fall/FFT_Report.pdf

into an IDFT:

VO ~ Re

N—-1 ' '
> W}JUE)] , (1.3.6)

§=0
where for 0 < j < N — 1:

G efr(Tft)%»(Rfl)mH»Yt efijAummazwj

Q .
B - 1.3,
! T Ry Rt =1 P G (B[ F) (LAT)

represents the IDFT multiplied by a factor of N of vt(j ) and where the log-moneyness spacing
Ay, and the integral spacing A, satisfy the Nyquist relation:’

AA, = v (1.3.9)
The justification of Equation (1.3.6) can be found in Appendix D.1. Equation (1.3.6) can be
computed using the inverse FF'T and multiplying by a factor V.

Remark 1.3.2. It is possible to obtain an equivalent formulation of Equation (1.3.6) in
terms of the DFT by setting m; = M0 — [Ar. Indeed, the values of moneyness obtained
are now between —m .. + A and m,,., and, using similar steps as in Appendix D.1, we

obtain:

VO ~ Re

N-1 A '
> W];ﬂvt(”] : (1.3.10)

j=0
where for 0 < j < N — 1:
G efr(Tft)+(R71)ml+Y} eijA“mmej

Q -
o = T iu) Ry 1) O Grvi (B [ ).

Now, as defined in Equation (1.3.9), it is only possible to assign a predetermined value
to one of A, and A, to ensure the Nyquist-Shannon sampling theorem is respected and

prevent inaccurate results. Furthermore, A, and A, are inversely proportional to each other

9The Nyquist-Shannon theorem states that to perfectly reconstruct a signal whose highest frequency
component is v, it is necessary to have a sample rate fs more than 2v in order to avoid aliasing. Aliasing
happens when the highest frequencies cannot be recovered in signal processing and thus are portrayed as
lower frequencies. Now let At represent the spacing between the values in the time domain and A f represent
the spacing between the values obtained after the signal is transformed in the frequency domain (i.e. Fourier
domain). If N represents the number of values sampled then we have the following two relations:

1 1
At = A Af = NAL

Nevertheless, the FFT assumes that the signal is periodic, so using the relation between angular frequency
w in radians per second and fundamental frequency f in Hertz, we obtain:

2
w=2rf = AwAt= Wﬂ (1.3.8)
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meaning we need the approximation of Equation (1.2.12) to remain accurate for larger values
of A, if we want the moneyness spacing to be realistic. As in Carr et al. (2001), the use of
Simpson’s rule is recommended as it is more precise for larger value of A, than the Midpoint

and Trapezoidal rule.

1.3.2 The Fractional Fast-Fourier Transform

As mentioned in the previous section, in order to use to take advantage of the computational
speedup of the radix-2 FFT algorithm, the input sequence was often zero-padded until its
length became a power of 2. This led to parts of the output vector being discarded and
unnecessary computations. For example, using the FFT, Carr et al. (2001) computed a
4096-point FFT and obtained 4096 option prices. However, in practice, as Chourdakis
(2005) pointed out, only 67 of those options fell within +20% of the at-the-money option
price. Bailey and Swarztrauber (1991) and Bailey and Swarztrauber (1994) proposed an
alternative way to compute the discrete Fourier transform of a sequence without the need to
satisfy Equation (1.3.9) called the discrete fractional Fourier transform (DFRFT). Indeed,

for an arbitrary rational or complex value «, let

=z

-1
Gi(z,a) =Y e @mlog, (1.3.11)

<.
Il
o

denote the DFRFT of an arbitrary sequence of N complex numbers z = {xz;}, GN_1- By
setting a = %, it is clear that the discrete Fourier transform is a special case of the DFRFT.
Now, inspired by the work of Bluestein (1970), Bailey and Swarztrauber (1991) developed a
fast algorithm for the DFRFT which rephrases Equation (1.3.11) as a circular convolution
which can be computed by a combination of three FFT. Indeed, noting that 251 = 52 +I* —
(I — j)?, we obtain the modified version of Equation (1.3.11):

N-1
Gz, a) = e -0y,
§=0
N-1
9 ..o . N2
_ e—ﬂ'zl o' Z xje—”l'] aewr(l—]) a (1312)
§=0

N-1

_ —7ilPa

=€ E Yjizi—j,
j=0

where for 0 < j < N — 1:
—inj2a

y; = xje : z; = eimi’e, (1.3.13)

11



Now, Equation (1.3.12) corresponds to a discrete convolution of two functions. Fast algo-
rithms to compute discrete convolutions of two functions usually require the function con-
volution to be circular. Since Equation (1.3.12) does not satisfy this condition, the authors
pad the sequence up to a length 2p with p > N — 1 as follows:

2 =0 N <j<2p—N, (1.3.14)

g =TT gy N < 2p.

It is now clear that
2p—1

Gi(@,0) =™ " yiz (1.3.15)

Jj=0
represents a circular convolution, since z;_; = z;_;. Thus, as mentioned, the circular convo-

lution is computed by the means of three FFT:
Gi(z,0) =™ F N (Fu(y), Fr(2)), (1.3.16)

where y = {yj}0<j<2p_1, z= {zj}0<j<2p_1 and
N-1 ' LN
Fe@) =) Wy'e;,  Fl'(@) =5 > Wi, (13.17)
=0 =0

correspond to the discrete Fourier transform and inverse discrete Fourier transform respec-
tively. Chourdakis (2005) then proposed setting a = % to obtain a modified version of
Equation (1.3.10):

V¥ (o) ~ Re

N—-1
> e—mﬂ%j.] (1.3.18)

5=0
which can be computed using the FRFT algorithm described above. This formulation is
much more flexible as it allows us to choose the moneyness spacing and integral spacing

independently. However, Cerny (2004) points out that a rule of thumb to follow: if the

2
NA,

the desired spacing for the moneyness, one should use the FRFT, otherwise it will be faster

initial spacing Ay = obtained after deciding on a value of A, is six times coarser than

to pad the input sequence up to a length equal to a power of 2 and use the FF'T.

1.3.3 The Fourier-Cosine Series Expansion

Fang and Oosterlee (2009) proposed an alternative method to price an option via its Fourier-
cosine series expansion. Indeed, as mentioned in Equation (1.2.5), the probability density
function of a random variable can be derived from its characteristic function using a trans-
formation analogous to the inverse Fourier transform. The authors proposed instead to re-

construct the integral in Equation (1.2.5) from its Fourier-cosine series. The Fourier-cosine

12



expansion of a function f supported on a bounded subset [a,b] C R is:

ZAk cos( Z:Z) (1.3.19)

where

Ap(z) = bfa/abf(x) cos (kﬂZ:Z) dz, (1.3.20)

and EZOZOI denotes that the first term of the summation is weighted by one-half.'® Now, let
[a,b] C R correspond to a large enough subset such that

b [eS)
d(w) = / e f(x)dx ~ / e f(x)dx = ¢(w). (1.3.21)

[e.e]

Furthermore, if we rephrase Equation (1.3.20) in terms of cﬁ as follows:

=)o ().

and replace the coefficients Ay in Equation (1.3.19) by F}, ~ Ay where

Fi(z) = b% Re [gf) (bk_ﬂa) exp (_ibkjaa)} . (1.3.22)

then finally, after truncating the summation, we obtain:

ZFk cos< b:z> (1.3.23)

Now, for t € T let Z, = Y; — log(K). If we reformulate the payoff of a European option in

terms of Z, then we obtain the following reformulation of Equation (1.1.2) in terms of Zz:!!
VteT : Vi=e"TYER[H(Zy) | F (1.3.24)

_ (T / H(o)pd, (x| F)de

10Fang and Oosterlee (2009) mention that Fourier-cosine expansions usually give optimal approximations
of functions with a finite support and, as usual, are also superior when the functions are periodic. Now, let f
be the probability density function of the log-price process Y; then f rapidly decays to zero when Y; — +oc.
Given assumptions for the uniqueness of the inverse Fourier transform, it is assumed that lim ;| f(z) =0

so it is possible to truncate the integration range in Equation (1.2.5) without any loss of accuracy.
HEor example, the European call option pay reformulated in terms of Zz instead of Sy is

H = max(Sy — K,0) = K - max(e?” —1,0).

13



Furthermore, if we expand the F;-conditional probability density function of Z7 in Equation
(1.3.24) in terms of its Fourier-cosine series, we realize that ¢ in Equation (1.3.21) corresponds

to the F;-conditional characteristic function of Z;.'? Thus, we obtain

b N-1
’ r —a
V, ~ e_’”(T_t)/a H(z) kz:; Fi(x) cos (knrb — ) dx, (1.3.25)

a

where H represents the payoff function of a European option in terms of Zp. Now, after

switching the order of the summation and the integral, setting

2 b T —a
H 1.3.2
b—a/a (x)cos(knrb_a>dx, (1.3.26)

and introducing the F;-conditional CGF instead of the F;-conditional characteristic function

M, =

of Zr, we obtain the general COS method formula for European options:

N-1 .
o —7(T—1) ' o [ tkm . kma
Vixe g Re {exp <CZT (b — | E)) exp < i a)} M, (1.3.27)

k=0

where the coefficients M), can be obtained in closed-form for a variety of options. Indeed,
by substituting the payoff function of a European call option H = K - max (eZT -1, O) into
Equation (1.3.26) and integrating, Fang and Oosterlee (2009) obtain:

ME = 2K ((0.8) — i (0.) (1.3.28)

Similarly, by substituting the payoff function of a European put option H =
K -max (1 — ¢#7,0) into Equation (1.3.26) and integrating, Fang and Oosterlee (2009) also

obtain:

ME = 2K (xaa0) + i (a0)). (1.3.29)

where x;, and v, in Equation (1.3.28) and Equation (1.3.29) are defined as follows:

1 d— —
Xk(c,d) = m {cos (lmb_ Z) e? — cos (lmrg — Z) 661

b—a

B B (1.3.30)
+ i [Sin (lmrd a) e? — sin (lmrc a) ec] ,
b-a) 1+ ()] b b-a
and
in (krd=2) —sin (kre=2)] =2 L +£0
’Qbk(c,d) — |:SlIl ( 7T-bfa) Sin ( Trbfa)] km 7& ) (1331)
d—c k=0.

12Gince the Fy-conditional probability density function of Z7 rapidly decays as Y — +00, ¢ in Equation

(1.3.21) represents a sufficiently accurate approximation of <ZA) given a and b are chosen sufficiently large.
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The authors also provide closed-form formulas for the coefficients of digital and gap options

and propose the following method to determine the truncation range of Equation (1.3.21):

K1 —L\/I{2+\/I{_4, K1+L\/I{2+\/I{_4 s (1332)

where k,, represents the n'” F,-conditional cumulant of Z;. The authors determined that

[a,b] :=

Equation (1.3.32) combined with a value of L = 10 was accurate for maturities going from 0.1
year to 10 years.!® Furthermore, the authors suggest using the Put-Call Parity as presented in
Equation (1.2.10) to price call options. Indeed, the payoff of a call option grows exponentially
with the log-price of the risky asset which introduces a significant cancellation error for large
values of L. The authors mention to stick with values of L € [7.5, 10] when pricing call
options without using the Put-Call Parity. The authors also determined experimentally that
the computational complexity of the method is linear in the number of terms N chosen in
the Fourier-cosine series expansion.

Now, in the cases of models that are considered affine as in the continuous-time frame-
works of Duffie et al. (2000) and Duffie et al. (2003) or the affine discrete-time framework
of Augustyniak et al. (2023),' it is possible to reformulate the JF;-conditional cumulant
generating function of Zr in terms of the Fi-conditional cumulant generating function of
Yy — Y,:16

Cy. (u| F) =uZ,+C5._, (u|F) (u) = uZ, + Cy _y, (u| F) (w). (1.3.33)

Let Z;, = Y1, — log (K) where K € R™ represents a vector of m different arbitrary strike
prices!” and where 1,, is a vector of 1s of size m Furthermore, let M), = N,K represent

the vectorized Fourier-Cosine coefficients obtained by multiplying N, element-wise with the

13Fang and Oosterlee (2009) give a truncation rule for very short maturities such as 7' = 0.001 which

includes the sixth cumulant:

[a,b]:: [Kl—L\/K2+\/K4+M, 51+L\//€2+\/K4+\/576.

However, in practice, deriving the sixth cumulant is not very tractable.

1 Generalizations and extensions of the COS method for a multidimensional risky asset price process,
for non-parametric approaches and for Bermudan and discrete-barrier options were derived by Ruijter and

Oosterlee (2012), Vladimirov (2024), Fang and Oosterlee (2009), and Fang and Oosterlee (2011) respectively.
15Please refer to Section 2 and Definition 2.1 of Duffie et al. (2003) for a general explanation of affine

processes.
16This reformulation is possible for any stochastic process that has a scale invariant distribution. How-

ever, in the mentioned frameworks, the F;-conditional cumulant generating function of the Y —Y; is available
in closed-form formulas.

1TThe logarithm function is applied element-wise on the vector K.
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vector K where
ﬁ (xx(0,b) — 1% (0,0)) for a call option,

N, = N
ﬁ (—xx(a,0) + ¢ (a,0)) for a put option,

(1.3.34)

then we obtain a vectorized version of the general COS method formula for European options:

N-1 :
(T / vkm . Zi—a
VicKoe T E Re [exp (C%_Yt (b — | ft)) exp (Zk‘T( bt - )} N, (1.3.35)

k=0 N

where the summation can be rewritten as a matrix-vector product. Furthermore, using
Equation (1.3.33) and given that Equation (1.3.35) contains the F;-conditional CGF of
Yr — Y; then the cumulants used to compute the truncation range of Equation (1.3.32) can
be taken in terms of Y, —Y; for all strikes without a significant loss in accuracy. This results
in a significant gain in computational speed provided that the vector of strikes K does not
include very deep in-the-money or out-of-money strike prices. Now, using this vectorized
version of the COS method, it is now possible to simultaneously price multiple options with
different strikes without any restrictions on the strike prices. Furthermore, the vector K of
strikes does not depend on the underlying asset’s log-price Y; and does not require a specific
spacing between the strikes as in the FF'T or FRFT. Consequently, the COS method is a
much more flexible option pricing method than the FFT and the FRFT.

1.4 Other Formulations

Before Carr et al. (2001) derived their semi-closed form expression for the price of an option
based on the Fourier transform, Heston (1993) derived a general formula for the price of
a European call option. Indeed, the authors made use of the Gil-Pelaez (1951)’s inversion

formula'® to obtain:

Cy = S,P, — Ke "= p,, (1.4.1)
where
11 > |[Ke™exp(Cy (iu+1]|F
P1:—+—/ Re |~ xp ’g(w | 7)) du, (1.4.2)
2 mJ iU exp (CYT(1|.E))

18To derive this more general result, the authors made use of the Gil-Pelaez (1951)’s inversion formula:

P(X <o) = 2+ — / e e oW g,
0

2 2 1
zl_l/ Re[eﬂu)]du,
2 m /) 4

where Re [f] denotes the real part of a function f and ¢ denotes the characteristic function of the random
variable X.
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(1.4.3)

1 1 [
P2:—+—/ Re
2 7

and where C%, (u | Ft) denotes the Fi-conditional CGF of the log-price Yr. Equation (1.4.1)

can also be formulated as a single integral:

1 1 > [K"exp(CY (iu+1|F
Cy=e T exp (C% (1] ]:t)) (§ T _/ Re op ( s (i | t))] du)
0

m 1u exp (C% (1] ]—"t))
g (L1 /“’Re K=" exp (Cy (iu | Fy)) "
2w
_ et lug [ re
2 T Jo

X0
However, this integral formulation of a European call option’s price contains a singularity

Ke™exp (C% (1u | .E))] s

u

21U

K (exp (C2. (iu+1| F,)) — exp (CZ. (iu | ]—})))] du] |

at 0. Consequently, it cannot directly be numerically evaluated using traditional quadrature
rules such as Newton-Cotes rules. Nevertheless, it is possible to compute the integrals using
various other quadrature rules such as a Gaussian quadrature.

The celebrated Black-Scholes-Merton formula'® of Black and Scholes (1973) for the price
of a European call option can be obtained as a special case of Equation (1.4.1). Indeed, the

Black-Scholes-Merton formula for the price of a European call option is:
Vi = 8@ (dy) — Ke "D (dy) . (1.4.4)

where Yr = log(Sr) is assumed to have a normal distribution, where ® denotes the cu-
mulative probability function of the standard normal distribution with mean zero and unit

variance and

S, 1, B o Var(Yr | F)
dy = U\/_(log< )+(T+20)T), dy = d; Uﬁ, o= T )

9The Black-Scholes-Merton formula was presented under simplified market conditions in continuous-

time in which the volatility ¢ of the returns is constant.
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Chapter 2

Numerical Methods for Discrete-Time

Quadratic Hedging

Before defining the problem of quadratic hedging, we will introduce necessary mathematical

finance terminology as in Augustyniak et al. (2017).

2.1 Terminology

Definition 2.1.1. (Trading strategy) A trading strategy 8 = (93 .65 ) is a pair of stochastic
o7 15 F-adapted and 6% = {67}, . is F-predictable. Now 6;
and 07 ; respectively represent the number of risk-free bond shares and the number of shares
of the risky asset held over the time period [t,t + 1).

processes where 67 = {67}

Definition 2.1.2. (Value process of a hedging portfolio) Let V¢ = {Vf} 17 denote the value
(after rebalancing) of a hedging portfolio at time ¢t € 7 based on the trading strategy 6 then
for t € T we define:

VP =0PB, + 67, (2.1.1)

We assume that the stock position isn’t adjusted at time 7" which entails that 67, , = 67.
Initially, 5 = 0 and thus V¢ = 608 B,.

Definition 2.1.3. (Cains process) Let G = {G’?} o7 denote the discounted gains process
associated with a hedging portfolio then G? represents the discounted hedging gain for time
0 to t for a strategy #. We set G = 0 and for t € T\ {0}:

t
G0 =365 (S — Sia). (2.1.2)
k=1

where Vt € T : S, = B;'S,.



Definition 2.1.4. (Cost process) Let C® = {éf}teT denote the discounted hedging cost
process associated with a strategy € then the discounted hedging cost from time 0 to ¢ is
defined as:

Cl=vP - Gf, (2.1.3)
where C8 = V9.

Definition 2.1.5. (Self-financing hedging strategy) A trading strategy is called self-financing
if its cost process is constant. In mathematical terms, Vt € T : éf = V?. Note that, for a
self-financing strategy, since C® = C? |, we have for t € T\ {0}: #7 =08 | — (67, — 67) S,.
Note that for a self-financing portfolio,(2.1.1) can be reformulated in terms of the gains

0.
process G7:

VE=vP+GE. (2.1.4)

2.2 Quadratic Hedging

Quadratic hedging has objective to minimize a given quadratic measure of risk or quadratic
hedging criterion by solving an optimization problem. See Schweizer (2001) for a survey of
quadratic hedging approaches. We will focus on risk minimization which aims to minimize
the terminal variance of Az = H(Y7) — V£ under a specified risk-neutral measure Q. Indeed,
given an initial amount of capital V¢, the goal is to find a self-financing strategy 6 that solves

the following optimization problem:

argmin EY [A7] . (2.2.1)
vée

The solution of Equation (2.2.1) thus replicates the payoff of the option with minimal error.
Schweizer (1995) derived the general solution for this risk-minimization strategy. Indeed, for
t € T\ {T} we have:

—r(T—t) E® [H(Y7) (67" Sip1 — Sh) | ]:t].

9ts+1 =c 2
EQ [(e—TStH — St) | ft]

(2.2.2)
2.3 Modelling Framework: Assumptions and Affine

Volatility Factor Models

We will now introduce certain assumptions about the driving factors of the asset return
dynamics. We will specifically introduce the general discrete-time affine framework of Au-
gustyniak et al. (2023).

19



Assumption 2. The asset return dynamics are driven by an F-adapted multi-factor process

I ={l,},.; where

-
ly = |:l1,t lN,t] ’ (2-3-1)
denotes a N-dimensional vector of factors.

These factors can be observable or latent. Now, for discrete-time models, in order to
have access to semi-closed form formulas for 7., based on Equation (2.2.2), it is necessary
to have access to semi-closed form expressions of the one-step F;-conditional joint CGF of

the return and factor processes. We introduce the following assumption to ensure this.

-
Assumption 3. For any real u and v = [vl . UN] , the joint CGF of y; and Il; condi-
tional on F;_; has the following affine representation under the physical measure P:

CE 1 (w0 | Fio1) = log (EP [QXP(U% + 'UTlt) ‘ -Ft—l])

ty

= A(U,’U,t - 17t) + B()(U,’l);t - 17t)yt—1 + B(U,’U; t— 17 t)Tlt—la

where F;_; denotes the o-algebra generated by the noise processes that drive the dynamics
of {y,}'=} and {l,}'_{. Here, the one-step coefficients A(u,v;t — 1,t), Bo(u,v;t — 1,t), and

B(u,v;t —1,t) = [By(u,v;t — 1,t) - By(u,v;t — 1,8)]" (2.3.2)

are three real-valued functions that satisfy A(0,0;¢ — 1,¢) = 0, By(0,0;¢t — 1,¢) = 0, and
B(0,0;¢t —1,¢t) =0 for any t € T \ {0}.

