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Sommaire

L’approximation de phénomènes physiques, tels qu’une simulation de liquides en informa-

tique graphique, requiert l’utilisation de méthodes complexes nécessitant des temps de calcul

et une quantité de mémoire importants. Malgré les avancées récentes dans ce domaine, l’écart

en réalisme entre un liquide simulé et la réalité demeure encore aujourd’hui considérable. Cet

écart nous séparant du réalisme souhaité nécessite des modèles numériques de simulation dont

la complexité ne cesse de croître. L’objectif ultime est de permettre à l’utilisateur de mani-

puler ces modèles de simulation de liquides sans la nécessité d’avoir une connaissance accrue

de la physique requise pour atteindre un niveau de réalisme acceptable et ce, en temps réel.

Plusieurs approches ont été revisitées dans les dernières années afin de simplifier ces modèles

ou dans le but de les rendre plus facilement paramétrables. Cette thèse par articles encadre

bien les trois projets constituant nos contributions dans le but d’améliorer et de faciliter la

génération de simulations de liquides en informatique graphique.

Tout d’abord, nous introduisons une approche hybride permettant de traiter séparément

le volume de liquide non-apparent (i.e., en profondeur) et une couche de particules en

surface par la méthode de calcul Smoothed Particle Hydrodynamics (SPH). Nous revisitons

l’approche par bandes de particules, mais cette fois nouvellement appliquée à la méthode

SPH qui offre un niveau de réalisme supérieur. Comme deuxième projet, nous proposons

une approche permettant d’améliorer le niveau de détail des éclaboussures de liquides.

En suréchantillonnant une simulation de liquides existante, notre approche est capable de

générer des détails réalistes d’éclaboussures grâce à la dynamique de balistique. En complé-

ment, nous proposons une méthode de simulation par vagues permettant de reproduire les

interactions entre les éclaboussures générées et les portions quasi-statiques de la simulation

existante. Finalement, le troisième projet introduit une approche permettant de rehausser

la résolution apparente d’un liquide par l’apprentissage automatique. Nous proposons une
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architecture d’apprentissage inspirée des flux optiques dont l’objectif est de générer une

correspondance entre le déplacement des particules de simulations de liquides à différentes

résolutions (i.e., basses et hautes résolutions). Notre modèle d’apprentissage permet

d’encoder des caractéristiques de hautes résolutions à l’aide de déformations pré-calculées

entre deux liquides à différentes résolutions et d’opérations de convolution basées sur le

voisinage des particules.

Mots clés: Liquide par particules, modèle de simulation hybride, bande de parti-

cules, éclaboussures de liquide, suréchantillonnage, simulation par vagues, apprentissage

automatique, apprentissage profond, rehausse de détails, déformations inter-résolution,

convolution par voisinage.
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Summary

The approximation of natural phenomena such as liquid simulations in computer graphics

requires complex methods that are computationally expensive. Despite recent advances in

this field, the gap in realism between a simulated liquid and reality remains considerable.

This disparity that separates us from the desired realism requires numerical models whose

complexity continues to grow. The ultimate goal is to provide users the capacity and tools to

manipulate these liquid simulation models to obtain acceptable realism. In the last decade,

several approaches have been revisited to simplify and to allow more flexible models. In this

dissertation by articles, we present three projects whose contributions support the improve-

ment and flexibility of generating liquid simulations for computer graphics.

First, we introduce a hybrid approach allowing us to separately process the volume of

non-apparent liquid (i.e., in-depth) and a band of surface particles using the Smoothed

Particle Hydrodynamics (SPH) method. We revisit the particle band approach, but this

time newly applied to the SPH method, which offers a higher level of realism. Then, as a

second project, we propose an approach to improve the level of detail of splashing liquids.

By upsampling an existing liquid simulation, our approach is capable of generating realistic

splash details through ballistic dynamics. In addition, we propose a wave simulation method

to reproduce the interactions between the generated splashes and the quasi-static portions

of the existing liquid simulation. Finally, the third project introduces an approach to

enhance the apparent resolution of liquids through machine learning. We propose a learning

architecture inspired by optical flows by which we generate a correspondence between the

displacement of the particles of liquid simulations at different resolutions (i.e., low and

high resolutions). Our training model allows high-resolution features to be encoded using

pre-computed deformations between two liquids at different resolutions and convolution

operations based on the neighborhood of the particles.
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Chapter 1

Introduction

The requirements to achieve the desired level of realism are constantly increasing in the

application areas of media and entertainment. This is especially true for physically-based

models such as �uid simulations used in movies and video games. These models require a

level of complexity that has a direct impact on the interactivity and precision throughout

production. The granularity of the discretization of these physical models strongly in�uences

the precision with which details are captured, especially for those details at small scale. In

other words, the realism and accuracy of the simulation are closely bound to the resolution

of the discretization. In this thesis, we present three contributions to overcome, in di�erent

ways, the resolution limitations associated with the discretization of numerical simulations

of liquids.