Assumption 3 states that the one-step conditional joint CGF of the return and factor
processes has an affine representation. It also makes it possible to obtain an affine repre-
(u,v | F3)) of the return and

factor processes under the physical measure P. Assumption 3 also entails that the joint

sentation of the multi-step conditional joint CGF (i.e. OZI/PTJT
process (y,l) is included in the general class of discrete-time affine processes of Darolles
et al. (2006), better known as the CAR class of models. As stated in Augustyniak et al.
(2023), CAR processes cover a large array of Gaussian and non-Gaussian time series mod-
els. Now, the expectations in Equation (2.2.2) are computed under the risk-neutral measure
Q. Consequently, this requires to have access to the risk-neutral multi-step JF;-conditional
joint CGF of the log-price and factor processes. Augustyniak et al. (2023) introduce the
following general pricing kernel which preserves the affine representation of the multi-step
Fi-conditional joint CGF after the change of measure from the physical measure P to the

risk-neutral measure Q:
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Assumption 4. The risk-neutral probability measure denoted by Q is defined via the fol-

lowing Radon-Nikodym derivative:

T
dQ
5| =Ll exp (O + 61— CJy (0,60 Fi)), (2.3.3)
Fp 1=l
.
where 0, and 0, = |:9l,1 S0 K} , respectively, represent the equity and model factor

risk preference parameters (i.e., the market prices of risk), which are assumed to satisfy the

following system of equations for ¢ € T \ {0}:

AL 46,,0;t—1,t) = A0, 0;:t—1,1) +r, (2.3.4)
B(] <1+9y,0l;t— 1,t) :BO <¢9y,01;t— 1,t>, (235)
B(1+6,,0;:t—1,t)=B(0,0:t—1,). (2.3.6)

Equations (2.3.4) to (2.3.6) were originally derived under a similar CAR setting by
Bertholon et al. (2008) and denoted as the internal consistency conditions. They are of-
ten referred to as the no-arbitrage constraints in literature. Indeed, these constraints are
equivalent to the condition CS’lt(l,O | Fi—1) = r which ensures the discounted risky as-
set price process is a martingale under the risk-neutral measure Q. Finally, it is possible
to obtain a linear monotonic pricing kernel by setting 8, = 0 in Equation (2.3.3). Now, let
I* = {l} },. represent the factor process under risk-neutral measure Q and ® and @ represent

the Hadamard multiplication and division operators respectively. We define I; =1; ® § such
T

that § = [5 e 5] is a vector of model-specific real-valued constants where § represents
the scaling relationship between the physical and risk-neutral F;-conditional factors. Using
Assumption 4, we can derive an affine representation for the multi-step F;-conditional joint
CGF of the log-price of the risky asset and factor processes under the risk-neutral measure

Q for any given scaling vector 4.

Proposition 2.3.1. Assume that the process (y,l) satisfies Assumption 3, define the scaled
vector of factors lf =1; ©® 6 and assume that Assumption 4 holds. Then, for anyt € T, the
Fi-conditional risk-neutral joint CGF of Yr and I} is given by
Cy g (ww | Fi) = uYy + A*(uw;t,T) + By (uw; t,T)Y, + B (u; t,T) I (2.3.7)

where the multi-step coefficients A*(uw; t,T), Bi(u,0;t,T) and B*(u,w;t,T) satisfy the follow-
NG Tecursions:

A (i £T) = A" (s t+ 1T) + A*(u+ By(upit + 1)

+ B*(uv;t + 1,T); 6t + 1),
B (u,w;t,T) = Bi(u+ By (uw;t + 1,7), B (uv; t + 1,7);t,t + 1),
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B*(uw;t,T) = B*(u+ Bi(uw; t + 1,7),B* (uw; t + 1,7); t,t + 1),

with the terminal conditions A*(uw; T\ T) = 0, B§(uv; T, T) = 0 and B*(uw; T, T) =v. The
one-step risk-neutral coefficients A*(u,v;t—1,t), Bj(u,v;t—1,t) and B*(u,v;t—1,t) are related

to their physical counterparts given in Assumption 3 via the following relationships:

A (uw;t —1t) = A(u+0,,v ©6+0;;t — 1,t) — A(6,.0;t — 1.,¢), (2.3.8)
Bi(uw;t — 1,t) = Bo(u+6,,v @8 +60;;t — 1,t) — Bo(0,.,01;t — 1,t), (2.3.9)
B (uw;t —1,t) = (B(u+ 0,,v ©8 +0,;t — 1,t) — B(0,.,01;t — 1,t)) @6, (2.3.10)

where 6, and 0, are assumed to satisfy the no-arbitrage constraints of Equations (2.3.4) to
(2.3.6).

Proof. See Appendix A.1 of Augustyniak et al. (2023). O

Remark 2.3.2. Note that if we set v = 0 in Equation (2.3.7) then we obtain the risk-neutral
CGF of YTZ

Cyy(u | Fr) = C . (0,0 | Fr) = uYy + A" (w,0; 4,T) + By (w0; ¢, T)y, + B (u0;¢,T)1; .

Now, given Proposition 2.3.7 and Assumptions 3 and 4, it is possible to simplify the
general solution for the risk-minimization strategy presented in Equation (2.2.2). Indeed,
Augustyniak et al. (2023) simplified it and obtained a representation under one single inte-
gral. This integral representation can be computed using similar numerical methods as the
ones introduced in Chapter 1. However, the COS method is not applicable to this integral
formulation. We introduce in the following proposition a new simplified representation of the
quadratic hedging ratio (i.e. Equation (2.2.2)) in terms of the price of an option under two
different measures: the risk-neutral measure Q and the measure @t, a measure derived from
the risk-neutral measure. This new representation can be computed using all the numerical
methods presented in Chapter 1, including the COS method. Furthermore, since it is for-
mulated in terms of the options prices under two measures, this representation allows us to
leverage the most efficient numerical methods for option pricing in order to simultaneously

compute the option’s price and quadratic hedging ratio.

Proposition 2.3.3. Assume that the process (y,l;)i=o0 satisfies Assumption 3 and define the
scaled vector of factorsly =1, ©® 6. Then, for any European derivative whose payoff function
H(Yr) at maturity T satisfies Assumption 1, the risk-minimizing hedging strategy given in

Equation (2.2.2) admits the following integral representation in terms of the risk-neutral
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measure Q defined in Assumption 4 and in terms of a measure @t derived from Q:

efr(Tft)St
(2.0 7)) - 57

05 | = (E@t (H | F] —EQ[H | m) (2.3.11)

e2" exp (CQ

Yt+1vlf+1
where the Radon-Nikodym derivative of @t with respect to Q is given by:
dQ,

<t = e 2.3.12
0 e (2.3.12)

Fr

and the expectation under measure @t is computed using the following F;-conditional joint
CGFs of Yy and [l :

Co (| F) = uYy —r+ A% (u,0;4,T) + BE (1,04, T) y, + B (u0:6,7)7 17, (2.3.13)
where the multi-step coefficients AQ (u,v;t,T), Bgl)t (u,v;t,T) and B (uw;t,T) are given
by:

A (u,0;t,T) = A" (w03t +1,T) + A" (1 +u+ B (w,v;t +1,T),B* (w,v;t + 1, T) s £t + 1),
B (u,v;t,T) = By (1 + u + B (u,0;t + 1, T) B (w,v;t +1,T); 1,t + 1),

B (uw;t,T) =B (1 +u+B, (w,v;t+1,T) B (uv;t + 1,T) ; t,t + 1),

with terminal conditions A* (u,v;T,T) =0, B (u,v;T,T) =0 and B* (uv; T,T) = v.

Proof. See Appendix D.5. 0

Proposition 2.3.3 allows us to simultaneously compute the price of an option and its
corresponding hedge ratio. The expectations in Equation (2.3.11) can be computed nu-
merically using every method introduced in Chapter 1. Consequently, it is now possible to
use the COS method to simultaneously compute the hedge ratios of options with different
strikes without needing to impose any restrictions on the strikes of each option. Further-
more, Appendix C.1 contains closed form expressions for the first four cumulants of the
risky asset log-price process Yr given the return dynamics are driven by an N-dimensional
F-adapted multi-factor process. These closed form expressions are available given that the
derivatives up to degree four of the one-step conditional joint CGF of the return and factor
processes under risk-neutral measure Q are derivable in closed-form or through numerical
differentiation algorithms. The derivation of the N-dimensional cumulants can be found
in Appendix D.3. The necessary notation to understand the cumulant expressions can be
found at the start of Appendix D.3 as well. Appendix C.2 also contains closed-form expres-
sions for the first two cumulants given the return dynamics are driven by an 1-dimensional
F-adapted multi-factor process and given the return dynamics are not autoregressive (i.e.

VteT:Bj(uv;t,T) =0). The third and fourth cumulants can be recursively computed
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as a special case of the closed form expressions of the N-dimensional cumulants presented in
Appendix C.1. It remains possible to derive closed-form expressions for the 1-dimensional

case, but the analytical expressions are involved and not very tractable.
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Chapter 3

Relevant Cases of GARCH models

3.1 Example of a Gaussian Framework

In this chapter, we will investigate the computational performance of different numerical
methods in order to compute quadratic hedging ratios of one single option and multiple
options with different strikes simultaneously. We will limit ourselves to a Gaussian setting
and will only be focusing on the error convergence of the different numerical methods and
their computational speed. Refer to Augustyniak et al. (2023) for a complete study of the
hedging effectiveness of different models ranging from Gaussian dynamics to inverse Gauss-
ian dynamics. They also present an empirical study of the extent to which multi-component
volatility factors, fat tails, and a non-monotonic pricing kernel can improve hedging perfor-
mance. In our Gaussian framework, the one-period risky assets return dynamics under the

physical measure P are given by the following equations:

Yerr = 7 + Mg+ Ve, (3.1.1)

hipr =174, (3.1.2)

s = Gilia+ o (Vi — 2vhatien — 1), 1<i<N, (3.1.3)

It = (1 — ¢n)o? + ol + an <%2v,t+1 - Q’YN\/h_thtH - 1> , (3.1.4)

where (€;,v14,...,¢n,) follows a Fi-conditional multivariate Gaussian distribution with

mean zero and covariance matrix ¥ with unit variance on the diagonal. We set F; =
0 (€s,V15,--.,UnNs | $ < t) such that F is the natural filtration with respect to the innova-
tion process {€:, Y14, ..., UNns} ez- The parameter A corresponds to the equity risk premium.
Now the conditional variance h; is decomposed into N components whose dynamics are all

1

driven by their respective innovations.” These dynamics also rely on model parameters:

f we set all pairwise correlations between the innovations processes to 1, we obtain the Gaussian case

of the general affine framework presented in Augustyniak et al. (2024).



-
o = [gzﬁl (/bN} is a vector of persistence parameters for each of the conditional vari-

ance components which satisfy the following relation 0 < ¢; < ¢y < 1 forall 1 <i < N,

i
a= [al Y N} is a vector of non-negative autoregressive conditional heteroskedasticity

.
parameters, v = [’y]_ 'YN] is the vector of leverage parameters and o2 corresponds
to the unconditional variance of y; (i.e. o* = EF[h] = E* [Iy,]). Furthermore, we assume
the model parameters satisfy parametric constraints that ensure the conditional variance’s

positivity (i.e. V¢ : h, > 0).

3.2 Heston-Nandi Stochastic Volatility Model

A generalization of the Heston and Nandi (2000) GARCH (HN) model was recently proposed
by Heston et al. (2023). We will refer to this generalization as the HNSV model. We will
use a different parametrization introduced by Augustyniak et al. (2024) that fits the general
discrete-time framework presented in Augustyniak et al. (2023). The discretized HNSV

dynamics under the physical measure P are given by:

Y =1+ My—1 +  heae, (3.2.1)
he = 02 + d(hy_y — 0?) +a <¢§ — 2Pt — 1) . (3.2.2)

where (e, 1)) follows an F;_;-conditional bivariate standard Gaussian distribution with cor-
relation coefficient p. Apart from the parameter p, this model shares a similar parameteri-
zation as the one presented in Augustyniak and Badescu (2021). We recover the HN model
as a special case of HNSV with p = 1. Indeed, the mapping becomes clear if we rephrase the

model dynamics using the relations:

w=(1-¢)’—a, ¢=p8+ar,

to obtain
Yo =1+ A1 + /g€, (3.2.3)
2
ht =w+ o (wt - ht,1> + ﬁhtfl. (324)

We show in Appendix D.6 that HNSV satisfies the affine assumptions presented in Assump-
tion 3. Indeed, we obtain the following affine representation for the one-step JF;_;-conditional
joint CGF of y; and h; under the physical measure P:

Ci}ht(u, v| Fio1) = Alu, vt — 1,t) + Bo(u, v;t — 1, )y, 1 + B(u, vyt — 1,6)hy 1,  (3.2.5)
where the coefficients A (u,v;t — 1,t), By (u,v;t — 1,t) and B (u,v;t — 1,t) are given by

Alu,v;t = 1,t) =ur + v ((1 - ¢)o” — a) — %log(l — 2va), (3.2.6)
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By(u,v;t —1,t) =0, (3.2.7)

u?(1—p*) | (up—2vay)’

b1 1) = uh .
B(u,v; ) =uN+vp+ 5 2 (1= 200)

(3.2.8)

Now, since this model respects the affine assumption, we use the Radon-Nikodym derivative
defined in Assumption 4 to obtain the one-step JF;_i-conditional joint CGF of y; and h;

under the risk-neutral measure Q:

CQ

yt,hf

(u,v | Ficq) = A" (u,v;t — 1,t) + By (u,v;t — 1, 8)ye—1 + B (u,v;t — 1, t)h;_,, (3.2.9)
where we have the following relation between risk-neutral and physical conditional variance:
1 =20(1—p?)

N 1-— 2910& ’

hi = dhy,

J

and where the coefficients A* (u,v;t — 1,t), Bi(u,v;t —1,t) and B* (u,v;t — 1,t) are given by

1
A (u,v5t — 1,t) = ur + vw* — 3 log(1 — 2va’™), (3.2.10)
By(u,v;t —1,t) =0, (3.2.11)
u u (1=p2) | (up” —2va’q")’
B*(u,vit —1t) = —= g 3.2.12
(u,v; t) 2+(ﬁ+o¢q Ju+ 5 20 —20a7) ( )
where
ad 1

*

T1-200a " 1-20a(l—p2)

w* = wo, «

= =0p)Vr, pF=pJT.

Using the explicit Equations (3.2.10), (3.2.11), and (3.2.12), we derive closed-form expres-
sions for the derivatives of the one-step coefficients under the HNSV modelling assumptions,
since they are essential to the use of the COS method for hedging. The one-step derivatives
can be found in Appendix B.1. Finally, in order to verify the values of the cumulants using
Monte-Carlo simulations, we derive the HNSV dynamics under the risk-neutral measure Q

in Appendix D.6 and obtain
hi

p=r——5 + VI, (3.2.13)
2
By =wan (07— g VR +Bh, (3.2.14)

where (€}, ;) follows a standard bivariate Gaussian distribution with correlation coefficient

*

pr.
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3.3 Gaussian GARCH Component Model

GARCH(C) model represents an affine adaptation of the two-factor GARCH model of Engle
and Lee (1999). The asset return dynamics of the GARCH(C) model under P are given by:

e =1+ My + bz, (3.3.1)
hy = s¢ + qu, (3.3.2)
St = psse1 + &, (3.3.3)
G = 0% + py(ge—1 — 0%) + &7, (3.3.4)

where z; has an F;_;-conditional Gaussian distribution with zero mean and unit variance.
The driving processes for the two volatility components, /ft(s) and ét(q), are defined by the

following equations:

ft(s) = Qs <Zt2 — 29\ i1z — 1) ) t(q) = lq <th = 29V i1z — 1) : (3:3.5)

Note again that EF[¢™|F,_;] = BP[¢\?|F,_1] = 0 and EF[h,] = EP[q,] = o2. Augustyniak
et al. (2023) show that GARCH(C) satisfies the affine assumption presented in Assumption 3.
Indeed, recall the one-step joint F;_i-conditional joint CGF of y; and I;:

Cl L (u,v|Fiy) = A(u,v;t — 1,t) + Bo(u,v;t — 1,1)y,—1 + B(u,v;t —1,8)"l,_1,  (3.3.6)

Yt

with
1
A, v;t,t +1) =ur +v' K| — 5 log(1 — 20" K>5), (3.3.7)
Bo(u,v;t,t+1) =0, (3.3.8)
T
B(u,v;t,t+1) = [Bs(u,v; t,t+1) B,(u,v;t,t + 1)] , (3.3.9)
— 0" K3)?
1) —ud 4o K, 4 o2 K 3.1
Bs(u,v;t,t+1) =u\+v 4+2(1—2vTK2)’ (3.3.10)
— ' K3)?
B, (w0, + 1) = ur + v K5+ =2 Ko 3.3.11
Q(u7v? ) + ) U +'U 5+2(1-2’UTK2)’ ( )
where the two-dimensional vectors K, ..., K5 are given by:

Ki=|, " | K K=" K= || k=P K= |
o*(1 = pq) g (q7q 0 Pq

Now, under the pricing kernel defined in Assumption 4, Augustyniak et al. (2023) derived

the relationship between the market prices of risk 6, and 6;:

1
by =—5 = A+ 20, (K3 + \K>5). (3.3.12)

Y
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T T
We define the scaled factor process I} = [s;‘ q;f] by setting the scaling vector § = [6 (5}

where § = such that:

1
1-20] K>

.
L =L08= s G| (3.3.13)

This scaling term § represents the relation between the conditional risk-neutral variance
under risk-neutral measure Q and the physical conditional variance under physical measure
P. Furthermore, under the risk-neutral measure Q, the asset returns follow a conditional

Gaussian distribution with dynamics:
1 *
ve=r—hiy+ Vh, 7, (3.3.14)

where 2/ is a Gaussian random variable with zero mean and unit variance. A derivation of
the F; conditional risk-neutral variance h; can be found in Appendix D.8. Now, if we rewrite
Equation (3.3.12) as
1
0, —26," K3 = 5~ A\, (3.3.15)
where A\* = 2 then using Equations (2.3.8) to (2.3.10), we obtain the one-step risk-neutral

joint CGF of Y; and I} under the risk-neutral measure Q:

C87l;(u,v|ft) = A*(u,v;t — 1,t) + B (u,v;t — 1,t)y,_1 +B*(u,v;t — 1,8)'1;_,, (3.3.16)
with
1
A*(u,v;t, t +1) =ur +v' K — 5 log(1 — 2v"K3), (3.3.17)
B(u,v;t,t+1) =0, (3.3.18)
T
B (u,vit,t +1) = |Br(u,0;, ¢ + 1) Bg(u,v;t,t+1)] , (3.3.19)
1 1 2 (u_2,UTK*_)\*_l)2
f(u,vit,t 1) =uN +o K — = (A4S > 2 3.2
B;(u,v;t,t+1) =uX"+v K} 2( +2) 21— 2w Ky : (3.3.20)
1 1\* (u—20TKj—\—1)?
* . 1) = * TK*__ * - 3 2 391
B (u,v;t,t+1) = u\" +v K; 5 ()\ —1—2) 20— 20K : (3.3.21)

where the two-dimensional vectors K7, ..., K} are given by:

Ki=K, 08, K;j-K,06% Ki=Ki06, Ki=Ki, K=K
(3.3.22)
and 6°F represents the Hadamard power raised to the k" power. Using Equations (3.3.17)
through (3.3.21), we derive closed-form expressions for the derivatives of the one-step coef-

ficients under the GARCH(C) modelling assumptions, since they are essential to the use of

the COS method for hedging. The one-step derivatives can be found in Appendix B.2. Now,
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as mentioned in Augustyniak et al. (2023), we can obtain the single component GARCH
model of Heston and Nandi (2000) as a special case of the GARCH(C) model. Indeed, if we

set

o = ag, Y= Vs W:<1_ps)02_a57 5:,03_055’7?’

in the HN dynamics under the physical measure P from Augustyniak and Badescu (2021),

we obtain an equivalent representation as setting a, = p, = 0 in Equations (3.3.1) through

(3.3.4). We consequently obtain the following two-dimensional vectors K1, ..., Ks:
0 2 0
K1: _K27 K2: “ ) K3: “ ) 4 = 6+a/y ) K5: .
1_(2]3t2¢m2 0 0 0 0

Finally, the one-step derivatives under the HN modelling assumptions can obtained as a

special case of the one-step derivatives derived under HNSV assumptions with p = 1.
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Chapter 4

Empirical Study of Hedging Error and Speed

This section conducts an empirical study of hedging error and computational speed of a
variety of different numerical methods to determine the most efficient method to compute
quadratic hedging ratios in discrete-time. Our study considers the hedging of SPX options
with different maturities. Our computer codes were written in Python 3.10.13 and they were
ran on a MacBook Air with M2 chip with 16 GB of RAM.

To assess the incremental impact of the dimensionality of the factor process l; on the
numerical methods efficiency, we implement the risk-minimization hedging framework pre-
sented in Chapter 2 with the two GARCH models discussed in Chapter 3: the HNSV model
and the GARCH(C) model. The HNSV parameters are taken from Table 2 in Augustyniak
et al. (2024). Please refer to the paper for details on the estimation of the model. Here are
the HNSV parameters:

A\ = 2.1257, 0% =1.2007 x 1074, ¢ = 0.967, (4.0.1)
o =4.4440 x 107% 4 =1.8927 x 10%, 0, = 1.6252 x 107*. (4.0.2)

The GARCH(C) parameters are taken from Table 1 Augustyniak et al. (2024) or Table 1
from the supplementary material of Augustyniak et al. (2023). The model parameters were
estimated from S&P 500 returns and options data over the period of 1996 to 2018. Please
refer to Augustyniak et al. (2023) for more details on the estimation of the model. Here are
the GARCH(C) parameters:

A=21190, o0*=12150x10"*  p, = 0.87662, (4.0.3)
a, = 25842 x 107° 4, =3.6089 x 10°,  p, = 0.98939, (4.0.4)

.
a,=1.8801 x 1075, ~,=1.3387 x 10>, 6 = |2.2798 x 10° 3.7886 x 104] .
(4.0.5)



To evaluate the effectiveness of the numerical methods presented in Chapter 1 to hedge
one option at a time, we compare the performance of the Fourier quadrature method with
the COS method. We do not consider the formulation in Equation (1.2.11) of Carr et al.
(2001) as it is equivalent to the Fourier quadrature formulation. Furthermore, we do not
present results for the formulation in Equation (1.4.1) of Heston and Nandi (2000) as our
numerical experiments established it converged much slower using a Gaussian quadrature
than the Fourier quadrature using Simpson’s rule or the COS method.

We will compare the error convergence and computational speed of the different methods
by computing the quadratic hedging ratios of 21 options at different strikes written on the
same underlying asset. We specifically compare the convergence of the sum of the absolute
errors and the maximum absolute error between the reference quadratic hedging ratios and
those computed by the specific methods. We also compare the computational speeds of
the different methods in milliseconds. The maximum absolute error (max. abs. error)
corresponds to the largest absolute difference between the 21 computed quadratic hedging
ratios and their reference values. The total absolute error (tot. abs. error) corresponds to
the sum of the absolute differences between the 21 computed quadratic hedging ratios and
their reference values. Finally, the CPU time in milliseconds (msec.) represents the total
time needed to compute these 21 hedging ratios sequentially for each method.

The strike prices are spaced around the at-the-money strike price of K = 100 (i.e. S; =
100) with log-moneyness increments of A, = log(0.005). We compute quadratic hedging
ratios across four different maturities: 3 months, 6 months, 1 year and 3 years. We compute
the reference values using the Fourier quadrature with a value of N = 2'7 and truncation
value a = 1000 in the case of HNSV and a = 1200 in the case of GARCH(C).

The method specific parameters for the Fourier quadrature method to price a single

option for all values of NV and under all modelling assumptions are:
R = 4.5, (4.0.6)
and the upper truncation a depends on the maturity only as follows:

150 if T'= 3 months,
a= (4.0.7)
100 if T > 3 months.

In the case of the COS method, the parameter L = 10 for all numerical experiments (i.e.
all maturities and values of N). In the case of the integral spacing used in the FFT, it was
determined via the Nyquist relation with the log-moneyness spacing set to Ay = log(0.005)
for all maturities and values of N. It follows that the moneyness spacing was set to the same

value for the FRFT for all numerical experiments. The integral spacing however for FRFT
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was set to the following values for all maturities depending on the value of the parameter N

respectively:

N
Ay

32
1.5

64
1

128
0.75

256
0.5

012
0.25.

he values of the integral spacing were tuned for each value of N to demonstrate the magnitude
of the error convergence.

Tables 4.1 and 4.2 present the results under HNSV and GARCH(C) modelling assump-
tions respectively. In both modelling assumptions, the computational speed is basically
equivalent. In the case of HNSV, the COS method method’s errors seems to converge slightly
faster than the Fourier quadrature in terms of the parameter N, but, in practice, this speed
of convergence of the errors is negligible. Indeed, the magnitude of the difference between the
errors of the Fourier quadrature and the COS method is very small compared to the hedge
ratios values residing in between 0.25 and 0.80. Consequently, when pricing a single strike
under HNSV assumptions, we would consider both methods equivalent in computational
efficiency. However, it is also important to note that the COS method can be vectorized and
price the 21 strikes simultaneously.

In the case of GARCH(C), we can see in Table 4.2 that the COS method’s errors converge
faster. Indeed, for the shorter maturities of 3 months and 6 months, the COS method’s errors
converge approximately 1.5 times faster than the Fourier quadrature’s errors. For the longer
maturities, this factor is approximately 1.3 times faster. However, once again, this faster
error convergence can be considered negligible if we realize that the computational speed is
in milliseconds and we are computing hedge ratios for maturities much larger in magnitude
than milliseconds.

Now, in the case of simultaneously computing these quadratic hedge ratios, Tables 4.3
and 4.4 present the results under HNSV and GARCH(C) modelling assumptions respectively.
We only consider the maximum absolute error in this case as it can be considered an upper
bound on the absolute error of these methods for computing a single strike. Under both
modelling assumptions, it is clear that FF'T is outclassed by the FRFT and the COS method
in terms of the ratio of its error convergence to its speed. When comparing the results of the
FRFT and the COS method, we establish that for a given execution time, the COS method
is simply more accurate than the FRFT. This is even more apparent if we take a look at the
results under GARCH(C) assumptions in Table 4.4. However, it is once again important to
consider that the execution time is in milliseconds, so, for the same arguments related to the
magnitude of the hedge ratios and the hedging time mentioned previously, the FRFT and

the COS method can be considered equivalent in terms of error convergence. Nevertheless,
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it is important to note that the COS method can compute quadratic hedge ratios for strikes
without imposing any restrictions on the spacing of these strikes. Consequently, due to this
flexibility, the COS method can be seen as superior to the FRFT and, of course, the FFT

when computing multiple quadratic hedge ratios simultaneously.
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Table 4.1. Error convergence and cpu time comparing the Fourier Quadrature and COS
method for computing quadratic hedging ratios of 21 European call options successively

under HNSV modelling assumptions at different maturities.

Panel A: Call Option with maturity 3 months

COS Quadrature
N | tot. abs. error cpu time (msec.) max. abs. error | tot. abs. error cpu time (msec.) max. abs. error
20 1.306e-01 83.699 9.215e-03 5.115e-01 82.648 2.467e-02
40 1.181e-02 89.057 9.762¢-04 3.142e-01 92.667 1.496e-02
80 4.337e-05 99.993 3.958e-06 1.970e-02 94.677 9.383e-04
160 3.893e-10 111.156 3.990e-11 5.642e-05 106.783 2.687e-06
320 1.929¢-10 132.923 1.422¢-11 4.672e-10 148.678 2.452e-11

Panel B: Call Option with maturity 6 months

COS Quadrature
N | tot. abs. error cpu time (msec.) max. abs. error | tot. abs. error cpu time (msec.) max. abs. error
20 7.271e-01 165.446 4.504e-02 5.170e-01 164.406 2.474e-02
40 2.117e-02 173.181 1.548e-03 8.292e-02 177.964 3.949¢-03
80 8.326e-05 188.707 6.959e-06 1.058e-03 188.141 5.040e-05
160 1.661e-09 211.848 1.939e-10 1.602e-07 211.001 7.628e-09
320 3.562e-10 256.628 5.625e-11 7.492e-12 253.396 7.293e-13

Panel C: Call Option with maturity 1 year

COS Quadrature
N | tot. abs. error cpu time (msec.) max. abs. error | tot. abs. error cpu time (msec.) max. abs. error
20 7.487e+00 326.697 3.845e-01 6.346¢-01 325.285 3.811e-02
40 1.557e-01 336.610 7.824e-03 8.278e-02 337.748 3.944e-03
80 3.504e-04 374.047 2.213e-05 1.058e-03 372.011 5.040e-05
160 5.214e-09 421.982 4.385¢-10 1.602e-07 419.188 7.628¢-09
320 4.420e-09 508.822 3.980e-10 1.287e-11 500.699 1.182e-12

Panel D: Call Option with maturity 3 years

COS Quadrature
N | tot. abs. error cpu time (msec.) max. abs. error | tot. abs. error cpu time (msec.) max. abs. error
20 1.366e+02 980.000 6.983e+00 2.902e+-00 975.281 2.106e-01
40 6.892¢-01 1004.036 4.672e-02 3.138e+00 1006.787 2.175e-01
80 5.709e-04 1120.127 4.851e-05 1.059e-03 1119.372 5.051e-05
160 8.232e-08 1287.953 9.390e-09 1.602e-07 1263.210 7.630e-09
320 8.232e-08 1527.188 9.395e-09 5.020e-11 1510.433 3.532e-12

35



Table 4.2. Error convergence and cpu time comparing the Fourier Quadrature and COS
method for computing quadratic hedging ratios of 21 European call options successively

under GARCH(C) modelling assumptions at different maturities.

Panel A: Call Option with maturity 3 months

COS Quadrature
N | tot. abs. error cpu time (msec.) max. abs. error | tot. abs. error cpu time (msec.) max. abs. error
20 1.432e-02 96.096 1.014e-03 2.795e+00 94.550 1.624e-01
40 1.279e-05 99.362 9.024e-07 4.811e-01 97.932 2.997e-02
80 3.519e-11 110.729 3.504e-12 1.970e-02 108.470 9.383e-04
160 3.513e-11 129.803 3.491e-12 5.642e-05 123.520 2.687e-06
320 3.513e-11 152.998 3.491e-12 4.543e-10 150.556 2.168e-11

Panel B: Call Option with maturity 6 months

COS Quadrature
N | tot. abs. error cpu time (msec.) max. abs. error | tot. abs. error cpu time (msec.) max. abs. error
20 8.193e-02 187.908 4.156e-03 4.947e-+00 220.130 2.613e-01
40 2.872e-05 194.922 2.861e-06 5.947¢-01 193.146 4.329¢-02
80 1.250e-09 217.380 8.197e-11 1.058e-03 217.153 5.040e-05
160 1.250e-09 250.445 8.192e-11 1.602e-07 245.581 7.628e-09
320 1.250e-09 301.576 8.192e-11 1.321e-12 303.029 1.223e-13

Panel C: Call Option with maturity 1 year

COS Quadrature
N | tot. abs. error cpu time (msec.) max. abs. error | tot. abs. error cpu time (msec.) max. abs. error
20 2.493e+00 373.162 1.279e-01 3.416e+01 372.016 2.056e+00
40 1.415e-04 388.050 1.554e-05 1.769e+01 385.364 1.028e+00
80 9.475e-09 441.252 6.252¢-10 9.262¢-02 430.677 7.455e-03
160 9.475e-09 497.351 6.253e-10 1.602e-07 496.028 7.627e-09
320 9.475e-09 601.785 6.253e-10 6.783e-12 595.522 4.118e-13

Panel D: Call Option with maturity 3 years

COS Quadrature
N | tot. abs. error cpu time (msec.) max. abs. error | tot. abs. error cpu time (msec.) max. abs. error
20 1.185e+03 1112.865 5.958e+01 8.288e+4-03 1130.688 4.675e+02
40 1.536e-02 1156.521 1.109e-03 2.912e+03 1154.878 1.547e+02
80 1.356e-06 1296.423 9.667e-08 7.143e+4-02 1299.353 3.663e+4-01
160 1.356e-06 1514.486 9.667e-08 2.624e+02 1500.150 1.687e+01
320 1.356e-06 1778.954 9.667e-08 1.063e-09 1804.575 6.079e-11
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Table 4.3. Error convergence and cpu time comparing the FF'T, FRFT and COS method
for computing quadratic hedging ratios of 21 European call options simultaneously under

HNSV modelling assumptions at different maturities.

Panel A: Call Option with maturity 3 months

FFT FRFT COS
N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error
128 4.936 2.404e-03 | 32 4.055 3.484e-04 | 16 4.010 2.167e-02
256 5.729 2.450e-02 | 64 4.455 1.392¢-05 | 32 4.098 2.590e-03
512 7.426 3.689e-03 | 128 4.962 1.756e-07 | 64 4.517 3.246e-05
1024 10.839 4.376e-05 | 256 5.776 2.004e-10 | 128 5.083 3.760e-09
2028 16.867 6.848e-09 | 512 7.639 1.088e-10 | 160 5.330 4.274e-11

Panel B: Call Option with maturity 6 months

FFT FRFT COS
N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error
128 9.810 2.723e-02| 32 8.020 2.194e-04 | 16 7.870 1.105e-01
256 11.460 2.429e-02 | 64 8.785 5.608e-06 | 32 8.088 2.142¢-03
512 15.229 3.689¢-03 | 128 9.839 1.432e-07 | 64 8.821 6.827e-05
1024 22.201 4.376e-05 | 256 11.397 9.379%-11 | 128 9.883 1.417e-08
2028 33.680 6.847e-09 | 512 15.022 5.864e-13 | 160 10.244 2.105e-10

Panel C: Call Option with maturity 1 year

FFT FRFT COS
N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error
128 19.559 1.331e-01 | 32 16.042 2.180e-04 | 16 15.720 8.759e-01
256 23.023 3.586e-02 | 64 17.471 5.592e-06 | 32 16.193 1.269e-02
512 30.824 3.685e-03 | 128 19.405 1.431e-07 | 64 17.610 2.373e-04
1024 43.942 4.376e-05 | 256 22.613 9.419e-11 | 128 19.508 2.671e-08
2028 67.399 6.848e-09 | 512 29.844 5.931e-13 | 160 20.525 5.778e-10

Panel D: Call Option with maturity 3 years

FFT FRFT COS
N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error
128 58.380 1.529e+00 | 32 47.468 3.101e-04 | 16 47.144 1.887e+01
256 68.018 2.391e-01 | 64 51.761 5.592e-06 | 32 47.700 1.750e-01
512 90.395 1.983e-01 | 128 58.112 1.431e-07 | 64 52.394 8.021e-04
1024 132.083 4.381e-05 | 256 67.367 9.437e-11 | 128 58.671 1.340e-08
2028 200.926 6.848e-09 | 512 88.183 1.970e-12 | 160 59.895 1.260e-08
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Table 4.4. Error convergence and cpu time comparing the FFT, FRFT and COS method
for computing quadratic hedging ratios of 21 European call options simultaneously under

GARCH(C) modelling assumptions at different maturities.

Panel A: Call Option with maturity 3 months

FFT FRFT COS
N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error
128 5.700 4.117e-02 | 32 4.664 2.180e-04 | 16 4.548 4.040e-03
256 6.731 9.867e-02 | 64 5.124 5.592e-06 | 32 4.676 2.257e-05
512 8.997 3.699e-03 | 128 5.781 1.431e-07 | 64 5.197 3.010e-11
1024 13.265 4.376e-05 | 256 6.769 9.382e-11 | 128 5.837 5.952e-12
2028 20.529 6.847e-09 | 512 9.212 8.871e-14 | 160 6.167 5.952e-12

Panel B: Call Option with maturity 6 months

FFT FRFT COS
N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error
128 11.370 6.431e-01 | 32 9.103 2.185e-04 | 16 8.865 1.263e-02
256 13.275 2.729e-01 | 64 10.130 5.592e-06 | 32 9.151 5.353e-05
512 17.833 3.795e-02 | 128 11.383 1.431e-07 | 64 10.104 8.662¢-11
1024 26.308 4.376e-05 | 256 13.437 9.388e-11 | 128 11.300 9.223e-11
2028 40.749 6.847e-09 | 512 18.426 8.049e-14 | 160 12.052 9.223e-11

Panel C: Call Option with maturity 1 year

FFT FRFT COS
N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error
128 22.451 4.056e+00 | 32 18.350 1.132e-01 | 16 17.631 5.281e-01
256 26.592 2.025e+00 | 64 20.161 1.231e-05 | 32 18.283 7.577e-04
512 36.217 1.019e+00 | 128 22.549 1.431e-07 | 64 20.031 7.837e-10
1024 53.490 5.340e-03 | 256 26.687 9.397e-11 | 128 22.613 6.697e-10
2028 81.392 6.848e-09 | 512 36.262 1.460e-13 | 160 23.727 6.697e-10

Panel D: Call Option with maturity 3 years

FFT FRFT COS
N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error | N cpu time (msec.) max. abs. error
128 67.127 9.196e+-02 | 32 54.162 2.23%9e+02 | 16 52.691 2.826e+-02
256 80.163 4.602¢+-02 | 64 60.079 1.322e+02 | 32 54.289 9.978e-02
512 107.945 1.595e+02 | 128 67.377 8.950e+01 | 64 59.843 1.006e-07
1024 160.247 4.577e+01 | 256 79.863 7.579e-02 | 128 67.401 1.006e-07
2028 243.660 1.545e+01 | 512 108.114 1.646e-11 | 160 70.430 1.006e-07
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Conclusion

The analysis presented in this thesis contributes significantly to the field of option pricing
and hedging, particularly by addressing the limitations in existing methodologies for discrete-
time quadratic hedging. Through the development of a new, simplified representation of the
quadratic hedging ratio and the derivation of closed form recursive expressions for the JF;-
conditional cumulants of the log-price at time maturity of affine multi-factor models, this
work extends the applicability and efficiency of Fourier-based numerical methods in hedging
contexts.

Our proposed approach not only enhances the computational efficiency of hedging strate-
gies but also introduces the novel capability to simultaneously compute hedge ratios for
multiple options across different strike prices without the need to impose constraints on the
spacing of the strike prices. This advancement overcomes the constraints typically associated
with traditional methods, thereby broadening the practical utility of techniques like the COS
method. The results from our extensive numerical experiments demonstrate the robustness
and efficiency of the proposed methods across a wide range of scenarios, particularly in the
context of multi-strike option hedging under different market conditions.

The findings underscore the importance of integrating advanced numerical methods with
a deeper understanding of model dynamics, especially in the context of affine multi-factor
models. By leveraging the efficiency of closed form cumulant expressions, our work facilitates
more accurate and faster computations, which are critical for both theoretical advancements
and practical implementations in financial markets.

Future research could expand on this work by deriving general closed form recursive
expressions for the F;-conditional joint cumulants of the log-price and multi-factor processes.
These advanced expressions would enable the pricing of variance swaps and higher-order
moment swaps under discrete-time modeling assumptions, offering a deeper insight into the
risk management and hedging strategies of these complex derivatives. Additionally, further
exploration could involve extending these formulas to accommodate path-dependent options,
such as American options, thereby broadening their applicability and enhancing their utility

in more complex financial instruments. Such advancements would not only refine the current



methodologies but also open new avenues for practical applications in derivative pricing and

hedging under various market conditions.
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Appendix A

Preliminary Notions

A.1 Probability Notions

Definition A.1.1. Let C be a collection of subsets of a set €2 then C is a g-algebra on 2 if
(1) Qec
(2) if B € C then EC € C
(3) let Ey, Es, ... be a series of subsets in C then U | E, € C.

Definition A.1.2. A measure p: Q — [0+ oo on €, F is a function on a o-algebra F of €2
satisfying the following conditions:

(1) u(E) VE e F

(2) let Ey, Es,... be a series of mutually disjoint subsets in F then u (U2, E,) =

2 n1 1 (En)

If 1(Q2) = 1, p represents a probability measure usually denoted by P. We denote the
following pair (€2, F) as a measurable space and the following triplet (€2, F,P) as a measured

space.

Definition A.1.3. A probability space denotes the triplet (2, F,P) where
(1) © : a sample space which corresponds to the set of all possible outcomes of a random
experiment.
(2) F : an event space which corresponds to a o-algebra composed of all events to be
considered. An event is a set composed of outcomes from the sample space.
(3) P: a probability measure assigning a each event of the sample space a number between
0 and 1 (i.e. a probability).

Definition A.1.4. Let (X, .A) and (Y, B) be two measurable spaces. A function f: X — )
is said to be A — B measurable if VB € B: f~1(B) € A. Let (Q, F,P) be a probability space



and (X,.A) be a measurable space then X : {2 — X is called a random variable if it is F — A

measurable.

Now a random variable can either have a countable or discrete set of outcomes (e.g.
the outcomes of rolling a dice) or an uncountable or continuous set of outcomes (e.g. a
subset of R). If the random variable is discrete then it has a discrete probability distribution
and otherwise it has an absolutely continuous probability distribution.! Discrete probability

distributions are characterized by the probability mass function
p(z) =P(X = x). (A.1.1)

This allows us to calculate the probability of the results of a discrete random variable X

P(XeE)= ) P(X=uw),

weQNE

where F is a subset of €). This gives rise to the discrete cumulative distribution function

F(z)=P(X <) =) p(w), (A.1.2)

w<x

since a discrete random variable can also be defined as a random variable whose cumulative
distribution function is a step function that only increases at its discontinuities where the
discontinuities form countable sets. Now an absolutely continuous random variable has an
absolutely continuous distribution which is uniquely identified by its probability density
function f : R — [0, +0o0]. Indeed, the probability that the outcome of a random variable X

belongs to an arbitrary interval [a,b] C R is given by
Pla< X <b) = / f(z) dz, (A.1.3)
b

It now follows that the probability P(X = a) = 0 for a continuous random variable.? We
also obtain a continuous equivalent to the discrete cumulative distribution function using

the probability density function of a continuous random variable X
F(z) =P(X <z)=>»_ f(t)dt. (A.1.4)

We will focus on real continuous random variables for the remainder of this section as the

price of financial instruments follows a real continuous distribution.

IWe will omit the case of continuous random variables as they are not present in this scope.
2If we replace the interval [a,b] by the set E, we obtain the measure-theoretic form

P(X € E) = /E F(@)da.
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Definition A.1.5. For p > 1, The p'* moment of a real continuous random variable X
following an arbitrary probability distribution is defined as

E[X7] = / 2 f(2)da
where f(x) denotes the probability density function of the distribution. If E[|X?|] < oo then

we write X € LP. If X € £!, we say X is an integrable random variable.

Now the probability density function isn’t the only unique identifier of a probability

distribution. The characteristic function
ox(t)=E[e"¥], ieC (A.1.5)

is often denoted as the principal identifier of a probability distribution as it always exists
which is not the case of the probability density function. Indeed, since || = |cos(tX) +
E[eitXm < E HeitXH —

isin(tX)| = 1 where | - | denotes the norm of a complex number,

1 < oo by Jensen’s inequality.?

Definition A.1.6. If f : R — R and f € £! then the Fourier transform F : R — C of f is
defined as

Flw) = /_ " f(@)e e gy, (A.16)

Now, the Fourier transform is a unitary operator in the £? space equipped with the
Hilbert inner product. Consequently, the Fourier transform preserves the space £2 meaning
that the Fourier transform of an £? function remains in £2. Thus, we obtain the following

definition.

Definition A.1.7. If f : R — R and f € £? then we obtain the following pair of Fourier
transforms which denote the Fourier transform F' : R — C of { and the inverse fourier

transform of F:

Flu) = /_ T @) da, (A17)
f(z) = % /00 F(u)e™ du, (A.1.8)

where we applied the change of variable u = 27w.