Our �rst contribution [33] aims to reduce the computation times of traditional Smoothed

Particle Hydrodynamics (SPH) methods by coupling a band of particles at the surface to a

coarse Eulerian grid underneath the surface, dividing respectively �ne details from the rest

of the simulated liquid. The work of Chentanez et al. [5] on a hybrid grid-SPH method is

the most similar to ours in spirit. They manage to compute their model in real time but at

the cost of some inherent physical di�erences caused by coupling Shallow Water Equations

(SWE) on a 3D grid with SPH particles making the stability of the simulation highly sensitive

to an adequate parameterization. In comparison, our Eulerian-based approach with �ctitious

particles allows us to retain the realism and stability provided by a state-of-the-artSPH

method. Despite similarities of our approach with the narrow-band Fluid Implicit Particle

(FLIP ) method [11], we propose in comparison a non-homogeneous way (as presented by

Desbrun [7]) to deal with density �uctuation and to constrain the particle band around the



�uid interface. Our approach is very e�ective with large bodies of liquid while preserving

SPH small-scale surface tension details where it matters.

For our third and last contribution [34], we propose an up-resing approach leveraging

deep learning to express scene �ows as Lagrangian motions for particle-based liquids. Al-

though a few methods have been proposed recently to increase the apparent resolution of

�uid �ows, our approach is the �rst to tackle the up-resing problem of liquid simulations

from a Lagrangian perspective. In contrast with Xie et al. [43], our up-resing approach is

applied directly to the particles of liquid simulations. By decoupling the up-resing part from

the advection step, our approach o�ers a more e�cient way to encode and generalize local

high-resolution features. Also, as we infer Lagrangian displacements, we propose modi�ed

convolution layers inspired from Liu et al. [23], allowing us to use the neighborhood contri-

butions as with SPH models. In comparison withFlowNet3D, our network combines a pair

of highly deformable particle-based liquids by leveraging feature similarities to encode the

motion between them.

The thesis is organized as follows: We �rst provide an introduction to the fundamentals

of �uid simulations in computer graphics (Sections 1.1 to 1.4) to properly understand the

contributions covered by our projects. The following three chapters respectively present

the research projects covering our contributions: a narrow band forSPH (Chapter 2), a

post-processing upsampling for splashing particle-based liquids (Chapter 3), and a deep-

learning approach for up-resing liquids (Chapter 4). Each of these research contributions is

supported by a publication. Finally, we conclude by discussing promising avenues for future

work (Chapter 5) for each of our contributions and liquid simulations in general.

1.1. Discretized Liquids for Media and Entertainment

The movement of a �uid (e.g., liquid, smoke, sand, snow, and so on) remains di�cult to

describe and compute e�ectively. In computer graphics, as we mainly focus on the visual

aspect of the resulting animation, we are inclined to approximate the behavior and interac-

tions of �uids while maintaining realism. In the following sections, we brie�y summarize the

fundamentals of numerical simulations and �ow representations for liquids.
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Figure 1.1. Comparison between the Lagrangian (bottom) and Eulerian (top) viewpoints

of an impact for a simulated liquid drop (left).

1.1.1. Liquid Motion with Numerical Simulations

In computer graphics, the behavior of most �uids of interest is described by theincom-

pressible Navier-Stokes equations:

@~u
@t

+ ~u � r ~u+
r p
�

= ~Fext + � r � r ~u; (1.1)

r � ~u = 0; (1.2)

de�ned within a constrained simulation domain
 � Rd whered is the number of dimensions

(usually two or three). Eq. 1.1 is called themomentum equationand expresses the motion

of the �uid mass and density. This equation is an adapted form of Newton's law of motion

~F = m~a to �uid mechanics. With this formulation, each portion of �uid has a massm, a

volume V, and a velocity ~u. The force exerted on each of these portions of �uid is de�ned

by a material derivative D as follows:

~F = m
D~u
Dt

; (1.3)

where Eq. 1.3 describes a rate of change of a physical quantity (i.e., density, temperature,

etc.) of a material measured at timet. The material derivative can also serve as a way

of describing the �ow with the appropriate viewpoint (more on that in Section 1.1.2). The

motion of these physical quantitiesq over time and within a certain domain
 is commonly

3



called advection.

Dq
Dt

= 0; (1.4)

@q
@t

+ ~u � r q = 0: (1.5)

In other words, these quantitiesq are moving within that simulation domain 
 without

being necessarily modi�ed. That being said, we will now explain the in�uence of each term

of Eq. 1.1 to better understand the motion of each portion of �uid. The left-hand side

(LHS) terms of Eq. 1.1 are respectively the acceleration, the advection, and the pressure

gradient, whereas the right-hand side (RHS) terms are respectively the external forces and

the viscosity. In practice, each term of Eq. 1.1 is solved separately to prevent numerically

solving for a huge system, which is calledsplitting . In general, the rate of change of a

physical quantity @q
@t can be expressed as the sum of several terms. For example, any of

the aforementioned pairs of terms of Eq. 1.1 can be summarized in two consecutive steps as

follows:

~q = qn + ��t; (1.6)

qn+1 = ~q+ ��t; (1.7)

whereq is a quantity computed at time n and �t is the time step between two consecutive

frames. Within these steps, the intermediate contribution of Eq. 1.6 is added to the con-

tribution of Eq. 1.7 (similar to the �rst-order forward Euler method). Using this splitting

approach with Eq. 1.1, each term is added to compute the resulting velocities that are used

to update the position of the �uid elements. The stability and precision of this step highly

depend on the integration method used. For example, a simple forward Euler integration

step can be expressed as follows:

x t+1 = x t + 4 t _x t ; (1.8)

in which the integration error is (4 t)2 per time step (i.e.,
�

4 t
k

� 2
k for the whole simulation,

wherek equals the number of time steps). A smaller time step can reduce this error at the

cost of considerably lengthening the time necessary to compute a single frame. Other explicit

integration methods o�er more stability and precision (e.g., Runge-Kutta and Midpoint).
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Lastly, as mentioned earlier, in computer graphics we use the incompressible form of the

Navier-Stokes equations. We assume that the �uid mass and density will not change much

over time, especially for visual purposes. This is where the second equation (Eq. 1.2) comes

into play. This equation is called theincompressibility condition which enforces that the

velocity within the simulation domain remains divergence-free.

1.1.2. Fluid Flow Viewpoints

A broad set of numerical methods has been proposed over the last few decades to

discretize �uids. These methods can be generally grouped into two main categories:

Lagrangian and Eulerian. There is also a third category combining the two methods, which

is generally referred to as hybrid.

Lagrangian methods treat the elements of liquid as particles. Each particle has a

position ~x and a velocity ~u (bottom image of Fig. 1.1). Lagrangian methods are capable of

reproducing thin structures such as liquid sheets, droplets, and splashes. Although these

methods can provide e�cient and intuitive ways to focus on the �uid elements within a

constrained simulation domain
 , they require a more complex data structure to encode

their neighborhood connectivity. Among several methods available, Smoothed Particle

Hydrodynamics (SPH) [12, 27] and Position-Based Fluids (PBF) [25] are arguably the most

widely used by pure Lagrangian schemes. In the following section, we describe in more

depth the SPH method exploited by the hybrid method proposed in our �rst contribution.

Smoothed Particle Hydrodynamics methods are essentially based on interpolating

quantities evaluated at arbitrary locations in space. Algo. 1 shows the main steps calculated

by a traditional SPH method at each time step4 t of the simulation. These approximated

quantities are computed with contributions from a �nite number of neighbor particles. The

interpolation of a quantity A i evaluated at an arbitrary location~ri for a particle i is computed

from known quantities A j of neighboring particlesj at location ~rj :

A i (r ) =
X

j

mj

� j
A j W(~ri � ~rj ;h); (1.9)

wheremj is the mass of particlej , � j the density at the position of particlej , and function

W(~r;h) the smoothing kernel evaluating the contribution between particlesi and j . In

5



Algorithm 1: Overview of a traditional SPH method.