3Let (Q, F,P) be a probability space, X be an integrable real-valued random variable and ¢ are convex

function then
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Now we can also obtain the CGF of a random variable X in terms of its characteristic

function
Cx(t) =log (¢ (—it)). (A.1.9)

The CGF allows us to easily recover the cumulants of a random variable such as the mean,
variance. Indeed, the n'* cumulant can be recovered by taking the n'* degree derivative of

the CGF evaluated at 0
an
Kop, = Cx(t)

= o-Cx
otn 0

Definition A.1.8. Let  and v be two finite measures on the same measurable space (X, F).

We say v is absolutely continuous with respect to the measure p if for every measurable set

Ae F, u(A) =0 implies v(A) = 0.

Theorem A.1.9 (Radon-Nikodym). Let (X, F) be a measurable space on which two finite
measures |t and v are defined. If v < p then there exists a F-measurable function f: X —
[0, 4+00) such that for every set A € F we have

v(A) = / f du.
A
We call f the Radon-Nikodym derivative and is usually denoted as Z—Z.

Definition A.1.10. Let (Q, F,P) be a probability space, Fy C F be a sub-c-algebra and
X € L' be a random variable. We say E[X | Fy] is the conditional expectation of X given
Fo if

(1) E[X | Fo] is Fo-measurable,

(2) VE € Fy we have E[X1g|=E[E[X | Fo] 1g].

where 1 corresponds to the indicator function.

Theorem A.1.11 (Conditional expectation under change of measure). Let (X, F) be a
measurable space on which two finite measures p and v are defined. Let v << p and 3—; be
the Radon-Nikodym derivative of v with respect to p and let Fo C F be a sub-o-algebra then

for any random variable X we have

B [X% | 7]

EY[X | ] =
B 317

Definition A.1.12. Let 7 be a index set. We say an index set has a total order if any two
elements part of the index set are comparable. In other words, for any elements x,y, z in T,

the following conditions are satisfied:
(1) z < z,
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(2) r<yandy<z = z <z,
B)r<yandy<z = z=y,
(4) either z <y or y < x.
If the index set is countable, we say it is discrete and if the index set is uncountable then we

say it is continuous.

Definition A.1.13. A stochastic process denoted as { X, }ic7 is a family of random variables
X; indexed by an index set 7 with a total order. If the index set is countable then we say
this stochastic process is in discrete time and if the index set is uncountable then we say this

stochastic process is in continuous time.

Definition A.1.14. Let (2, F,P) be a probability space and Fy, Fi, Fa,... be a series of sub-
o-algebras of F. Let T be a discrete index set with a total order then we say F = {F;},_, is
a filtration if Vn > 1

Fn-1 C Fu.

We denote (2, F,F,P) as a filtered probability space.

Remark A.1.15. If 7 was a continuous index set with a total order then we say F = {F;}
is a filtration if Vs € RT and i € Z

il
Fi C Fiss
Definition A.1.16. Let F = {F;},.; be a filtration then we say F is right continuous if
F — F*,
where
F* = {‘7'?}1'61’ Fi' = NicoFe.
Definition A.1.17. Let (2, F,P) be a probability space and let
Ne ={F C Q| 3G € F such that £ C G and P(G) = 0},

be the set containing all sets of measure zero in F. We call this set the null set of P. A

filtration is called complete if Fy contains Np.

Remark A.1.18. A filtration F is called augmented if it is complete and right continuous.
Instead of mentioning that a filtration is augmented, it is usually mentioned that the filtration

satisfies the usual hypotheses.

Definition A.1.19. Let {X,};c7 be a stochastic process on the probability space (2, F,P)
and let o (X, | n < t) denote the o-algebra then let

Fi=o0(X,|n<t),
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be this o-algebra and F = {F;};cr be a filtration. We call this filtration F the natural
filtration of F with respect to {X;}ie7.

Definition A.1.20. Let {X;};c7 be a stochastic process on the filtered probability space
(Q, F,F,P). We say that the stochastic processes is adapted if V¢ € T X; is F;-measurable.

Definition A.1.21. Let {X;},c7 be a discrete stochastic process on the filtered probability
space (€2, F,F,P). We say that the stochastic processes is predictable if V ¢t € T X, is

F,_1-measurable.?

Definition A.1.22. Let {X;},c7 be a discrete stochastic process on the filtered probability
space (2, F,F,P). We say that {X;},cn is a martingale if

(1) {X;}ien is adapted to F,

(2)VteT: X, e L,

(B)VteT: E[X;| Xi—1] = X;—1 almost surely.

Remark A.1.23. In continuous time, we simply replace the index set Z by a continuous

time equivalent (e.g. N with R*) and obtain a modified version of the third condition

Vs>0:E[X4s | Xi] = X; almost surely.

A.2 Linear Algebra Notions

This section includes useful results and theorems for linear algebra.

Theorem A.2.1. Let A € R™™ with spectral radius p(A) = max(|A1],...,|\n|) then if p(A) <
1 then the following identities hold

iA" =(I-A), (A.2.1)
]il Al = (I —A)~'(1 - AY). (A.2.2)

Theorem A.2.2. (See Wikipedia contributors, 2024a, for more details) Let A, B € R™*" be

real matrices and a,b € R™ be column vectors then we have the following results for m,n € R:
T

(1) vec(A) = [au, il 1o es01 2oy 2oy @ ey |
(2)ab" =a®b’,
(3) vec(ab") =b®a,

“Defining a predictable stochastic process in continuous time is not as simple as in discrete time. Since

we will focus on discrete time, the reader can refer to this online resource for more information.
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where vec corresponds to the vectorization or flattening operation of a matriz obtained by
stacking the columns of a matrix on top of each other and @ corresponds to the Kronecker

product. Now let A € R™", B € R"*? and C € R?" where m,n,q,r € R be real matrices
then we have the following identity:

vec(ABC) = (C" ® A) vec(B). (A.2.3)

Theorem A.2.3. (See Result 17.25 in Seber, 2007, for more details) Suppose y = w' Az €
R, where A € R™ ™ is a real matriz, w € R™ and z € R" are real column vectors, and
A, w, z are all functions of £ € R* where m,n,k € R. We wish to find the column vector %.

We first note using the identities in Theorem A.2.2 that
y=vec(y) = (2" @w")vec(A) = (z@w)" vec(A) = [vec(wz")]" vec(A),
then using w' Az = zT ATw, we get

T T T
% _ aiAz + Ovec(4) vec(wz") + %AT'w.

ox or ox 19,
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Appendix B

One-step Derivatives

B.1 One-step derivatives under HNSV

Using the explicit equations presented in Equations (3.2.10) through (3.2.11) , we can derive
the one-step derivatives under Q and @t under HNSV modelling assumptions given g(u) = u
under Q and g(u) = 1+ u under @t. Thus, they are respectively evaluated at u = 0,v =0
under Q and at v = 1, v = 0 under @t. The necessary notation to understand the use of the
function g and the one-step derivative expressions in this section can be found at the start
of Appendix D.3.

B.1.1 First Order Partial Derivatives

We have

. 1 2u(1—p2)  wup*® — 2vatqpt 1
Oso(har(0)) = | 1 + 2= — L4400

2 2 1 —2a0*v

2a*q* (up* — 2va*q*) N o (up* — 2vaq*)”

051 (his1(0)) = | B+ '™

1 — 2va* — )2
I va (1 —2va*) mg(0), w0
and
a*
Whea) =r Mia©) = [0+ 5] —wtra
— L u=g(0),v=0

B.1.2 Second Order Partial Derivatives
We have

Oy (her (0)) = [1— p2 4 —2



Oll(ht+1(0)) - _1 — 20*v 1 — 20+ 2 = 2o g(())p — 2« qp,
( et U) u=g(0),v=0
. [ 4a*2q*2 805*2 * (Up* _ 21)&*(]*) 4&*2 (Up* o 2'(]05*(]*)2
Opa(hi11(0)) = x )2 3
1 —2va (1 —2va*) (1 —2va*) ()00
L u=g 0=
:404*2 *2+4Oé*2 * (0)(1_2q*)7
and

Mio(hi11(0)) =0, M7 (R4 (0)) = 0,

* 20'/*2 *2
Mo (hi11(0)) = =200 yopoce 2a™,
u=g(0),v=0

B.1.3 Third Order Partial Derivatives

We have

O30(hi11(0)) =0, O3 (hi41(0)) = 0

. r Sa*Qq*p* 804*2 (up*Q _ QUQ*q*p*)
012(ht+1(0)) = |~ . N3
— 8Q*2g(0)p*2 . 8@*2q*p*,
. [ 24a3q*? 483 q* (up* — 2va*q*) 240 (up* — 2va*q*)?
s he11(0)) = (1 — 2var)? N (1 —2va*)3 (1 — 2va)*
L u=g(0),v=0
= 240%¢*? + 240%p"(0) (1 - 2¢")
and
Mo (he11(0)) =0, (hm( )) =0, 12(ht11(0)) =0,
1 - 21}0[ u=g(0),v=0
B.1.4 Fourth Order Partial Derivatives
We have
OZo(htH( ) =0, 31(ht+1( )) =0,
*2 *2
O3 (e (0 { } — 80",
4801*3 * * 480(*3 *2 2?]04* * %
O (b (0 { ( up ' )
(1 —2a*v) (1 —2a*v) w=g(0),0=0



— 4a*3g(0)p*2 _ 4805*3(]*p*,

1920*¢*2  384aq* (up* — 2uatq*) 1920 (up* — 2va*q*)?

04(he11(0)) = [

(1-20a)? (1 —2va)? =20y ] gm0
= 192a*¢™ + 192a*p*(0) (1 — 2¢%) ,
and
Mio(he1(0)) = 0,M5, (h41(0)) =0, M3,(hera(0)) = 0, 13(he+1(0)) =0,
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Mi(hess(O) = | oo _ sg0"

:| u=g(0),v=0

B.2 One-step derivatives under GARCH(C)

Using the explicit equations presented in Equations (3.3.17) through (3.3.20), we can derive
the one-step derivatives under Q and @t under the GARCH(C) model assumptions given
g(v) = w under Q and g(u) = 1+ u under Q,. Thus, they are respectively evaluated at
u=0,v=0under Q and at u = 1,v = 0 under @t. The necessary notation to understand
the use of the function ¢ and the one-step derivative expressions in this section can be found
at the start of Appendix D.3. We also introduce the following notation to simplify the

expressions of the one-step derivatives:

1 1 1
— -9 TK* S G - - — \* -
d=u-WK; =X = p, =g =X 45— (0),
where we have
0 _ kel 1o 0
o [¢k]u—g(o)v - [k‘bk 1}u:g(o),v =k(=1) v %Tk =0,
P 0

8_,0 [¢k] u=g(0),v=0 - [_Qkék_lK?ﬂu

= 2k (=) TP KE,

—(0)w=0 e [Tk} u=g(0) =0

We will use these results throughout the derivations without referring to them. Furthermore,
for the high-order partial derivatives with respect to v, we will represent them as Kronecker

product instead of tensors. This is common practice and simplifies notation extensively.
B.2.1 First Order Partial Derivatives
We have

* a *
Ol,lo(ht+1(0)) = ou B;(u,vit,t+ 1)|u:g(0),'v=0
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N2 (u—20TK;— A\ — 1)
uA*+vTK*——(A* ) (v 20 K; 2)

2 2(1 — 20T K3)

ou
Lu— 20K X -]
1-20"TK3 (0),0=0

and

* a *
01,01<ht+1(0)) = v B (u,v;t,t + 1)‘u:g(0),v=0

1 1\2 —wTK: — )\ — 1)2
S R R =

o 2 2(1 — 20T K3)
, u—2TKj— N -1 (u—20TKy -\ - 1?2
N [K‘* o 20T K} K+ (1 —20TK3)? K }

1 1 2
:K1+2<>\*+§—g(0))K§+(A*+§—g(0)> K;

= K + 20K; + °K.
Now similarly we obtain
O3 10(he+1(0)) = @Bq(u v;t,t+1) =g(0) — 3
u=g(0),v=0

and

0
03,01<ht+1(0)) = _B:;(Ua’U; t,t+1)

. = K; + 20K} + ¢°K3.

=g(0),v=0

Furthermore we have

to(hea(0)) = 2L A (w04 )

:g(o) v=0

0 L, 1 .
= % |:UT’ +'UTK1 — 5 10g<]. — 2’UTK2):|

= /]’"
and

0
Ek]l(htJrl(O)) = a_vA*(uvv7t?t+ 1)

0 1
= [ur +v' K} — 5 log(1 — 2'UTK*)]

o
{ 1—20T KJ

%)

u=g(0),v=0

u=g(0),v=0

u=g(0),v=0

=g(0),v=0

u=g(0),v=0



— K+ K.

B.2.2 Second Order Partial Derivatives

We have
62
O (s 0)) = < By (u,vs1, 0+ 1)
u=g(0),v=0
0 {88*(11'0 t t+1)]
au 0 u=g(0),v=0
B [A* u— 2w Ky~ A — }
" ou 1-2"TK; 4(0) 0=0
=
1—-20TK3 w=g(0) =0
and
2
Oi,ll(hﬂrl(o)) = uov B:(U,v,t,t+ 1)’u:g(0),’v=0
aa [88 B (u,v;t t—l—l)]
v U u=g(0),v=0
9 {)\* u— 2w K; — \* — %]
" 1= 207K;  |uey0y0m0
—9 TK* A= L *
_ |:2U v L 2K* #}
(1—-20TK3)? 1=20"K3 ], _ 000
1
— 9 (A* +5- g(O)) K; - 2K
— _20K% — 2K,
and

2

0
O (b (0) = =5 B (it 4 1)

v 2 u=g(0),v=0

0 {%wuv ' t+1)}

" v |0 u=g(0),v=0
0 . u—QvTK;;—A*—% *+(u—2vTK* )\*——) K
T o 1-— 2vTK§ 3 (1 — QUTKZ) u=g(0),v=0
= 4P KGKST — 49T KGKST + 4TKGKG T — 40 KGR ] o

= WPKKT + KK + KK + WEKGKT
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Now similarly we obtain

: > .
O3 50(ht11(0)) = %Bq(u v;t,t+ 1) =1,
u=g(0),v=0
and
82
O;,ll<ht+1<0)) = B*(uav; tt+ 1) = —2¢K; - 2K§7
oudv 1 —o(0)=0
and
92
0;,02(ht+1(0)) By 232(11 v;t, t+1)
:9(0)71’20

= 4 KK + 4KGK5 + AKGKST + 40 K5KG

Furthermore we have

62
Mig(hess (0) = 5 A (w03t 0+ 1) —0
U u=g(0),v=0
82
11 (he41(0)) = A (u,v3t, 1+ 1) =0
dudv u=g(0),v=0
and
82
MSQ(hH_l(O)) = WA*(U v, t t+ 1)
u=g(0),v=0
212 ki)
v —g(0)v=0

K*

v 5
1-2 TK; u=g(0),v=0

81;

2 * L7k |
- {u “owTkgp }

— 2K3K;T

i
u=g(0),v=0

B.2.3 Third Order Partial Derivatives

We have
33
O 50(ht11(0)) = WB:(U vit,t+1)
u=g(0),v=0
2
= 83 [a—ZB:(u v;t,t+ 1)}
u [0 u=g(0),v=0

e 1
S Ou [1-20TKS], 4(0) w=0
=0
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3

O s hen (0)) = 5o B w,wit 4 1)
usov u=g(0),v=0
o[ o2
= — B it t+1
ou |:aua’v S(U7’U7 7 * ):| u=g(0),v=0
O[T X —g L, oK
- Ou (1 —-20TK3)? 1=20TK35 ], _0)0=0

2
| g
l(l — 20T K3)? 2} u=g(0),v=0

— 2K
83
0% (ks (0)) = B (u,v: .t + 1)
b2 aua 2 u=g(0),v=0
o[ o
v {3@”88(“’”’@” >L 9(0)0=0
I R0 SR Nt PR ¢
v (1 —2vTK3)? 1=20"K3 ], 0 w0

— [-47 KK + 8¢ KK — ATPKK T |
= —4KIK5T — SUKGKST — AKGKLT

u=g(0),v=0

and
103 (he+1(0))
= 88_335;@ v;t,t+1) R
_ 5% {63_223*@ vitt+ 1)]
=9(0),v=0
- aﬁ [46°P°K3K5T — 46T K3K5T + 4TKGKST — 467 KGKST] o
— [16¢07°K; @ K3K5' — 24¢* 7' K © KiK' — 87°K5 @ KiK' | u=g(0)w=0
— [1607°K; @ K3 K5 — 87°K; @ KiK' — 8K @ KGKG'] 0 g

31 * * Lok |
— [16¢7°K} @ KK, ]u:g(o),vzo
= 160K @ K3K3' +240° K5 @ K3K5' + 8K, @ KiK' + 160K @ KiK'
+8K; @ KiK' +8K5 @ KiK' + 160Ky @ KiK3'

Now similarly we obtain

3

* a *
Osolhen (0)) = 5, (u,v:1,1 4 1) 0
u=g(0),v=0
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3
05 51 (hi11(0)) = aUQ(%BZ(U,'U; t,t+1) o = 2K
83
512(hi11(0)) = “(u,v;t,t+1)
Oudv? ¢ w=g(0) w0
= AKK;" - SYK;K;' — 4K3K3T
and
83
Oz03(he41(0)) = 5 5B, (u, vt t +1)
v u=g(0),v=0

= 160K @ KK +24¢0°K; @ KiK' + 8K @ K3K5T
+16vK5 @ KiK5' + 8K @ KiK' + 8K @ KiK'
+ 16V K @ K3K5'

Furthermore we have

83
Mio(hi1(0)) = z= A" (u,v5t,t + 1) -0
Ou? u=g(0),v=0
83
51(he11(0)) = A*(u,v;t,t +1) —0
ou?ov wmg(0) =0
Pe
12(he11(0)) = A (u,v;t,t + 1) -0
Oudv? wmg(0) =0
and
33
Mg (hi1(0)) = ﬁfl*(u,v; tt+1)
v u=g(0),v=0
2
= 82 {%A*(u,v; t,t+ 1)}
v v u=g(0),v=0
0 { 2 T}
ov | (1 —2vTK3%)? 272 u=g(0) =0

8 * * 7k |
- [(1 - 2vTK§)3K2 ® KK }

= 8K 0 KK

u=g(0),v=0
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B.2.4 Fourth Order Partial Derivatives

We have
84
OT,4o(ht+1(0)) = WB:(U vit,t+1)
u:g(o)ﬂ):o
3
_0 [6—3[)’:@ vit,t+ 1)}
ou |0 u=g(0),v=0
and
4
1,51( 1+1(0)) ou3ov S(w it t+1) u=g(0),v=0
o[ 0
pu— * 1
ou {6u26 By (wvit ¢+ )] =g(0)v=0
o 2
= — —K*
ou [(1 — 20TK3)? 2] u=g(0) =0
—0,
84
(B (0)) = 55mms Bi(w it 1 +1)
122 Ju?ov? u=g(0),v=0
o[ o
v {81128'065(”’”’ o )} u=g(0) v=0
P 2
= — —K*
ov [(1 — 20T K3)? 2] u=g(0),v=0
8
_ —K*K*T
[(1—2UTK§)3 e ] =9(0),v=0
= 8KIK:',
(’)’{’13(ht+1(0)>
84
Bi(u,v;t,t +1)
~ Judw u=g(0)v=0
o[ o
_ 9 B tt+1
ov | Oudv? O >} =g(0),v=0
0
= o [APKGKT + 80T KK — AT KGKGT] )
= [-167°K, © K3K;' — 167°K; @ K5K3' 4 4867 K5 © KK |
~ 167K 0 K3K5 ], 0o
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= —16K, @ K:K3T — 16K @ K3K3,T — 480K} @ KiK' — 16K @ KK,

07 04(h:11(0))
4

0
== —_— * 1
av485(“ vit,t+ 1)

50 —B(u,v;t, t + 1)

3 S
v u=g(0),v=0

0 { 3
u=g(0),v=0

5 [—16¢7°K; @ K3K3' + 24¢°7' K @ KiK' + 87° K5 @ KK | u=g(0),w=0

~[1667°K; @ K3K5T — 872K 0 KIKLT — 872K @ KGK3T]
* * 7K

— [16¢7°K; © K3K j|u:g(0),’l):0

= [327°K; ® K @ K;K;' — 9667 K} @ K ®K*K*T}

u=g(0),v=0

u=g(0),v=0
— [9607' K5 ® K3 @ K3K5T — 1920°7° K5 @ Ky @ K3K5 ']
+ 327K 9 K5 @ KGK3 '+ 32r° K5 @ Ky @ KGK3 T
— [96¢7' K3 9 K3 @ KiK5' — 327° K, @ K5 @ KiK' |
+ 32K 9 K5 @ KiK' + 327 K5 @ Ky @ KK
— [9607' K5 @ K3 © KiK' ()00
= 2K 0K, KiK' + 960K, @ Ki © KiK' + 96K @ K @ KiK5'
+1920°K; @ Ks @ K3K5' + 32K @ Ky @ KiK' + 32K @ Ky @ KLK3'
+96vK; @ Ky @ KiK' + 32K @ Ky @ KiK' + 32K @ K @ KiK'
+ 32K 0 K3 @ KiK' + 969K, @ Ky @ KiK'

g(0),v=0
=g(0),v=0
u=g(0),v=0

g(0),v=0

Now similarly we obtain

X ot .
02,40(ht+1(0)) = WB‘I (u,v;t,t + 1) =0,
U u=g(0),v=0
(s (0)) = 2
03,31 hi 1 (0 B*(u v;t,t+1) =0,
Oudov (000
ot
Oaalhin(0) = FagaBalwvitt 1) = KK,
u=g(0),v=0

05 13(h:41(0))

ot

B (u,v;t, t+ 1)
~ Ouow e u=g(0),v=0

= 16K, @ K;K3' — 16K @ KiK' — 48y K3 @ K3K3' — 16K @ KiK'
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and

2.04(he41(0))

0
= —B!(u,v;t,t +1)
vt 1 u=g(0)v=0

= % [—16¢7°K; @ K3K3' +24¢° 7' K5 @ K3K5' + 87K @ K3K3' |
— [16¢7° K3 ® K3K;' — 87° K3 @ K3K3' — 87°K ® KiK' |
— [16¢7°K; @ KiK' u=g(0)v=0

=32K; @ K; @ K3K' + 96y K @ K @ KiK' + 960K © Ky @ K3K5'
+192¢0°K5 @ K5 @ K3K5' + 32K @ Ky 9 KG K5 + 32K 0 Ky @ KiK'
+96vK; @ Ky @ KiK' + 32K @ Ky @ KiK' + 32K @ K @ KiK'

+ 2K K, 0 KK +96vK; @ K @ KiK.

u=g(0),v=0

u=g(0),v=0

Furthermore we have
4

0
MZO(hH-l(O)) = —A*(U,U,t,t+ 1)

= =0,
ou? u=g(0),v=0
84
M5 (hi1(0) = ——A"(u,v;t,t+ 1)
s Ouddv wmg(0) =0
84
22(ht41(0)) = o= A" (w,v;t,t + 1)
Du2ow? a0t
84
13(ht+1(0)) = A" (u,v;t, t+ 1) =0,
dudv’ u=g(0),v=0
and
a4
Maou(hes1(0)) = 2 5 A (uvit ¢+ 1)
u=g(0),v=0
o [0
- {ﬁA*(u,v;t, tr 1)}
v v u=g(0),v=0
0 8
- | K* K*K*T
o {(1 — 2w K332 @A Lg(o),vo
(1—20TK3)4 2 2 R PP

— 8K 0 K} @ KK
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Appendix C

Cumulants of the log-price process

C.1 N-Dimensional cumulants

In this section, we will use the notation introduced in Appendix D.3 to simplify the proofs

of the N-dimensional cumulants.

C.1.1 Cumulants under risk-neutral measure Q

C.1.1.1 Cumulant 1

We have
Kt =Y, + A;(0;,T) + B 1 (0;¢,T)y, + B;(0;,T) 5, (C.1.1)

where A7(0;t,T), B;,(0;¢,T) and Bj(0;t,T) satisfy the recursions presented in Equations
(D.3.10), (D.3.11), (D.3.12) with terminal constraints Aj(0; 7,1 = 0, B;,(0;T,T) = 0 and
B;(0;7.7) =0 and g(u) = u.

C.1.1.2 Cumulant 2

We have
Ky = A3(0;¢,T) + B ,(0;,T)y, + B3(0;,7) 17, (C.1.2)

where A3(0;t,T), B;,(0;¢,T) and B5(0;t,T) satisfy the recursions presented in Equations
(D.3.15), (D.3.17), (D.3.19) with terminal constraints A3(0;T,T) = 0, B;,(0;T,T) = 0 and
B5(0;7.7) =0 and g(u) = u.

C.1.1.3 Cumulant 3
We have

Ky = A5(0:t,T) + B 5(0;¢,T)y, + B3(0:,T) 1}, (C.1.3)



where A3(0;¢,T), Bj3(0;¢,T) and B3(0;t,T) satisfy the recursions presented in Equations
(D.3.21), (D.3.22), (D.3.24) with terminal constraints A3(0; T,T) = 0, B; 3(0; T,T) = 0 and
B;(0;T7,7) =0 and g(u) = u.

C.1.1.4 Cumulant 4

We have
Ky = A3(0:1,T) + B4 (0;¢,T)y, + B3(0:,T) 1}, (C.1.4)

where Aj(0;¢,T), B;,(0;¢,T) and Bj(0;t,T) satisfy the recursions presented in Equations
(D.3.27), (D.3.29), (D.3.33) with terminal constraints A;(0; T,T) = 0, B;,(0;T,T) = 0 and
B;(0;T,T) =0 and g(u) = u.
C.1.2 Cumulants under measure @t
As shown in Appendix D.5, we recall that the F;-conditional CGF of Y7 under @t is

C& (u | F) = uYt —r+ A% (u,0;t,T) + B (u, 051, T) y, + B (u0;1,T) I,  (C.15)

where the multi-step coefficients AL (u,v;t,T), B%Dt (u,v;t,T) and B (uw;t, T) are given
by:

A% (w08, T) = A" (w031 + 1,T) + A (1w + By (w,vit + 1,T) B (vt + 1,T) it + 1),
BY (w01, T) = By (1 4+ u+ By (w054 + 1,T) B (wv;0 + 1,T) 1,4 + 1),
BY (w31, T) = B* (14 u+ By (w,0;t + 1,T) B (u,v;t + 1,T) ;1 + 1),

with terminal conditions A* (u,v;T,T) = 0, B (u,v;T,T) = 0 and B* (u,w;T,T) = v. We
can now obtain closed-form formulas for the cumulants under measure @ using vector calculus

and the chain rule.
C.1.2.1 Cumulant 1
We have

R =Y, AT (0;4,T) + BEY (03, T) g+ BY (0:4,1) 17, (C.1.6)
where the multi-step coefficients Ai@i (u;t,T), Bg’i (u;t,T) and Bi@t (u;t,T) are given by:
AR (ust, T) = Aj(ust + 1T) + (14 By, (ust + 1,T)) Mio(u) + M, (w)Bj (ust + 1,T),
B (wit, T) = (1+ Bj 1 (wit +1,1)) Nigluw) + N, (w)Bi(us ¢+ 1.7),
B(?t (u;t,T) = (1 + Bg (ust + l,T)) Oi(u) + Of (u)B7 (u; t + 1,7,

and where A (u; t,T), B}, | (u;t,T) and Bj(0;¢,T') satisfy the recursions presented in Equations
(D.3.10), (D.3.11), (D.3.12) with terminal constraints Aj(u; T\T) = 0, B, (u; T,T) = 0 and
Bi(u;T,T) =0 and g(u) = 1 + u.
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C.1.2.2 Cumulant 2
We have
kS = AL (0;4,T) + BE, (0:,T) yy + B (0;4,7) " I, (C.1.7)
where the multi-step coefficients A;@‘ (u;t,T), Bgtz (u;t,T) and Bgt (u;t,T) are given by:
A (ut, T) = As(ust + 1,T) + Mio(u) (14 B, (u t +1,T))°
+2M(u) ' Bi(ust + 1,T) (1 + By (ust +1,T))
+Bi(u;t +1,T) " My (u)Bi(u;t +1,T)
+ Miog(u) By o (u; t +1,T) + Mg, (u)Bs(us t +1,T),
and
B, (ust, T) = Niy(u) (1+ By (ust +1,T)) + 2N5 () By (ui t + 1, T) (14 By, (us t + 1, 7))
+Bi(u;t + 1, T) Ny (u)Bi (ust +1,7T)
+ Nio(w)Bg o (u;t + 1,T) + Ny (u)Bs(u; t +1,T),
and

~ T
Qe (. _ (g - i
By (wit, T) = [HB?t(u;t,T) Hﬁ%t(u;t,T)] ’

and where A5(u;t,T'), B 5(u; t,T) and B;(u; t,T') satisty the recursions presented in Equations
(D.3.15), (D.3.17), (D.3.19) with terminal constraints A5(u; T\T) = 0, By 5(u; T,T) = 0 and
Bi(u; T,T) = 0. Finally, g(u) = 1+ w and for k = 1,...,N we have:
* * 2 * * *

HB‘Et(u;t,T) = Oj.g0(u) (2 + By (ust +1, T)) + 20k711(u)TBl(u; t+1,T) (1 + By (ust + 1, T))

FB (st + 1L T)T O (Bt + 1,T) + O o) Biglast +1,T)

+ Op01(u)'B;(us t + 1, 7).
C.1.2.3 Cumulant 3

We have
RSt = AS (01, T) + B (0:4,T) s + BY (0:1,7) 1, (C.1.8)
where the multi-step coefficients Ag‘ (u;t,T), ng (u;t,T) and Bé@t (u;t,T) are given by:

AY (u; 8, T) = A3 (w3t + 1,T) + 3By (w3t + 1,T) Mo () (14 B, (¢ + 1,T))
+ 385 o(w;t + 1,T) () Bi(zt+1,7)
+ 3B (z;t + 1,T) " My (2)Bj (w5t + 1,T)
+3B5(wit + 1,7) ' Miy (z) (1 + By (w6 + 1,T))
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+ M) (14 By (3t + 1,T))°

+3 (14 By (;t + 1,7)) M3, (2) "B (5t + 1,T)

+3 (14 By (w;t +1,7)) Bi(z; + 1,T) " My () B (5t + 1,T)
+vee(Bi(z;t + 1,7) @ Bi(z;t + 1,T)Bj(z;t + 1,T) ") " vec (M}5(z))

+ Mfo(x)Ba?)(x; L+ 17T) + Mgl(x)Bg(x; t+ 17T)7
and
B (u;t, T) = 385 (w: t + 1, TNz (x) (1 + By (23t + 1,T))

2

0
+3 (a—ug(a:) + 8872(x; t+ 1,T)> Tl(:c)TB”{(:U; t+1,7)

+ 3B (z;t + 1,T) "Ny (2)Bj (z;t + 1,T)

+ 3B (x;t + 1L,T) N (z) (L+ Bgy (2t +1,7))
+ Ng(x) (1+ By (a5t + 1,7))°

+3 (14 By (t +1,1))° Ny (2) By (w5t + 1,T)

£3 (14 Byt + L) Bt + LT) Ny (0)B3 (st 4+ 1.T)
+ vec(Bi(z;t + 1,T7) @ Bt (2;t + 1,T)B: (2;t + 1,T) ") T vec (

+ N (@) B (0t 4+ 1,T) + Ny () B3 (25t 4 1,T),
and

Bé@t (u;t,T) = [T

T T
BY(wt, ) B%(z;t,ﬂ] ’

and where A3(u; t,T'), B 3(u; t, 1) and Bj(u; t,T') satisfy the recursions presented in Equations
(D.3.21), (D.3.22), (D.3.24) with terminal constraints A5(u; T\T) = 0, B 3(u; T,T) = 0 and

Bi(u; T,T) = 0. Finally, g(u) =1+ u and for K = 1,...,N we have:

oy = HBial@it + LT)Ohon(w) (14 By (a3t + 1))

+ 3B o(x;t + 1,7)O0; 1 (z) ' By (a5t + 1,T)

+ 3By (x5t + 1,7) ' Of oo (2)Bi (2t + 1,T)

+ 3By (x5t + 1.1) O 1y (2) (1+ By y(wt + 1.7))
+ O ao(x) (14 By, (z; +1,7))°

2 ryx

+3(1+ By (st +1.1)) le(x)TB;(x; t+1,7)

+3(1+ B, (z;t+1,7)) Bi(z;t + 1,T) O 15(2)B(w;t + 1,T)
+vec(Bj(z;t + 1,T) @ Bi(x;t + 1,T)Bj (z; t + 1,T)T)T vec ((’)2703(:5))
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+ Opa0(2) + Bog(2;t + 1.T) + Op g (2)By(; 1 + 1,T).

C.1.2.4 Cumulant 4

We have

R = AR (0:1,T) + BY (0:1,T) o + B (0:4,1)7 17,

where the multi-step coefficients .A;‘ (u;t,T), Bgﬁ (u;t,T) and B?t (u;t,T) are given by:

AF (ust,7)
= Aj(z;t+1,T) + 436‘,3@; t+ 1,7) M, (x) (1 + BSJ(:L’; t+ 1,T))

and

+ 4B 5(w;t + 1, T)M;, () ' By (z:t + 1,T)

+ 4B (z;t + 1,T) My (2)Bj (w5t + 1,T)

+4B5(wit + 1,T) ' M5y (z) (1 + By (wt + 1,7))

+ 3B o(w;t + 1,7 Mg () + 6By, (z;t + 1,T) M7y (x) ' By(2;t + 1,T)

+ 3B (z;t + 1,T) " My (2)By (x5t + 1,T)

+6M(x) (14 By (3t + 1,1))* + Bio(w; t +1,T)

+6 (14 Bj, (e;t +1,7))* Bzt +1,7) T M3, ()

+ 64 By y(x;t + 1L,T)Bi(w;t + 1,T) ' Miy(2)Bi (w;t + 1,T)

+12 (14 By (z;t +1,7)) B (a5t + 1,T)Bi(w;t + 1,T) M3, (2)

+12 (14 By (it + 1,7)) By(a;t + 1.T) " M7y (2)B (w3t + 1.T)

+6vec(Bj(z;t 4+ 1,7) @ By(x;t + 1,T)Bj(z;t + 1,T) ") " vec (Mi,(x))

+ (14 By (at +1,T)) " Miy(2)

+4 (14 By (ot + 1,7))° Bzt +1,1) T M, ()

+6 (14 By (it + 1,7)) Bi(w;t + 1,1) T My () B (w5t + 1,T)

+4 (1 + By (w5t + 1,T)) vec (B’{(:L‘; t+1.7)®Bj(z;t + 1,7)Bi (z;t + 1,T)T)T vec (M7;(z))
+vee (Bi(x;t + 1,7) @ Bi (w1 + 1,T) @ B (w5t + LT)B: (w1 + 1,T) ") vec (M}, (2))
+ Mio(2)Bg 4 (w5t + 1,T) + Mg, (2)By(z;t + 1,T),

Bﬁ?ﬁi (u; t,T)
= 488’3@; t+ 1,7)N5y(x) (1 + 88,1(555 t+ 1,T))

+ 4B 5(wst + LT)NG () "By (at + 1,T)
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+ 4B (z;t + 1,T) "Ny (2)B (w3t + 1,T)

+ 4B (x;t + 1,T) NG (2) (1 + By (w5t + 1,T))

+ 3+ By oot + 1,T)? Ny () +6 + Byo(x;t +1,T) *(x) " By(xst +1,T)
+ 3By (x;t + 1,T) NGy (2)By (w5t 4+ 1,T)

+ 6Ny (x) (1+ By (w3t + 1,1))° + By y(a;t + 1,T)

+6(1+ By, (2t +1,7))" B(w;t + 1,T) TN, (@)

+6 + Bg,z(:c; t+1,7)Bi(x;t + 1,T)T 1o(x)Bi(x;t + 1,T)

+ 12 (1 + 66,1(% t+ l,T)) + By o (z;t + 1,T)B7 (x5t + 1,T)T 51(2)
+12 (14 By (z;t +1,7)) By(w; t + 1,T) "Ny (2)Bi (25t + 1.T)

+ 6vec(Bi(x;t + 1,T) @ By(x;t + 1,T)B: (2:t + 1,T) ") " vec (N5(z))
+ (1 + BSJ(:E; t+ 1,T))4 1o(@)

+4 (1 + By (w5t + 1,T))3B’{(ac; t+ 1,T)T ()

+6 (14 B; (w;t + 1,7)) Bl (2t + 1,T) Ny (2)B; (¢ + 1,T)

+4 (14 B (¢ + 1,T)) vee (Bi(w;t + 1,T) @ Bi(w;t + 1,T)B;(w;t + 1,T)T) " vee (Ny(2))

+ vec (Bi(z;t + 1,T) @ Bi(z;t + 1.T) @ By (z; t + 1,T7)Bj(x; t + 1,T)T)T vec (N, ()
+ Nio(2) + Byy(z;t + LT) + Ngy (2)Bj(z;t + 1.T),
and

BY (wit,T) = [

-
BY (@) q)B%t(x;t,T)’]
where Aj(u;t,T), Bj,(u;t,T) and Bj(u;t,T) satisfy the recursions presented in Equations
(D.3.27), (D.3.29), (D.3.33) with terminal constraints Aj(u; T,T) = 0, B 4(u; T,T) = 0 and
B;(u;T\T) = 0. Finally, g(u) = 1+ w and for k = 1,...,N we have:

B2 (a;t,T)

= 4B 4(x;t + 1,T) O 5o () (1 + Bj, (x:t 4+ 1.T))
+ 488’3(1’; t+ 1,T)OZ}H(9(:)TB{(3:; t+1,7)
+ 4B (x;t + l,T)TOZ’OQ(x)B*{(x; t+1,7)
+ 4B (x5t + 1.T) Of 11 (x) (1+ By (x5t + 1.T))
+ 3+ By oot + 1,T)2(9;;20(x) + 6By (x5t + 1,T) 2711(x)TB§(x; t+1,7)
+ 3B (x;t + 1,T)TOZ702(£L’)B;(.T; t+1,7)
+ 605 50(x) (1+ By (25t + 1,1)) By y(a3t + 1,T))
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+6 (14 By, (z;t+1,1)) Byt + 1,T) O}y, ()

+ 6B, (z;t + 1,7)Bi(z;t + 1,T) O}, 15 (2)Bi (z;t + 1,T)

+12 (14 By (z;t + 1,7)) By o(a;t + 1L,T)Bi(w;t + 1,T7) T O; 5, (x)

+12 (14 By (z;t +1,7)) By(w; t + 1.,T) T O; 15 (2)Bi (25t + 1,T)

+ 6 vec(B(z;t + 1,T) @ By(z;t + 1,T)Bj(z;t +1,T) ") vec (05 03(2))

+ (14 By (a5t + 1,T)) " O 4o(2)

F4(1+ By, (xt+1,1))° Bi(a;t + 1,1) T O; 4 ()

+6(1+ By, (¢ +1,1)) Bi(w;t + 1,T) O} oy (2) B (a3t + 1,T)

+4 (14 By (wt + 1.T)) vee (Bj(z;t + 1,T) ® Bi(z;t + 1,T)B;(;t + 1,T)T) " vec (O 14(x))
+vec (Bi(z;t + 1,T) @ Bi(w;t + 1,T) @ Bi(w; t + LT)B(z;t + 1,T)7) " vec (O, o, (x))
+ Op10(2)Bf (w5t + 1,T) + O () Bi (25t + 1,T).

C.2 One-Dimensional Cumulants

C.2.1 Cumulants under risk-neutral measure Q

C.2.1.1 Cumulant 1

We have

k1 =Y+ A (LT) + Bl (t,T) i, (C.2.1)

where Aj,(¢,T) and Bj,(t,T) satisty the following recursions:

10(6T) = Ajp(t + 1,T) + Mig + Bio(t + 1, T) M, (C.2.2)

Bio(t,T) = Oy + Biy(t + 1, T) Oy, (C.2.3)

with terminals constraints Aj,(7,1) = 0 and Bj,(7,T") = 0. Solving Equation (C.2.3) using
the constraint B;,(7, 1) = 0, we obtain

O*T t
Similarly, solving Equation (C.2.2) using the constraint A3, (7T, T") = 0, we obtain
M* O 1 — O*T—t
wtT) = (T -1 To+1_0;oio (T—t—ﬁ>
01 01 (C.2.5)

* M* * *
= (T'=t)Mj, + 11— 8* (O1(T — 1) = Biy(t.T)) -
01
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C.2.1.2 Cumulant 2
We have

Ko = A3 (t,T) + B (t,T) 1, (C.2.6)
where A%, (t,7) and B3, (t,T) satisfy the following recursions:

50(t,T) = Aso(t + 1,T) + M5 + 2M7, Bl (t +1,T) + Mg Bso(t+1,T) + MSQBikg(t +1,7),
(C.2.7)

and
B3, (t,T) = O3+ 207,B,(t + 1,T) + O B5(t +1,T) + OSQB’{S(IS +1,7), (C.2.8)

with terminals constraints A%, (7,7) = 0 and Bj,(7,17") = 0. Solving Equation (C.2.8) using
the constraint Bj,(7,1") = 0, we obtain
L0 ,010h (1-0f
O* 0*2
4 0210 .
(1-0)

Bzo (t7T) - 0;0

— (T —t — 1)03{—t—1)
(C.2.9)

(1 + 0*T—t> 1— OS?_t_l . 2(T it 1)0*T—t—1
01 1 _ 081 01

Similarly, solving Equation (C.2.7) using the constraint Aj,(7,T") = 0, we obtain

A;O(t’T)
2M,05 + M5 0% 1-05 "
= (T'—t)M; T ¢ —0L
e R -0,
* * *T — *2(T—
M&OR (1, =00 1-05"
(1-0) 1-0g 1- O
S MuOLO (10!
1-0;,)? 1-O;
01 01

* 0* 0* * 0* 0*2 - e
- ( 1-050 (- (31)310) (T =1 =2)04 " (T~ =)0y " + Oul)

* * * *T'— *T —t— *2(T—
M5, 03,033 (T_t_Hl—ooft_l—oof“ ! (1—001< ”_1)>

(1—0y)3 1-0;, 1-05  0;\ 1-032
(C.2.10)
C.2.2 Cumulants under measure @t
C.2.2.1 Cumulant 1
We have
K2 =Y, + A% (0,1, T) + B (0,1, T) " I, (C.2.11)
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where the multi-step coefficients AY (u;t, T) and B?t (u;t, T) are given by:

AP (w;t,T) = (T — ) M, + _*(OM t) = Bio(t,T)),
1= 0Og
- . 1 o O*T t

By (u;t,T) = 0101_—60)161,
with g(u) =1 + u.
C.2.2.2 Cumulant 2
We have

k9 = A (05, T) + BY (0:¢,7) 17, (C.2.12)

where the multi-step coefficients A;Q* (u;t,T) and Bgt (u;t,T) are given by:
Aé@t (u;t,T)
2M* * +M* O* O*T t
— (T — DM 11%10 01%20 T—t—
T ey -o;
MO (o, ,1-00 " 1-05" "
(1-05)° 1 -0, 1- 05
MOk (g 1O
(1-05)? 1-0g
M5 01,07, M&O&OT%) T e
—2 + T—t-2)05" - (T—-t-1)0""'+0
( (1-0;)° (1—Og)* (( )00 ( )0 01)

* * * * * *2(T—
N 01002018<T_t_2+ OTt 1_0Tt1 1 (1_0 ( t_1>>’

(1—=0n)? -0y I Osi
and
~ 1 — O*Tft O OF 1— O*Tftfl
Q: (.. _ ()* 01 11+'10 01 i *T t—1

* *2 *T—t—1
002010 001

02710 g *Tt_—_ g *«T—t—1
gy (10 S — - ooy,

with g(u) = 1+ .
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Appendix D

Proofs

D.1 Derivation of the inverse Discrete Fourier Trans-

form

After truncating the integral at a sufficiently large value a, we obtain

—r(T—t) N
V; ~ e ZR [exp (C@ (R +iuj | F) f(R+ zuj)w]] : (D.1.1)
™
5=0
where A, = £, u; = jA, and w; is defined according to a quadrature rule such as Newton-
Cotes for 1 < j < N Let m; =Y; — k; = —Mupae + [A, represent the log-moneyness of an

option with strike e* where m,,q, represents the largest value of log-moneyness of an option,

Ay represents the spacing between the different values of moneyness ranging from —m,,, to
i 2A’“ then we can reformulate equation (D.1.1) for a call option

Momaz — O and let my,e, =

payoff:

e—r(T—t) N_1 (1= R—iu;)ky

V;(l) ~ ]Z:; Re {exp (C%(R + iu; | Fp) R+ iw) (R + iu; — 1)103
= Re




since by the Nyquist relation we have

2m
-~ — AUA 5
N k
and where for 0 <7 < N — 1t
. 7T'(T7t)+(R*1)m[+§/t *i]’Aummaz .
(4) _ € € W C@ R+iu: | F
Yt ™ (R + ZU]) (R + Z"LLj - 1) P ( YT_Yt( * v | t) ‘

which completes the proof.