Input: P /* set of particles */

for i 2 P do

� i =
P

j mj Wij /* density at particle i */

pi = k
� �

� i
� 0

� 7
� 1

�

/* Tait's pressure calculation */

for i 2 P do /* sum forces at particle i */

~F p
i = � m i

� i
r pi /* pressure forces */

~F �
i = mi � r 2~ui /* viscosity forces */

~F ext
i = mi~g /* external forces (e.g., gravity) */

~Fi = ~F p
i + ~F �

i + ~F ext
i

for i 2 P do

~ui (t + 4 t) = ~ui (t) + 4 t ~F i
m i

/* velocity update */

~xi (t + 4 t) = ~xi (t) + 4 t~ui (t + 4 t) /* position update */

4 t = � h
jj ~umax jj /* adaptive time step (Eq. 1.22) */

Eq. 1.9, functionW(~r;h) is evaluated using a smoothing radiush and is expressed as follows:

W(~r;h) =
1
hd

f (~r); (1.10)

where d is the simulation domain dimensions, andf is the desired smoothing kernel. The

smoothing kernel is usually similar to a Gaussian function [27]. The idea is to give less

importance to particlesj farther from the estimated quantity at position i , and vice versa.

The number of neighboring particles that are considered in the summation of Eq. 1.9 is

dependent on the spacing between particles (initialized by the user), the smoothing kernel

k(~r), and the domain dimensionalityd. The spacing between particles is usually of the

same order of magnitude as the smoothing radiush [27]. The chosen smoothing kernel

function in�uences the approximation obtained by the summation. A typical smoothing

kernel function is the cubic spline:

Wcubic(~r;h) =
1

�h 3

8
>>>><

>>>>:

1 � 3
2 �

�
~r
h

� 2
+ 3

4

�
~r
h

� 3
0 � ~r

h < 1
1
4(2 � ~r

h )3 1 � ~r
h < 2

0 otherwise.

(1.11)
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(a) poly6 (b) spiky

Figure 1.2. Comparison between the in�uence of smoothing kernel functions (a)poly6 and

(b) spiky. The bold curve represents the function and the dashed curve its gradient.

As shown in Fig. 1.2, there are other smoothing kernel functions used in �uid simulation [30,

8]:

Wpoly6(~r;h) =
315

64�h 9

8
><

>:

(h2 � ~r 2)3 0 � ~r � h

0 otherwise.
(1.12)

Wspiky (~r;h) =
45

�h 6

8
><

>:

(h � ~r)3 0 � ~r � h

0 otherwise.
(1.13)

For example, some kernels are better suited to approximate certain forces. The advantage

of the poly6 [30] smoothing kernel is that it does not require the additional computation of

a square root (between particlei and its neighborsj ). Nevertheless, this type of smoothing

kernel may be inadequate for estimating pressure forces. In this case, particles tend to form

agglomerations for high-pressure values. The closer the particles come together, the more

the pressure forces dissipate (gradient tends towards zero). Using thespiky [8] smoothing

kernel resolves the dissipating gradient issue. The spatial derivatives of a quantityA for

particle i are approximated by applying operators solely to the kernel function [29]. The

gradient (Eq. 1.14), divergence (Eq. 1.15), and Laplacian (Eq. 1.16) operators are expressed

as follows:

r A i = � i

X

j

mj

 
A i

� 2
i

+
A j

� 2
j

!

r Wij ; (1.14)

r � ~A i = �
1
� i

X

j

mj
~A ij � r Wij ; (1.15)

r 2A i = 2
X

j

mj

� j
A ij

~xij � r Wij

~xij � ~xij + 0:01h2
; (1.16)
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where the indexij denotes a di�erence between a value evaluated at positioni and a value

evaluated at positionj (e.g.,~rij = j~ri � ~rj j). In addition, the gradient of Wij is expressed as
�

@Wij

@ri x
; @Wij

@ri y
; @Wij

@ri z

�

. These expressions are particularly useful when computing the pressurepi

(Eq. 1.14) and viscosity� (Eq. 1.16) forces. For example, as we need to evaluate the pressure

gradient to make the velocity �eld divergence-free, the gradient form will be used as follows:

r pi = � i

X

j

mj

 
pi

� 2
i

+
pj

� 2
j

!