D.2 Proof of Theorem D.3.1

We will use the following notation to simplify the proof. We have

() = [8—;<x> (@) a—gm]

:%(x)—f—f-[%(x) Og—g(x)f

= hoa(z) + g1(z) ",

where hg; designates the first partial derivative of hy with respect to z and g{ designates
the vector of partial derivatives of hy to h,, with respect to x. We will use a similar notation

analogous for the second derivative as well:

0%h 2 2 2 T
) = (B0 Zie) B -]
 9hy

92hy &hn T
= S (@) | Zh () . D)
= ho’g(l') + 92($)T.
Now let J; designate the 1 x N + 1 Jacobian vector of f, Hy designate the N +1 x N +1
Hessian matrix of f. Similar to the derivatives of h, to simplify of the tensor representation

of the 3rd order partial derivatives of f with respect to &, we will introduce a notation to

help visualize. We introduce the following notation for the Jacobian vector of f:

of
Hw) = (L@ Lw e =] =@+ [Le) . L) = @)+ fal)
Now the definition of the Hessian matrix states:
2 2
g—zg(z) . aﬁaoaffl‘]v (z)
Hy(z) = : - :
6:1:808ch () ... gwé: (z).
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We introduce a notation partitioning the Hessian matrix into three different sequences:

0*f
faol) = 55 (@),
0
_ [ _@&r _Pf 0% f !
fll(m) - Oxo0x1 (w) O0x00x2 (x) Tt Oxzpdzn (x) ’
S . @)
for(x) = : . :
%(m) . %(m)

Finally we introduce a similar notation to partition the 3-d tensor of the 3rd order partial-
derivatives of f with respect to . First off, we will visualize the tensor by giving you a view
of the frontal slices of the 3d-tensor. Let Y;(z); denote the frontal slice i of the 3d-tensor
with ¢ = 1,...,N + 1 then we have:

[ 93f O3 f
8—zg»($) e W(x)
Ti(z) = : : :
2f f
_8x0§8xN ((l:) T 8:0081:21\, (x)
2f Bf
3$%8x1 (x) t onaxl(?a:N( )
Tf(-’t)z = : . : )
2f Bf
| Froomoey (&) gaaag (@)
B A3 f o3 f
8:0381’]\]_1 (x) T QrplxN_10TN (x)
Tf(x)N = . )
Pf Bf
_8x08mN716mN (m) e 6xN,18x§V (m)
23 f 2f
81%8:{:1\1 ( ) T 8108;3?\, (Z‘)
Ti(@)n1 = : ) :
2f 2
_azoax?\, (2:) . m(m)

Similarly to the partitioning of the Hessian Matrix of f, we partition Y ¢(z) into four different

sequences of its third-order partial derivatives:

a3f

93 93 3
f21($)=[ng(“’) 5305 ®) - mm (@)

fro(z) =
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OL (x) ... —2L__(x)

acvoax% O0xp0xr10T N
fio(x) = : e : )

o3 f 3 f
O0xgox10T N (iL') T 8x08xN§ ((l:)

and fo3 is a 3-d tensor composed of all 3rd order partial derivatives of f with respect to

x1,...,xy. Here is a visualization the tensor by giving you a view of its frontal slices of the
3d-tensor. We have

r o3 03
fos(@) = : : ;
23 f 2f
_636%8:01\1 (IE) T axlax?\, (Z‘)
2’f Bf
Bazfaxg (.’E) Ctt Ox10T20T N ((L')
fos(x)2 = : - : ;
3 f O3 f
| Geromory (&) Gaye0% (@)
[ P f 2 f
81}%6931\]_1 (x) e 83:18361\;_18:]51\1( )
fos(x)no1 = : : )
03 03 f
_8LE18$N718$N (z) e awN,16$% (x)
Bf Bf
636%81]\7 (.’L‘) T 6118:1:?\, (Z‘)
fos(x)y = : . :
f 2
_8x18m?\] (.’1:) . m(x)

One final clarification is that vec (T;(x)) is a column-wise vectorization of the tensor. In
other words, the mode-1 fibers or columns are stacked over each other to create a vector
iterating from the first frontal slice to the last one. We are finally ready to prove the

theorem. Now by definition of the Kronecker product, we have

=33 ) T )T ) e (T B oy s

Now if i = 7 = k = 0 we have
[vee (T¢(h(x)))]y = fso(h(x)).

1)



Ifi=j=0and k=1,.,N we have
[vee (T(h(2)))], = [far(h(2))];, -
Ifi=0/k=0and j=1,.,N, we have
[vee (Y (h(2)))] (y11); = [Fr (R(2))]; 4 -

If:=0and 1< j,k <N we have

[vee (Tp((2))] s varywy = [FralR(@)]ey ;-

Using a similar argument and by symmetry, if j=k=0, for i = 1,... N we have

[vee (Tp(R(2))] nr1)2wi = 2 (h(@)]; s -

By symmetry of the tensor of 3rd-order partial derivatives, If £k = 0 and 1 < 7,7 < N we

have
vee (T (R(2))] v 1yjevayzos = FraR(@)]; 0
and if j =0and 1 <17,k < N we have
[vee (T (h(2))] s (vary2ws = Fr2(B(@)]p oy g -
Finally if 1 < 7,7,k < N then we have

[vec (Tf(h(x)))]k+(N+1)j+(N+1)2Xi = {f03(h(x)>]k71,j71,i71 :

Consequently, if we partition the summation analogously, we obtain
2

veelh(2) © () () ) vee (T (h(x)))

= (%)) 2r0e) e (o)

+ (%u)) 5 0o e (X, ),

ox
N
—1

k=1
dhy,  9hg Oh;
+ (@) 55 (@) ) 5H@) [vee (Tr(A(@)) v 11)x

J

+ %(a:) Z Z %;L: (l')%(if) [vec (Tf(h(x>))]k+(N+l)><j

+ Pl > s ) oo () Dl
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+ %(m) Z > %}; (x)%@) [vee (T p(R(2)] (192

+ 200w 303 S @) S @) Ivee (B o s

NI X oo, 9%k
i k j
+ Z Z Z b (x) 02 (x)%(x) [vec (Tf(h($)))]k+(N+1)xj+(N+1)2xi ’
and we obtain

vee(Jn(w) ® =5 (@) Ja(@) ") vee (T (h(x))

= (%) 20w uthie) + (920)) o) i)

+2%( ) Ih (@ )gl<x)Tf21(h(x))+2%( )g2(x) " f12(h(x))g: (x)
82h0

8 a9 - (@ )gl(m)Tflz(h(JC))gl(x) + vec (91 ®9291T)T vec (foz(h(7))).

Now using a similar argument, we can also partition the following sum

vec(Ja(z) @ J(e) ot ()T vee (1 ((x))
- Z Z Z 86}; ( )aath ( >aa};k (I) [VeC (Tf(h(x)))]k+(N+1)><j+(N+1)2XZ-

i (%(5’5) Z %mh; () [vee (T (A(2)))] (w4 12xs
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and obtain
vee(a(2) @ Ju(2) %2 (2))T vee (T (h(2)))
- (G >) o) Fult(o) + (5200 ) ga(o)" fur(hle)

o0, >a "0 ()1 (@) Fan (b)) + 2272 (@)ga (@) Frah(e))gn ()

ox Ox? ox
+ 2 (1)1 0) F o)) () + vee (91 @ 9197) vee (Fus(h(a))

We apply the same logic once again to the following sum

Vec(@(m) ® Ju(z)Jn(2) ") " vec (Ys(h(x)))

Ohy,

= 2y 20 ) 2 0 O ) s v
k=0
0%h

_ <_<x>) D () [vee (T4 (h(2),

+ D00 D 30 T ) vee (1) g 1

- (@) azg’ () [vee (T p (R(2))] s (v41)xs

()5 (@) [vee (T (A2))) iy 1) (12
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NI XK ok, O%h;, Ok
+ YD S @) G @) S @) [vee (T (@) e vy vt
and obtain

vec(7(x) ® Ju() Ja(z) ") " vec (Ys(h(x)))

_ (%@;))2 T80 1) b)) + (8’”‘0 (I)>292($)Tf21(h($))

O
Oho

O (1) 1o (2)g1(x) " far (R(2)) + Q%W)QZ(I)Tflz(h(@)gl(x)

+ 25, @) Ox?

5o (0)91(2) Fra(h(x))gr(x) + vee (g2 © 9197) " vee (Fos(h(x)

It now remains to show that
vec (g1 @ ga2g7) | vee (Fos(h(x))) = vec (91 ® 9193 ) vee (fos(h())

-
= vec (92 © 9191 ) vec (fos(h(2))).
We will prove it by induction. For the base case of N = 1, it is clear that the equalities

(D.2.1)

stand. Indeed, all the expressions simplify to the following scalar result:

gfgz%(h(f))-
Let equation (D.2.1) be valid for an arbitrary value of N — 1, we will show it stands for N.
Now, we know fo3 is a 3-d tensor composed of all 3rd order partial derivatives of f with
respect to z1,...,xy. Thus, we can decompose the tensor the same way we decomposed Y.
Let

o f
)= —%(x
¢30< ) 837:%( )a
3 93 93
b21(2) = |55 @) 55 @) . G @)]
o f o f
Ox10x3 (m) 83:18:328951\;( )
d12(x) = : : ,
o2 f o3t
Totmdan (&) Gmea ()

and ¢o3 is a 3-d tensor composed of all 3rd order partial derivatives of f with respect to

Zo,...,xny. Now if i = j = k = 0 we have

[vec (fos(h(2)))],

Ifi=j57=0and k=1,...,N we have

[vee (fos(h(2)))]), = [$a1(R(z))];, -

_ 9

= 5.3
Oxy

(h(2)) = ¢3o(h(x)).
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Ifi=0,k=0and j=1,.,N, we have
[vec (fos(R(2))] (x4 1) = [21(R(2))];_, -
Ifi=0and 1< jk<N we have
[vec (Fo3(h(2)))]xy (va1yw; = [Dr2(h(@))]_y 51 -
Using a similar argument and by symmetry, if j=k=0, for i = 1,...N we have
[vec (Fo3(h(2))](xs1y2i = [B21(R(2))];_; -

By symmetry of the tensor of 3rd-order partial derivatives, If £ = 0 and 1 < ¢,7 < N we

have
[vee (fos (M) (1) g+ vs1y2xi = [Br2(h(x)]; o
and if j = 0 and 1 < i,k < N we have
[vee (fos(h(2)ir (v iay2xi = [Dr2(h(2)] iy

Finally if 1 <,5,k < N then we have

[vec <f03(h(x)))]k+(N+1)j+(N+1 = [¢o3(h(z ))]kfl,jfl,ifl‘
Consequently, we obtain the three following recursive equations:

vec (gg ® 9191T)T vec (foz(h(x)))

— (%) T + (D)) oo on(hia)

—1—2%(1’) ;L (2)g1(2) " pan (h(z ))"‘2%( )92(7) ' $1a(h())g1 ()

Ox
53 (@©)91(2) 12(h(x))gi () + vee (g2 © 9197 ) vee (Bos(h(x))

0?hyg

and

vec (91 ® 9291T)T vec (fos(h(7)))

= (Sow) Zrewpotnen + (220)) aute)" o (hie)

+ 2%(1’)%@:)91(@%2& (z)) + 2%( )g2(2) Td1a(h(z))g1 (x)
+ 88520 (2)g1(2) " p12(h(z))g1 () + vec (91 ®ggng)T vec (Po3(h(x)))
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and
vec (g1 ® g1ggT)T vec (foz(h(z)))

- (G2 G@outnie) + (520)) gae) duhio)
+ 2%(1’) ?99?20 (2)91(x) " pan (h(x)) + 2%(x)gz(ff?)T%z(h(iU))gl(x)

ox
+ %(x)m(xf@z(h(x))gl(x) + vec (g1 ® glg;)T vec (¢os(h(z)))

Now, since @3 is a 3-d tensor composed of all 3rd order partial derivatives of f with respect
to Ta,...,xrN, We can once again decompose it as we did with fq3. Indeed, for Kk = N — 1 to
1, if we recursively decompose each R¥**** tensor respectively composed of the 3rd order
partial derivatives of f with respect to n_k11, TN _kt2, TN—kt3,- .-, TN_1, TN, We Tealize that
the last tensor is a 1-dimensional tensor element of R equal to %(h(m)). Consequently, if
we recursively combine the the decompositions, it is clear that Equation (D.2.1) holds which

completes the proof.

D.3 Proof of N-Dimensional Derivatives

As mentioned in Proposition 2.3.7, we recall that the multi-step coefficients A*(u,v;t,T),
B (u,v;t,T) and B*(u,v;t,T) satisfy the following recursions derived in Augustyniak et al.
(2023):
A (u,v;t,T) = A" (u,v;t + 1,T) + A" (u + By(u,v; t + 1,T),B* (u,v;t + 1,T);t,t + 1),
By(u,v;t,T) = By(u+ Bi(u,v;t + 1,T),B* (u,v;t + 1,T);t,t + 1), (D.3.1)
B*(u,v;t,T) = B*(u+ By (u,v;t + 1,T),B* (u,v;t + 1,T);t,t + 1),
with the terminal conditions A*(u,v;T,T) = 0, Bj(u,v;T,T) = 0 and B*(u,v; T,T) = v.
We recall that the F;-conditional risk-neutral CGF of Y7 is
C% (u,| Fy) = log (IEQ lexp (uY7) | .E])

. (D.3.2)
=uY; + A" (u,0;t,T) + B (u,0; ¢, T) yy + B* (u,0;¢,T) 1.

The n'* cumulant of Y7 = log(Sr) under the risk-neutral measure Q is obtained by taking
the the nth derivative of Equation (D.3.2). Thus the nth cumulant is defined by

ey, (u] F)

fon oun
u=g(0)

Now the nth cumulant of ¥; involves the n'* derivatives of A* (uw;t,T), By (uw;t,T) and

B* (u,v;t,T) with respect to u. We will now derive the first four derivatives of those terms
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with respect to u. In this section, we will use a similar notation as Badescu et al. (2019) in

order to avoid cumbersome expressions in the cumulant derivations. For any 7,7 = 0,1,2,...

Aty = PAWET
. OB (u;t, T

BO,Z’(‘T; t7T) = Oéui ) 9
B(11) = PP LEET)

In the following derivations, we assume an arbitrary N number of volatility processes. Since
v = 0 in Equation (D.3.2), we can further simplify notation by considering the multi-step

coefficients as functions of only w. Thus for £k =1,...,N:
M* = A (u,v;t, t+ 1) = A" (u, vy,...,un;5 t,E 4+ 1),
N* = Bj(u,v;t,t + 1) = By(u, v1,...,on; t, t + 1),

O; = B (u,v;t,t + 1) = B (u,vy,...,un5; 8, t + 1),

)
O =B (uuvit,t+1)=|or .. oy,

hoa(w) = |g(u) + Bi(w, 0+ 1.T)  Bi(w0:it+1.T) .. Biy(uw0it+ 1,T)]T ,
(D.3.3)
where g : R — R. We have
A" (g(u) + By (u,0;t 4+ 1,T) ,B*(u,0;¢,T);t,t + 1) = (M* o hyyq) (u),
B (g(u) + By (u,0;t +1,T) ,B*(u,0;t,T);t,t + 1) = (N* o hyyq) (u), (D.3.4)
B (g(u) + B (u,0;t +1,7) ,B*(u,0;t,T);t,t + 1) = (O o hyyq) (u).
Finally, we introduce the subsequent notation to compliment the previous one:

O A (u, vt t 4 1)

! Out v u=g(x)+B§(x,0;t+1,T),v=B*(x,0;t,T)
y OB (u,v;t,t+ 1)
N () = S , (D.3.5)
u'ov u=g(x)+B (2,0;t+1,T) v=B*(,0;t,T)
. OB (u,v;t, t + 1)
Ok’,ij ([B) = oI )
u=g(x)+B§(x,0;t+1,T),v=B*(x,0;t,T)
O OB (u,v;t,t + 1)
(@) = Duiows '
u=g(x)+B§ (x,0;t+1,T),v=B*(x,0;t,T)

We will omit mentioning the following fact in the derivations as it is used extensively u =
g(0),v =0 for all t < T B§(0,0;¢t,7) = 0 and B*(0,0;¢,7") = 0. Finally, let use define the
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following four abbreviations to alleviate the length of the derived expressions:

9

Goalast +L.T) = 52 (a) + By y(ait + 1,T), (D.3.6)
d*g

Goa(wit +1T) = 55(x) + Bip(wst +1,7), (D.3.7)
g

Goglwit +1T) = 25(x) + Big(wst +1,7), (D.3.8)
g

Goalzit +1,T) = %(ﬂf) + By (it +1,T). (D.3.9)

D.3.1 First derivative
We have
Aj(z;t.T) = Aj(z;t + L,T) + I () Ipyy, (2)
= Aj(z;t + 1,T) + Miy(2)Gg (75t + 1,T) (D.3.10)
+ Mg (2)Bi (25t +1,T),

Bg,l<x;t7T) = ‘]N* (‘r)‘]ht+1 <I> (D.3.11)

Bi(z;t,T) = Jo+(z)Jp,., () (D.3.12)

= O01(@)Gg.1(z;t + 1L.T) + Ogy (2)Bi (x5t + 1,T),
with terminals constraints Aj(x;T,T) = 0, By, (z;7,T) = 0 and Bj(x;T,T) = 0. Now
if we assume Bj(u,v;t,T) = 0 for all ¢ = 0,1,....,7 and g(u) = wu, we can obtain closed

form equations for the recursions. Indeed, solving Equation (C.2.3) using the constraint
B;i(z;T,T) = 0 and under the assumption that Of, (=) satisfies Theorem A.2.1, we obtain

Bi(w;t.T) = (I = Opy ()™ (I = (O ()"0l (a), (D.3.13)
where Iy corresponds to the N x N identity matrix. Similarly, solving Equation (C.2.2)
using the constraint Aj(7T,T") = 0, we obtain
PHESY
= My (@) (I = Oy (@)™ (T = O)x = (I = Oy (@)) ™ (I = (@5 (@) ™) ) Oly(a)
+ (T = t)Mio(@)

= (T — )Mo (z) + MG () Iy — Ogy (2)) " (T = )07 (x) — Bi(a;1,T)) .
(D.3.14)
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D.3.2 Second Derivative

We have
N
A (@5 t.T) = Ag(ast 4+ 1T) + Ty (2) T Hoe (1) T (2) + Y [Taae(0)]; Hypon ()
=0
= Aj(x;t 4+ 1T) + M3 ()G (w3t + 1,T)° (D.3.15)
+2M;(2) "B (2t + 1,T)Gg (a5t + 1,T) (D.3.16)

+Bi(w;t +1,T) Mgy (2)Bi(z;t + 1,T)
+ MTo(x)gg,z(xJ t+1,T) + Mg (z)B5(z;t +1,T),

where H, ) denotes the second derivative of the it" component of the vector-valued function
t+1

h/t+1.
N
88,2 (.T; th) = Jht+1 (x)THN* ('T)Jhwrl (:C) + Z [JN* (l‘)]z thf:rll) <x>
i=0
= Noo(2)Gg (5t +1,T)° (D.3.17)
+ 2N, () By (2t + 1, TGy (2 + 1,T)
+Bi(w;t +1,T) Ny (0)B; (w;t +1,T)
+ Nio(2)Gg o (25t + 1,T)
+ NG (2)Bs (5t +1,T),
and
. T
82(1.7 th) = HBi‘(x;t,T) HB}‘V(I;LT) ) (D318)

with terminals constraints Aj(x; T,T) = 0, B ,(z; T,T) = 0 and B;(x; T,T) = 0 and where
for k =1,...,N we have

N
HB;(x§t’T) - Jht+1 (x>THO* Jht+1 + Z JO* h(1+1)( )
=0

i
= O op(2)G5 (25 + 1.T)° (D.3.19)
+ 202,11($>TBT<37§ t+1,T)G (2t +1,T)
+Bi(w;t +1,T) O gp(x)Bj (23 + 1,T)
+ O 10(@)Gg o (73t + 1,T)
+ Opo1(2)" By (z;t +1,T).
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D.3.3 Third Derivative

Before proceding with the proofs of the third and fourth derivatives of the multi-step co-
efficients of the cumulants of the log-price process Yr, we derive a useful theorem which

simplifies notation and the proofs:

Theorem D.3.1. Let f : RV - R and h : R — RY* be a vector valued function such
that

h(z) = |ho(x) hi(x) .. hN(x)]TIho-H—[hl hNi|T:h0_H—gT7

-
where 4+ stands for concatenation of two sequences and g' = [hl hN} then the fol-

lowing expressions are equivalent

ca‘?;;( ) ® Ju(@)Jn(2)T)" vee (Ty(h(x))) = vec(Jn(x) @ @(x)Jh(w)T)T vee (15 (h(z)))

ox?
= vec(Ja(r) @ () (2))T vee (T (h(2))).

where @ stands for the Kronecker product, Jy(x) stands for the Jacobian of b, 5 Ph (1) stands

for the vector of partial-second derivatives of h, vec stands for the column-wise vectorization

vec(

operator of a matriz and Y y(h(x)) represents the 3-d tensor formed by all 3rd degree partial
derivatives of f evaluated at h(z).!