r Wij ; (1.17)

where the pressure termpi can be computed in many ways. A popular and stable form of

the constitutive equation is Tait's equation [28]:

pi = k

0

@

 
� i

� 0

! 7

� 1

1

A ; (1.18)

wherek is the sti�ness of the �uid, � 0 the rest density, and� i the density at the location of

a particle i :

� i =
X

j

mj Wij : (1.19)

Enforced by its Lagrangian nature, theSPH method requires knowledge of the neighborhood

for each particle. A neighborhood structure is used to approximate the physical properties of

the simulation by a weighted summation. Naturally, at each time step4 t, this neighborhood

changes dynamically following the advection of the particles. Although an adaptive structure

such as akd-tree seems appropriate tp e�ciently keep track of neighborhoods, many prefer

the use of a uniform grid. A uniform grid is subdivided into cells of the same size. This way

the grid is constructed inO(n) and is accessed in constant time, i.e.,O(1). Other types of

hierarchical structures requireO(n log(n)) at creation and O(log(n)) in access, which may

explain the implementation choice of using a uniform structure. Structures of typekd-tree

may be preferred in a context of non-uniform distributions. Finally, once the divergence-free

velocity �eld is obtained, the position and velocity of each particlei is updated using a

semi-implicit integrator of Euler (also calledsymplectic Euler):

~ut+ 4 t = ~ut + h _~ut ; (1.20)

~xt+ 4 t = ~xt + h~u(t+ 4 t) : (1.21)

There are other time integrators available, but the symplectic one is mostly favored for

Lagrangian approaches [35, 15]. The acceleration force_ut is calculated from the pressure,
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viscosity, and external forces at timet. The adaptive time step4 t is constrained by the

Courant-Friedrich-Levy (CFL) condition:

4 t = �
h

jj~umax jj
: (1.22)

The constant � is initialized to 0:4 [27]. The velocity ~umax is expressed as the maximum

velocity allowed at a time t. This time step 4 t is said to be adaptive since it can be

recomputed at each simulation iteration.

In our �rst contribution [33], we propose an approach to couple theSPH method to

an Eulerian grid. The main known limitations of theSPH method over theFLIP method

are the stability and the longer computation time required per simulation iteration. By

its stability, the FLIP method makes it possible to use much larger time steps, thus

reducing considerably computation times per frame. Although the stability ofSPH methods

has been signi�cantly improved in the last years (e.g.,DFSPH [2]), computation times

per frame remain much higher than with the traditional FLIP method. Inspired by

the recently introduced narrow bandFLIP [11], we propose a hybrid method de�ning

the liquid interface as a band ofSPH particles. By handling the coarse portions of

the liquid volumes with a uniform Eulerian grid, we are able to o�er signi�cant speed-up

factors over the state of the art while preserving �ne details making theSPH model realistic.

Eulerian methods , as opposed to Lagrangian methods, track �uid quantities (e.g.,

velocity ~v, density � , etc.) at �xed positions in space (top image of Fig. 1.1). These positions

are usually de�ned by cells of a uniform grid structure. An advantage of using an Eulerian

viewpoint to discretize �uids is that spatial derivatives (e.g., pressure gradients) are much

easier to approximate numerically using uniform and regular data structures, which are also

more suitable for GPU implementation. However, thin liquid structures remain di�cult to

capture and model correctly for details below the resolution of the underlying grid cell. In

computer graphics, Stam's work [37] remains a reference when it comes to Eulerian methods

for �uids. The implementation details of a grid-based liquid simulation is similar to the

Algo. 2 presented for theFLIP method later in Section 1.2.1. However, as opposed toFLIP ,

which advects particles, alevel set� serves as the free surface to represent liquids in purely

Eulerian methods.
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1.2. Hybrid Methods for E�cient and Detailed Liquids

As previously exposed, Lagrangian and Eulerian methods have their advantages and

disadvantages. This fact has inspired researchers to combine both viewpoints (Fig. 1.3) to

overcome these known limitations while making the most of their strengths. In the following

sections, we provide a brief overview of the di�erent ways to couple these schemes in order

to improve previous work. They are also related to our �rst contributions presented in

Chapter 2.

Figure 1.3. Visualization of a hybrid method of the same animation presented in Fig. 1.1.