Proof. See Appendix D.2. O

We have

A (26, T) = A5(z;t+ 1,T) + gu [Jheis (w) " Hage (u) I,y (w)] (D.3.20)

+ i 8% e ()], Hygeen ()] u—z’

and using Theorem A.2.3 and the symmetricity of the Hessian we obtain

% |:Jht+l (u)THM*(u)JhH'I (u)] u=x
= [2%%[{/\4* (U)Jht+1( u) + vec (th+1( )JT( ))T e (j(;[l/L\/[* = -

=2 Z Eﬁl) H/Vl* (x)‘]htJrl (JI)L + VeC(Jht+1 (I) ® ‘]ht+1 (x)‘]htJrl (I)T)T vec (TM* (Z‘))

3 ht+1
ou?

=2 (x)HM* (‘T)Jht-u (l’) + Vec(‘]ht-H (Q}) ® Jht+1 (x)Jht+1 (x)T)T vec (TM* (x))

IThe tensor is vectorized analogously to how matrices are vectorized using the vec operator defined in

Theorem A.2.2. Please refer to the following Wikipedia page on Tensor Reshaping for more information.
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= 2G5 o (w5t + 1,T) M3y ()G 1 (2t + 1,T)
+ 2G5 (z;t + LT )My (2) "B (25t + 1,T)
+ 2B (z;t + 1,T) T Miy (2)B (w3t + 1,T)
+2Bj(x;t + 1.T) " M3y (2)Gg (25t + 1.T)
+ M(2)G, (a3 + 1T
+3Gg (3t + 1T’ Mz, (2) " Bi(z;t +1,T)
+3Gg (2t + LT)By (23t + 1,7) My (2)Bi (23t + 1,T)
+vec(Bi(z;t + 1,T) @ Bt (2;t + 1,T)B: (2;t + 1,T) ") T vec (Mi5(x)),
where Y/« (x) represents the 3-d tensor formed by all 3rd degree partial derivatives of M*
and vec (Mj;) represents a vectorized version of the 3-d tensor formed by all 3rd degree

partial derivatives of M* with respect to v.2 .We will use Y to refer to the matrix of third

partial derivatives of a certain function from now on. We also obtain

Za [Tae (u hﬁfl”( )] -

N N
= ;) [nei ()" Hee ()] Hyio () + ; [Tage (@)]; Ty (@),
where
N
S [ne (2) Hoee(2)], Hygoon (2)
=0
= @) He (@) 2 0
= Goi(ast + LT) My (2)Gg (w3t + 1,T)
+Bi(zit + 1LT) M5y ()G o (w3 + 1,T)
+ Gzt + 1LT)MG () "By (3t 4 1,T)
+ B (v;t + 1,T) " My (2)By (25t + 1,T),
and

N
Oh
Z I ()] Ty () = Jpae () alz;l(l‘)

t+1

=

= Miy(7)Gg3(z;t + 1,T) + Mg, (2)B3(x;t + 1,T),

2These tensors are vectorized analogously to how matrices are vectorized. Please refer to Tensor Re-

shaping.
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which allows us to obtain the following recursion:

As(z;t.T)
= A5(z;t + 1.T) + 3Gg o (25t + 1, T) M50 (2)Gg (23t + 1.T)

+3Ggo(z;t + LT)M7 () "By (25t + 1.T)

+ 3B (x5t + 1,T) "My (2)B: (25t + 1,T)

+ 3By (x;t + 1L,T) T M7y (2)Ggy (w5t + 1,T)

+ Mio(2)Gg (w5t + 1,T)° (D.3.21)
+ 365, (z;t + 1,T)° M3, () ' Bi(z;t +1,T)

+ 3G (z;t + 1,T)B (5t + 1.T) ' My (2)B (5t + 1,T)

+vec(Bi(z;t 4+ 1,T7) @ Bl (2;t + 1, 1Bt (2;t + 1,T) ") T vec (Mi5(z))

+ Mig(2)Gg5(w;t + LT) + Mg (2)B5 (x5t + 1,T).

Using similar steps, we obtain the following recursion

. 0 A
8073(x;t,T) = % [JhtH(U)TH/\/*( )Jht+1 + Z 8_ [J/\/* Hh(¢+1)( )] .

Now

— Ju
= 3Gy (w;t + LT)NGy(x) (14 By (a5t + 1,T))
+3Gs (it + LT)NY (z) "B (2;t + 1.T)
+ 3B (2t + 1,T) "Ny (2)B (w3t + 1,T)
+3Bj(x;t + 1,T) "Ny (2)Gy (25t + 1,T)
50(2)Go 1 (73t +1,T)° (D.3.22)
+ 3g071(x; t+ 1,7)°N5,(2) "B (z;t +1,T)
+ 3G (z;t + 1,T)B(2; t + 1,T) "Ny (2)Bi (25t + 1.T)
+vec(Bi(z;t + 1,7) @ B (z;t + 1,T)Bi (z;t + 1,7) ") " vec (N33(2))
+ Nio(@)Gg s(z3t + 1LT) + Ny (2)Bs (3t + 1,T).

t+1

T
B;(.T,t,T) = [TBT(x;t,T) TBR,(J:;)S,T)] ) (D323)

where for £k = 1,....N we have

9 21,

N
~ Ou [JhHl(u)TH@*( ) Sy (1 s Z 0 [ Jo* Hh(”l)( )] u=z

Uu t+1

1=

0
= 3G ot + 1, T)Oj 90()Gp 1 (25t + 1,T)
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3Ggo(2;t + 1,T)(’),*;7H(x)TB’{(x; t+1,7)
+3B3(2;t + 1,T) T O 4o (2)Bi (w3t + 1,T)
+3B5 (x5t + 1,7) O 11 (2)Gg (5 + 1,T)
+ O go(2)Go 1 (w3t + 1.T)° (D.3.24)
+ 3G (3t + 1,T)°O; o (x) "B (25t + 1,T)
+3G5, (z;t + 1L, 1B} (2t + 1,7) O}, 15(2) B (w; t + 1,T)
+vec(B(z;t + 1,7) @ Bi(w;t + 1,T)B (a5t + 1,T) ") " vec (O} o5(2))
+ 05 10(2) Gy (w3t + 1T) + O oy (v) B (s t + 1.T).
D.3.4 Fourth Derivative

We have

Ai(@it,T) = At +1.T) +2Z [ o (u )[HM*(U)JhtH(u)LL:m

t+1

+ 4 [VeC<th+1 (u) ® Jht+1 (U>Jht+l (u)T>T vec (TM* (u))]

uU=x

+

Mzgm

[[Jht+1(u)THM*( )], Hy oo (u )] (D.3.25)

t+1 U=x

i
o

7

9
du
9

+

-

Il
=)

2 [l Ty ]

and using Theorem A.2.3 we obtain

03 2 [0 0]

t+1 U=x

=2 Z Thifll)($) [H () Jp, ., (z ;T2 Z Z §++11> (x)] thﬂl)( x)
=0

1=0 75=0

+23 373 [hea @] By (@) [nees @] [vee (Ot @) vy 12

t+1

Oh
oo () T Hoage () I (2) 27552 (2) T Hoe () = 5 ()

A hm

(@) Jnyr () T) T vee (T ()
= 2B 3(x;t + 1,T) Mo (x ) or(w;t+1.T)

+ 2B} 5(z;t + 1L, T)M; () By (2t + 1,T)

+ 2B (2t + 1,T) " Mpy (2)B} (z;t + 1,T)

+ 2vec(Jp,,, (2) ®
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+2B5(x;t + 1,T) T M5y (2)Gg (w3t + 1.T)

+ 2G5 o (w5t + 1L,T) 2 Mo () (D.3.26)
+ 2G5 (23t + 1L,T)M7y (z) ' By(2;t + 1,T)

+ 2B (2t + 1,T) " M, (2)Bj(z;t + 1,T)

+2B5(z;t + 1,T) ' M7, ()G o (a5t + 1,T)

+2Mi5(2)Gg 1 (21 + 1,T)°Gg o (st + 1,T)

+2G5 (@it + 1LT)*By(w; t + 1,7) M3, (2)

+4Gs (it + 1,T)Gg o (w5t + 1L T)Bi (w5t + 1,7) T M3y (2)

+ 4G4 ( wit+ LT) M3y (2)Bj (2t + 1,T)

+ 2G5, (z;t + 1,T)B; (z;t + 1,T) " Mi,(2)B; (z;t + 1.T)

+ 2vec(Bi(z;t + 1,7) @ By(z;t + 1,T7)B} (2;t + 1,T) ") T vec (Mis(x)) .

x;t+ 1T

)
)
)Bs(
)Bi(

We also obtain using Theorem D.3.1

% [Vec(‘]htJrl (U’) & ‘]ht+1 (U>Jht+1 (U)T)T vee (TM* (U))} u=g(0)

i () s () vee (T (2)

+ vec(Jp .y () @ Ty () @ Jhyyy (@) iy (2)") T vec (B py- ()
= 3Mio(2)G 1 (w3t + 1,T)°Gg o (a6 + 1,T)
+6Gg, (x;t + 1.T)Gg (st + 1, T)Bi(t + 1,T) T M3, ()
+3Gg (st + 1,T)’By(t + 1,T) " M3, ()
+ 60 (z;t + 1L,T)B3(t + 1,T) " M7y (x)Bi(t + 1,T)
(
(

= 3vec(Jp,,, () ®

+3Ggo(z;t + LT)Bi(t + 1,T) " M5y (2)Bi(t + 1,T)

+3vec(By(t + 1,T) @ Bi(t + 1,T)B;(t + 1,T) ") " vec (M;(x))

+ Goq(@st + LT My + 4G5 (wt + 1,T)°Bi(t + 1,T) T M5,

+6Gg, (z;t+ 1L.T)Bi(t + 1,T7) ' M5,B;(t + 1.T)

4GS (t+ 1,T) vec (B(t + 1,7) @ Bi(t + 1,T)B;(t + 1,T)7) ' vec (M)

+vec (Bi(t+ 1,T) @ Bi(t + 1,T) @ Bi(t + 1,T)B(t +1,1)7)  vec (M),
where @,/ (z) represents the 4-d tensor formed by all 4th degree partial derivatives of M*,
vec (M) represents a vectorized version of the 4-d tensor formed by all 4th degree partial

derivatives of M* with respect to v and M*, vec (M3;) represents a vectorized version of

the 3-d tensor formed by all 4th degree partial derivatives of M™* of the form —0°_ \here

Oudv;vjvy
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1 < 1,5,k, < N. Now, using Theorem A.2.3, the symmetry of the Hessian matrix and by

Theorem D.3.1 we obtain
N

0 9 ?hy
; % |:|:Jht+1 (U/)THM* (u)] i Hhi(;:rll) ('U/):| s - % |:Jht+1 (U)THM* (u) au2 (u) .
a2h 82h 83h
= St (@) Hae (2) 55 (@) + s (2) Hae () =5 2 (2)
%h o
+ | vec (Jht-}l(u)ﬁ;l(u)—r) " vec (H (u))] )
th 82h a3h
S (@) T Ha () S5 (@) + sy (2) Hoee () 5 5 ()

Ohesr, (7Y
- vee { Jnpy (#) © Jnyy (1) =5 5= (@) 7 ) vee (Tane (),

which is equivalent to Equation (D.3.26) without the multiplier 2. Due to the symmetry of

the Hessian matrix once again, we obtain

B | @], e ()]

t+1

Physa T Phisy O his
= g [P T 0] = ) Hae () T )+ e (0) e )

)
= Gga(;t + LT)M(2)Gg 4
+Go st + 1L, T)M7 (2
+ B (w5t + 1,T) My (2)B (w5t + 1,T)
+Bj(z;t + 1,T) " M3y (2)G (25t + 1,T)
+ Mio(2)Gg 4 (25t 4+ 1L,T) + Mg, (2)Bi(z;t + 1,T),

(x;t+1,T)

VI B;(z;t + 1,T)
)
)

which allows us to obtain the following recursion

Ai(tT)
= Aj(z;t + 1,T) + 4G; 5(x;t + LT) Mo ()G (23t + 1,T)
+ 4G 5(z;t + LT)M7y (2) "By (25t + 1,T)
+ 4B (7t + 1,7) My (2)B; (23t + 1,T)
+ 4Bzt + 1,T) M7y ()G (w5t + 1,T)
+ 3G (st 4+ 1,T)2 M3y (2) (D.3.27)
+6Gg o (x5t + L,T)M;, () By(z;t +1,T)
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+3B5 (w5t + 1,T) T Mg,y (2)B5 (; + 1,T) (D.3.28)
+ 6M50(2)Gy 1 (3t + LT)*Go o (a5t + 1,T)

+6G; (x5t + 1,T)°By(z;t +1,T7) T M, (2)

+6G5 o (z;t + 1LT)B (2t + 1,T) ' M7y (2)B} (2t + 1,T)

+12G5 (it + 1,1)Gg o (s t + 1, T)Bi (23t + 1,T) " M3, (2)

+12G5 (wt + 1,T)By (x5t + 1,T) "My (2)Bj (25t + 1,T)

+6vee(Bi(w;t +1,T) @ Bi(w;t + LT)Bj (6 + 1,1) ") T vee (Mgy(x))

+Goa (it + LT) My ()

+4Gs (w3t + LT B (it + 1,T) T M3, (x)

+6G;, (xit + LT B (z;t + 1,7) M3y(2)B; (;t + 1.T)

+ 4G5, (x;t + 1,T) vee (B (25t + 1,7) @ Bi(;t + 1,T)Bj (3t + 1,T)T)T vec (Mi3(2))
+vec (B(x5t + 1,7) @ Bi (a3t + 1,7) @ Bi (a3t + 1T)Bj (w5t + 1,1)7) " vee (Mj,(x))
+ Mio(2)Gg 4 (23t + 1,T) + M (2)Bj (st + 1.T).

Using similar steps, we have

Bya(t.T) = 22 oo (o) [ () ()]

t+1

O vy, (4) ® Jhny () T (1)) vee (L (u))]

+ 90 o
N
- ZO % “Jhm( ) Hy- (“)]iHhifl”w} u=z
N
0
+ Z ou [ hz(++11)< ﬂ u=z’

=0
and obtain the following recursion
Bg 4 (w;t,T) (D.3.29)
= 4G (7t + LT)Noy(2)Gg 4 (w3t + 1,T)
+ 4G 5 (st + LT)N (2) "B (z;t + 1.T)
+ 4B (z;t + 1,T) "Ny (2)Bj (z;t + 1,T)
+ 4Bj(x;t + 1,T) "Ny (2)Gy (25t + 1.T)
+3G5 (@t + 1,T)* Ny ()
+6Ggo(z;t + LT)NY (x) "By (x5t + 1,T) (D.3.30)
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Now

+ 3B (x5t + 1,T) "Ny (2)By (a5t + 1,T)
+ 6 §O(x)gg71(x;t + 1,T)2QS72(x;t +1,7)

+6Gg 1 (73t + LT)B;(x;t + 1,T7) N3, (2)

+6Gg (it + LT)Bi (2t + 1.T) "Ny (2)Bi (¢ + 1.T)
+12Gg (w5t 4+ 1,T)Gg o (w5t + 1,T) B (w; t + L,T) NG, (2)
+12G5 (wt + 1,T)By (x5t + 1,T) TNy (2)Bi (25t + 1,T)

+6vee(Bi(z;t +1,T) @ By (st + 1L,T)Bj (z;t + 1,1) ") T vee (N ()

+ G (w5t + 1,T) Ny ()
+ 4G5 (w3t + LT)B;(z;t + 1,T7) N3, (2)
66y (x4 LT VB (st + 1LT) N op(0)B3 (£ 4+ 1T)

+AG (it + 1,T) vec (B (1 + 1,T) @ Bi(w;t + 1,T)B;(w;t + 1,T)T) " vee (Ny(2))

+vec (Bi(z;t + 1,7) @ Bi(w;t + 1,T) @ Bi(x;t + LT)B;(w;t +1,1)7)  vec (Miy(2)

+ Nyo(2)Gg 4 (23t + 1,T) +No (2)B) (25t + 1,T).

-
BZK:E) t7T) = [CI)BT(QC;LT) q)B’;\,(z;t,T) 7]

where for k = 1,...,N we have

N
0
(2t T) = 22 70 [ hfﬁf) [Ho;(U)Jhm(u)u

Uu=x

+ % [VeC<Jht+1 (u) ® Jht+1 (U) Jht+l (U)T)T vec (TM* (u)):|

U=

+Z o [ 00 H (0] g 0] +Z 1o

and obtain the following recursions for for k = 1,...,N:

Py (2:t,1)

= 4G; (25t + 1, 1) O oo (2)Gp 1 (w5t + 1,T)

0, (
+ 4G5 g(z;t + 1.,T)O05 11 (x) "By (z;t + 1.T)
+4Bj(z;t + 1.T) " Of gy (2)Bi (23t + 1,T)
+ 4B (x5t + 1.T) Of 11 (2)G 1 (25t + 1.T)
+3G5 o (x5t + 1,T)20; ()
+6Ggo (7t + 1,T)O0; 1y () ' By(a;t + 1,T)

92

(D.3.

(D.3.

)], Tpoen (u)

t+1

31)

32)

i| Y
u=x



+ 3By (x5t + 1,7) ' Of gy (2)Bj (2t + 1,T)
+ 605 50(2)G51 (w3t + LT) Gy o (st + 1,T)

+6G; (x5t + 1.T)By(z;t +1,T7) O, (2) (D.3.33)
+ 605 (z;t + 1LT)Bj (25t + 1.T) O 15(2)B} (25t + 1.T)

+12G5 (x5t + LT)Gg o (5t + LT)Bi (x5t + 1,T) O o ()

+12G5 (w3t + 1,T)By (x5t + 1,T) T O 15 (2) B} (23t + 1,T)

+ 6 vec(B;(z;t + 1,7) @ By(z;t + 1,T)Bj (23t + 1,T) ") " vec (OF g3(2))

+ Go (@it + 1,T) 05 4o ()

+ 4G5 (x5t + 1.T)°Bi (w6 + 1,T) " O; 4, (x)

+6G;, (25t + 1,T)Bj (2t + 1,1) O () Bj (it + 1,T)

+AGE (;t+ 1,T) vec (B (z;t + 1,T) @ Bi(z;t + 1,T)B;(w;t + 1,T)T) " vec (O 15(x))
+vec (Bj(w;t + 1.7) @ B(w5t + 1,T) @ Bi (a3t + 1LT)Bj (a5t + 1,T)7) | vec (O g (x))
+ O;10(2)Gg 4 (w3t + 1T) + Oy (2) B (a5t + 1,7).

D.4 Proof of Equation (1.2.9)

Using the integral representation of the payoff function of an option provided by Assump-

tion 1, we obtain:

1 [ , v
V, = e TT-DEQ [f(Yr) | F] = e (T—)RQ {_/ Re |:€(R+ZU)YTJC(R_'_ zu)} du | }—t}
T Jo
e—MT—ﬂ

= / Re [EC [e®+ 0 | F] [(R+ )| du
0

™

efr(Tft)

_ /0 Re[CR (R+iu| F) F(R +iw)] du

7

D.5 Proof of Proposition 2.3.3

Given that the risk-neutral measure Q is defined as in Assumption 4, the denominator in

Equation (2.2.2) can be simplified to obtain:
VarQ [€_TSt+1|ft] = 6_2TEQ[SE+1|ft] - ]EQ [6_T5t+1|ﬂ]2
= e TEQ[e? | F] — SE.
The numerator can also be reformulated in terms of two separate expectations:
E%[H (e "Sp1 — Si)|Fi) = EQ[HS, 17" |F] — S E@[Hw
= E%[HSe¥+ e "|F] — S, ER[H|F]
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= SEQ[He¥+ 7| F] — S,E°[H|F]

= S, (E[He¥+ 7| F] — E°[H|F]) .
We thus obtain the following equation for the hedge ratio in the affine setting of Augustyniak
et al. (2023):

EQ[H e+~ F;] — EQ[H|F]
e~ EQ[e?ert |F] — 52

The ingredients needed to derive a semi-explicit expression for the risk-minimizing hedging

05, =e T (D.5.1)

ratio in an affine setting are:
(1) The Fi-conditional risk-neutral joint CGF of Y4, and I}, ;:

C%H,lfﬂ (u’v | ft) = log (EQ [exp (UY;'H +ler+1) } ‘E])
=uY; + A" (uw;t, t + 1) + B (uw; t, t + 1) ye + B (u,v;t, ¢t + 1)Tl;‘.
(2) The F;-conditional risk-neutral CGF of Yr:
C% (u,| Fy) = log (E@ [exp (uY7) | .7-}])
—uY, 4+ A" (u;t,T) + B; (w; t, T) y + B (u; 1, T) " 7.
The denominator in Equation (D.5.1) is given by:
e B [V | F] - S2 = e exp (Cgﬂylal (2,0 | ]—})) - 52,

To compute the second term in the numerator of Equation (D.5.1), EQ[H | F], where
H = f(Yr), we need to know the Fi-conditional risk-neutral CGF of Yr (which is avail-
able by assumption). To compute the first term in the numerator of Equation (D.5.1),
EQ[He¥+1~" | ], we define a new probability measure on (Q,F7), denoted by @, as fol-

lows:
For any A € Fr: Q,(A) :=E° (€171 ,] .

Therefore, the Radon-Nikodym derivative of @t with respect to Q is given by:

@ — gyt T
dQ 5
We can then write:
i B¢ [H4% | 7|
E¥[H | F] = — =E® [Hev ™" | F].
= [

To compute the above expression, we need the CGF of Yr under @t:

Cd(u| F)
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EQ [exp(uYT) d0;

]-"t]
EQ |4

= log (EQ lexp(uYr + Y1) | «E]) —r =log (EQ [eXp(ytH)EQ lexp(uYr) | Fis] ‘ ]:t]) -r
= log (E® [exp(Yi+1 — Y;) exp (C% (u] Firr)) | F]) =

= log (E@t [exp(uYT) | th]) = log (

7

= log <]EQ [exp ((1+u+8§ (u;t 4+ 1,7)Ye1 + A" (w;t + 1,T) + B* (u;t + 1,7) Tlf{H) ‘]—}])
- Y (14 B (u;t+1,T)) —
= log <]EQ [exp ((1—|—u+8§ (w;t+1,T)) Yis + B (u;t + 1,7T) Tl;‘H) ’]—}D
+ A (it +1,T) -, (1 + B (vt +1,7)) —r
= A" (u;t+1,T7) =Y, (1 + B (u;t +1,T)) —
~|—CYtH,* 1+u+B(u;t+1,T),B" (u;t +1,7) | F)
=A" (u;t+1,7) =Y, (1 + B (w;t+1,7)) —r+ V(1 +u+ B (u;t +1,7))
+ A (14+u+ By (ust+1,7),B" (u;t+1,T) ;t,t 4+ 1)
+8B;(1+u+Bi(u;t+1,7),B" (u;t+ 1,T);tt + 1)y
+B (14+u+B;(ut+1,T),B (u;t +1,T);tt+1) I
=A" (it +1,7) —r+uYt+ A (1 +u+ B (ust +1,7T),B* (u;t +1,T) ;t,t + 1)
+B5(1+u+ By (u;t+1,T),B* (u;t +1,T) 56t + 1)y
)

+
+B (1 +u+Bi(u;t+1,7),B" (u;t+ 1,T);tt + 1) 1.

In summary, the risk-minimizing hedging ratio can be expressed in the following way:

e—r(T—t)St
e exp (€, 1p (20| F)) = 57

0.1 = (B%(H | F)-E°[H | ).

D.6 Proof of Affine Property of HNSV and HNSV
Risk-Neutral Dynamics
For any u,v € R, the F;_i-conditional CGF of y; and h; is computed as

Cyy (1,0 | Fiy) = log (EF[exp (uy; + vhy) | Fii])

= log (Ep[exp (u\/met + va ( — 2yy/h1ty) >) | Fio1 >
+ur+v (0?1 —¢) — a) + (uX +vg) hyy (D.6.1)
=ur+v(0*(1 = ¢) — a) + (uX +v) hy_y
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+cF

et (u\/m’ —20a7y/ 1,00 | ]’t_1> :

Let U; be a standard Gaussian random variable independent of ¢; conditionally on F;_; that

satisfies the following representation:

Yy = per + /1 = p?Us.

Now the joint CGF of X, X7, Xy, X2, X; X5 where X; and X, are two independent standard

Gaussian random variables is given by

2 2
ui (1 — 2uy) + ui(l — 2ug) + 2uqugus 1 9
~ “log [(1 — 2us)(1 — 2us) — 2] .
211 — 2us)(1 — 2uq) — 2] 5 log [(1 = 2uw)(1 = 2uy) — 5]

C<u17u27u37u47u5) ==

Thus we can reformulate Equation (D.6.1) the following way:
Cg]i,ht(u7v | ]:t—l)
= Cg,ef,Ut,Uf,etUt (N1, M2, M3, M4, M5 | Fro1) +ur + v (02(1 —¢) — a) + (uX\ + vp) hy_q.

where 71, ..., 75 are given by

m = (u—2vpay) /b1, UP U02047 N3 = _20\/1 - P2047\/ht—1,

m=v(l-p")a, ns = 2vp\/1 — p?a.

With some simple algebraic manipulations and by adding and subtracting %, we obtain

Cz,eg,yt,Ug,etUt (715 725 M35 Mas M5 | Fim1)
u? (1=p*) | (up —2vay)’ 1
- heoy — = log (1 — 2va).
> T 22w |t gleel - 2ve)

Finally, after some reordering, we obtain the affine representation of the joint-conditional
CGF of y; and h; given F;_; under P:

C;/P;ht (u,v | Fio1) = A(uv;t — 1,t) + B (u,u;t — 1,t) hy_q, (D.6.2)
where the coefficients A (u,v;t — 1,t) and B (u,v;t — 1,t) are given by
1
A(ust — 1) = ur + vw — §log (1 —2va),

2(1=p" | (up—2vay)’
2 2(1—2va)

B(u,v;t—l,t):u)\+v<;5+u

Now, let Q be the risk-neutral measure defined in Assumption 4 then using Equations (2.3.8)
to (2.3.10), we obtain the one-step joint-conditional CGF of y; and h; given F;_; under the

risk-neutral measure Q:

CQ

yt,he

(u,v|Fiq) = A" (u, 03t — 1,8) + By (u, vyt — 1, )y + B (u, v;t — 1,t)h;_;, (D.6.3)
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where we have the following relationship between risk-neutral and physical conditional vari-
ance:

1—-20a(1—p?)

N 1—20,a

hz( - 6ht,

J

and where the single-step coefficients A* (u,v;t — 1,t), B§(u,v;t — 1,t) and B* (u,v;t — 1,t)

under risk-neutral measure QQ are given by

1
A (u,v;t — 1,t) = ur + vwd — 5 log(1 — 2var),
By(u,v;t —1,t) =0,
(u? + 2ub,) (1 — p?) (1 — 26,a)
2(1—=20,a(1—p?))
(up — 2vayd + 0,p — 20,a7)? (0,0 — 20,a7)

T 020 (1-p2) (1—20ar) 2(1-20a(1- %)

B*(u,v;t — 1,t) = u% + o+

1—26’la(1—p2)
(1—20,a)2
discounted asset price is a martingale after the change of measure defined in Assumption 4,

where 7 = . Now, by imposing the martingale constraint according to which the

we can determine the relationship between ¢; and 0,:

log (E@ ¥ | Fia))

=C, (10| Fmy) = A*(1,0;¢ — 1,8) + B*(1,0;¢ — 1, )by,
A (1420) (1= (1=200) | (p+Op—2007)° (8,0 —20,07)°
Y 2 (1 — 20, (1 — p?)) 2(1—20(1—p2)  2(1-20a(1—p2))
A (1426,) (1 —p* =20, (1 — p?)) = p* +20,p* — 46, pay
B ) 2 (1 — 20, (1 — p?)) 2 (1 — 26, (1 — p?))
2 2 2 _

:'r’—i-é—i-l—i-ey— p* (14 26,) p” + 20,p° — 46,pary

j 2 2(1 =20 (1 —p2) 21 —20,a(1—p?)
B A1 20, pary
=r+s+5+0, = 7)

and, since the martingale constraint imposes that log (EQ [e | .Ft_l]) = r, we obtain

1 20 pay — A1 — 26,«)
0,=—= D.6.4
Y 2" 1—20,(1 —p2) (D-6.4)

which, after some simple rearranging, we rewrite as:

0, (1 — 26, (1 — p?)) — 20, pay 1
=—— =X D.6.
1 — 20,0 (1 — p?) 2 7 (D-6:5)
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1-20,«
1—29104(1—,02)

representation under the risk-neutral measure Q as the one under the physical measure P:

where \* = A. Now lets revisit B* (u,v;t — 1,t) in order to obtain a similar

B* (u,v;t — 1,t)
W vt u* (1 =20, (1 = p?) —u?p*  2ub, (1 — 26,0 (1 — p?)) — 2ub,p?
2(1—20,a(1—p?)) 2(1 =20, (1 —p?)) (1 —2var)
 2vart (2uf, (1 — 20,0 (1 — p*)) — 2ubyp?) (up — 2vayT + 4b,02yT)?
2(1 =20, (1 —p?)) (1 —2var) 2(1 =20 (1 —p?)) (1 —2var)

n 2ub,p* — 4vb, payT + 8v0,0,pa*yT — 4ubpay + 8vh a1 — 16V a1
2(1 =20 (1 —p?))(1—2var)
2ar (B,p — 20,07)°

T =26 (1= ) (1 = 20ar)
We add and subtract 2(1—29&%?9—[’;3)2)7(;—21)047) and use Equation (D.6.5) to obtain
B* (uv;t — 1,t)
2 2p? 0, (1 — 20, (1 — p?)) — 26
— U\ vt L up L u(y( 1 (1 = p%)) — 20pay)
2 2(1—=20a(1—p?) (1 =20, (1 — p?))
(up — 2vayT + 4@91a277)2 2vart (6,p — 20,a7)

T =26 (1= ) (1= 2var) | 2(1 =26 (1— 7)) (1 - 20a7)
N 4uvl,p*at — 4o, payt + 8v0,0,pa*yT — 8uvlpatyT + 8vba?y T — 16vh e~y r
2(1—=20a(1—p?)) (1 —2var)

= u\ —|—U§Z§+?— 2= 20 (1= ) —u(§+>\)
(up — 2vanT + 4vb,02y7)°
(1 =20, (1 — p?)) (1 — 2var)
(0,0 — 260,07) (2uvpat — 2vayT + 4v0;ayT) 2vat (0,0 — 20,0)°
2(1 =20, (1—p?)) (1 —2var) 2(1—=20,a(1—p?)) (1 —2var)

I w’p? . (up—2var (5 (1 = 260)))°

2 2 2(1—=20a(1—p2) 2(1—=20,a(1—p?)(1—2var)
(Oyp — 20,ay) (up — v (1 — 26,c)) ar (B,p — 20,0)°
2(1=20,a(1—p?) (1 —2var)  2(1—20a(1—p?)(1—2var)

T3

+2

+ dvar

402020, p—26,ary)>
We add and subtract 555 555355

¢ = B — av? to obtain

dvar(0yp—20;0v)v(1-20,c

) .
(=200 (1—p2)) (1_2var) and use the relation

and 2uaT

B* (u,v;t — 1,t)
_ Mg u’ u?p? N (up — 2var (20,7 — Oyp + v (1 — 260,0)))
2 2 2(1—-20,a(1—p?) 2(1—=20a(1—p?)) (1 —2var)
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v ( (6,0 = 26:07)° (6,0 = 2607) Y (1= 26)  ,  (1—26,0)° )

1— 20 (1—p?) 1— 20,0 (1 — p?) T 200 (1 )
_ U g u?p? L (up—2var (5= 6,p))"
2 2 2(1- 29104( —p?)  2(1—=20,(1—p?)) (1 —2var)

Oyp —
+var Y
<\/1 — 20, (1 — p2?)

Now if we set

1

w* = wd, a* = ar, m= 1— 20, (1 _ p2)7 q* = ('}/ - Qyp) ﬁa p* p\/Ea

then we can simplify the risk-neutral one-step coefficients to

1
A" (u,v;t — 1,t) = ur + vw* — 5 log(1 — 2va™),

w(1-p%) | (" = warg)’
2 2(1—2va*)

B*(u,v;t — 1,t) = —g + (6 + a*q*2) v+

which completes the derivation.

D.7 Proof of Joint Dynamics of HNSV Noise Process

We will now derive the joint dynamics of the joint-noise process (¢, 1;) under the risk-neutral
measure Q. Let X, Y, be two stochastic processes following a F;_;-conditional bivariate

standard Gaussian distribution with means pi, p9, correlation coefficient p and covariance

O'% 0102
Y= 5 |
01029 g5

then their F;_;-conditional joint CGF under physical measure P is given by:

matrix

1
Cx,yi (W | Foo1) = wpg + vps + = 5 (w?o} + 2wvpoios + v703) . (D.7.1)
For any u,v € R, the F;_i-conditional CGF of ¢; and v, is computed as

Cor (w0 | Fi)

= log (EQ[exp(uet + vily) | ~7:t—1]) — log (E [exp(uet +U¢t> ] | Fo 1})

EF [ | Fin

= log (EP [exp (uet + vy + Oy + O01hy — Cyt ne (0, 07 | ]-}_1)) | ]-}_1])

= log (EP lexp (ue; + vy + Oy, + O,hy) | ]—"t,l]) Cyt ne 0y, 01 | Fio1)

— log (EP [exp ((u 40,/ Te1)er + (v — 2070 Ty )y + ael¢§) | ft_1D (D.7.2)
+ 0, (r + My—1) + 0,(1 — @) (07 — hy—r) — @) = C,, 4, (8,60 | Fia)
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— Cg,wt,w,? (u + 0\ i1, v — 2070,/ hy 1,00, | Ft_l) +0,(r 4+ Mhy—1)
FO(1 = 6)(0% = hs) — ) — € (0,01 | Fin)

Let U; be a standard Gaussian random variable independent of ¢, conditionally on F;_; that

satisfies the following representation:

Yy = pep + /1 — p?U,.

Now the joint CGF of X1, X7, Xy, X2, X; X, where X; and X, are two independent standard

Gaussian random variables is given by
2 2
ui(l — 2uyg) + u3(1 — 2ug) + 2ugugus 1 9
— =1 1 —2uo)(1 — 2uy) — :
2[(1 = 2u) (1 = 2u4) — o] 3108 [(1 =201 = 2m) =]

Thus we can reformulate (D.7.2) the following way:

C(ulau2;u3au4au5) -

Cg’wt(u,v | Fi_1)
= 6575% U, U2 et Ut (/’717 M2, M3, 14, 75 | J—-‘tfl) + ey('r + )\htfl) + 9l(<1 - ¢)(02 - htfl) - Oé)
Cyt ht(eﬁ'ﬁel | ‘Ft 1)

where 7y, ..., 75 are given by

m = (6, — 20,p0y)\/he—1 + u + vp, Ny = Oip%x, ns =v\/1— p?—20,3/1 — p2ay\/hi_1,
m=0(1-p")a, n5=20p1-p.
Now we can also rewrite Equation (D.6.4) as
0, (1 —20,a(1—p®)) — 20,pary _1-26a(1 - 0%)
1 —20,« 2 (1 —26,)

With some simple algebraic manipulations and using Equation (D.7.3), we obtain

— A (D.7.3)

P
CEt 6% U, U,?,GtUt (nla N2, M3, M4, 75 | E—l)

1 —26,a(1 — p?) 0,p — 20,00y
=u|— — A Ve vV h
u[ 2(1— 20,0) T 00 Ve
1 _ 2 2
¥ 1 —260,a (1 —p?) g UVP_ v
1— 29la 1-— 2950./ 1-— 2910&
02(1— %) (0,p — 20,07)°
i1

1
= = log(1—2
2 2(1— 20,0) ylog (1= 2a8)),

2

+

and finally

1 —20,a(1 — p?) 0,p — 20,
Q o _ l P) yP ary
Corp (v | Fra) = u [ (1 = 20,0) )\] hi—1 + VT T o0a 00 Vi1

_ 2 2
[u2[1 20,0 (1 p)}+2 uvp v

1— 291(1/ 1-— 2950& * 1-— 2‘9[04

1
2
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Using Equation (D.7.1), we establish that the joint noise process (¢, ;) under Q follows a

bivariate Gaussian distribution with correlation coefficient p* = #(12) where
—zab(l—p
€ =py T o016, U= iy + 03U,
where
1 —26,a(1 — p?) »  1—26a(1—p?)
L . /\ h B *2
H 2(1— 20,0) Vi1 9 1— 200
. _ byp — 20,0y 9 1
= e 1—29 Vi 72 T 1200
and

e ~N(0,1), ¥y ~N(0,1).

Indeed, Equation (D.7.1) gives us the relationship betweenn the physical correlation coeffi-
cient and the risk-neutral correlation coefficient:

uvp * P
— 0 = pt= .
1— 200 P T2l ()
We plug these dynamics into Equation (3.2.3) and Equation (3.2.4), multiply h; by § and
obtain the risk-neutral HNSV dynamics:
hi s

2

2

h=w o <¢;; —q ht_1> + BhE_,

2uv0’8p*0'%t =

Y =T — ht 16t7

where
B oo B v — pby
1 —2a0,’ V1 —2a6,(1—p2)

D.8 Proof of the Dynamics of GARCH(C) Noise Pro-

cess

In order to have a direct relationship between the physical parameters and risk-neutral pa-
rameters under the GARCH(C) model parametrization, we first reformulate the GARCH(C)
dynamics presented in Equations (3.3.1) through (3.3.4) the following way:

Y =1+ Ny + Iz

hy = s¢ + q (D.8.1)
St = ws + PsSt—1 + 515(8)

Gt = Wq + Pgqt—1 + gfq)
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where
Ws = —Qs, Wy :U2<1_pq) — Qg Bs :ps_a3752a 5q:pq_aq73>

and where we redefine the driving processes for the two volatility components, f,fs) and ft(q),

as the following equations:
2 2
fts) = Qg4 (Zt — VsV ht71> + (ﬁs - ps) htfla &Sq) = Qq <Zt ~ Yqv ht*1> + (5‘1 - pq> ht*l'

-
Let 0, = [QS 0,1] . Using the notation from Equation (3.3.1) through (3.3.4), for any u € R,
the F;_1-conditional CGF of z; is computed as

C2(u | Foor)

P lexp(uz) R | F,_ 4
= log (E%[exp(uz) | Fi—1]) = log <E [exp(uz) @ | 7 ])

EF [ | Fii]

= log (]EP [eXP (UZt + 0,y + 01Tlt - Cgt,lt(eyvol | ]:t—l)) | ]:t—ﬂ)

= log (E" [exp (uz; + Oyys + Os5¢ + 04q:) | Fir]) — CIyPtJt(ey’ 0, | Fio1)

= log (]EP [exp (uzt + Qy\/m,zt + 93&@ + 6, t(Q)> | E_1]> + 0, (1 + Ahiq) (D.8.2)

+ 6)spsst—l + Hq (02 + pq(%—l - 02)) - C]P (0ya0l | ft—l)

Yl

= log <]EIP [exp <<u + Gy\/m — 298asfys\/m — 20qaquq\/E) 2z + (0sas + 0,a,) zt2> | .7:,5,1})

+ 0y (1 Mruoa) + 05 (psse1 — as) + 04 (07 + pg(ae-1 = 0°) = ag) = Cp 1, (0,600 | Fion)
= Cz,zf (u + (Qy - 2‘91TK3) Vi htflaelTK2 ’ -E%l)

+ 0, (r+ MNry—1) + 0] Kysi1 4+ 0] Ksqi1 + 0,07 (1 — py) — 0] Ko — Cy, 4, (0,0, | Fio)
(6, — 207 K 5)>
2(1—20]K,)

Now the joint CGF of X, X7, X5, X2, X; X5 where X; and X, are two independent standard

Gaussian random variables is given by

2t,2;

1
= C]P 2 (u + (Qy - 20ZTK3) \/ ht_lﬂlTKg | ./—';5_1> + 5 log(l — QGZTKQ) —

2 2
ui(l — 2uy) +uz(1 — 2up) + 2uguzus 1 )
— =1 1-2 1 —2uy) —
2[(1 — 2u) (1 — 2uy) — u2] 5 108 [(1 = 2u2)(1 = 2u4) — ug]

and thus the joint CGF of X, X? is

C(Ul ,UQ,Ug,U4,U5) -

2
1
ot — —log(1 — 2us)

Clur) = 53 =5,7 7 2

Thus we obtain

0, — 20" K 1
Q T, _ Y l 3 /h 2
Czt(u [ Fi) = u 1-— QGITKQ e 2(1— QOZTKQ)
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Now we can also rewrite (3.3.12) as
0,—20,"K; 1
1-26"K,  2(1-20"K,)

- A (D.8.3)
so we obtain
1 1 1
Q _ [ o o R
Calu ] Fia) “( 228Ky V! A) T 1wk, (D-8.4)

The expression derived for C2(u | F;—1) in Equation (D.8.4) implies that the noise process

z follow a Gaussian distribution under Q. Specifically, we can represent z; as follows:
2=+ o1z

where

1 1
= M) AR ¥2_ -
# (2(1—20;1(2) * > e O TIow K,

and z; follows a standard Gaussian distribution with zero mean and unit variance. Letting
hf = d0hs, sy = ds; and ¢ = dq; where

1
T LKy
and plugging the above representation of z; into Equations (D.8.1), we obtain the risk-neutral
GARCH(C) dynamics:

J

1 * *
Ye =1 — §ht—1 + Vhisz

h= s+ Ds5)

st =W+ pysi_y + &

g =W+ pgig + &7

where
Wi = wso, W, = wy0,
and where driving processes for the two risk-neutral volatility components, & ) and & (q),
are defined by the following equations:
6§ = a; (5 —VE) )b &9 =ay (5 = /B ) (B pa) B
(D.8.6)
with

o = 6ay, o = 6ay, VE= o V=4
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