1.2.1. Combining Methods

By combining methods, it is possible to take advantage of the various structures that

make up the simulation model. Using both particles and a data structure such as a uniform

grid, �uid elements can be de�ned using Lagrangian and Eulerian quantities. In general,

hybrid methods are intended either to speed up numerical solvers or to reproduce the details

that would otherwise be dissipated. A well-known and most commonly used hybrid method

in the visual e�ects community is the Fluid Implicit Particle (FLIP) [45]. Several hybrid

methods combining particles with di�erent types of Eulerian data structures have been

introduced over the last two decades. Often used as computational structures, these types

of Eulerian data structures include: 3D MAC grids [17], 2D height �elds [18], meshes [20, 4],

and so on. One of the existing challenges on these hybrid methods is to couple both

schemes, enforcing stability while preserving small-scale details during simulation as we do

in our hybrid Eulerian-DFSPH approach (Chapter 2). In the following section, we describe

in more depth the FLIP method as exploited by our second [32] and third contribution [34].
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Fluid Implicit Particle methods are the most commonly used in the visual e�ects

industry. The method was introduced to computer graphics in order to simulate sand [45].

The FLIP method takes advantage of the Lagrangian and Eulerian viewpoints. This method

allows a Lagrangian advection on a set of particles while o�ering to solve the interaction with

boundaries as well as the incompressibility of the �uid using a grid. The standard steps of a

FLIP simulation are presented in Algo. 2. The implementation proposed in this document

(and in our work) uses a level set to initialize the volume of liquid.

Algorithm 2: Overview of a traditional FLIP method.

Input:

liquid /* initialize the liquid volume with an input mesh */

obstacles /* initialize static boundaries with input meshes */

resolution /* discretization of the velocity grid uMAC */
uMAC = initializeGridMAC(resolution);

P = sampleGridWithParticles(uMAC );

� l = computeLevelSet(liquid)

for oi 2 obstacles do
� o [ computeLevelSet(oi )

�ags = updateFlagCells(� l ,� o)

for f i 2 frames do
advectInGrid(P, uMAC , 4 t)

weights = mapParticlesToGrid(P, uMAC , �ags )

extrapolateGridWeight(uMAC , weights )

updateFlagCells(P, �ags ) /* update �uid cells */ applyGravity( uMAC )

updateBoundaryConditions(uMAC , �ags )

solvePressure(uMAC , �ags )

applyVelocityUpdate(P, uMAC )

A grid of labels (�ag grid) is used to identify the nature of the elements contained in

each cell (i.e., �uid, air, and solid). The information about the simulation is stored in a

MAC grid (Marker-and-cell). This type of grid allows preserving velocities on the faces of

cells and pressure forces at the center of cells (Fig. 1.4). Using a uniform grid whose values

are all calculated at the center of cells is not ideal [3], especially at borders. For example,

the divergence calculation does not take into account the current cell. The divergence at the
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Figure 1.4. An example of theMAC grid in 2D storing pressuresp and velocity components

u and v [3].

center of cells (of dimension4 x) is de�ned by the expression:

r � ~ui;j =
~ui +1 ;j � ~ui � 1;j + ~ui;j +1 � ~ui;j � 1

24 x
: (1.23)

This calculation method can generate large di�erences between divergence values in the grid.

The MAC grid allows one to work around this problem by reformulating Eq.1.23 into:

r � ~ui;j =
~ui + 1

2 ;j � ~ui � 1
2 ;j + ~ui;j + 1

2
� ~ui;j � 1

2

4 x
: (1.24)

Another important part is the transfer of velocities to the grid (and vice versa). The transfer

uses a weighted interpolation on the particles inside the current cell. Cells that contain par-

ticles are �agged to speed up transfer and force calculations. The interpolation is computed

relative to each corner vertex of a cell. Each value weighted by the distances between the

corner vertices is stored at the faces of theMAC grid. In the FLIP method, all forces are

stored in the grid. The advection step is the only one performed directly on the particles.

The pressure solve is performed directly on the griduMAC . This step is called the projec-

tion step and is required to satisfy the condition of incompressibility (Eq. 1.2). In theory,

we need to determine the Lagrange multipliers whose gradient subtractions give a velocity

�eld without divergence. The equation is in the form of a Poisson equation. One way to

formulate it is by the Helmholtz-Hodge decomposition. This formulation highlights the fact
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Figure 1.5. ComparingA�ne-PIC (APIC ), FLIP , PIC-FLIP , and PIC. The APIC method

considerably reduces the noise generated byFLIP while preserving the nature of the �uid [17].

that most vector �elds can be represented by a sum of vector �elds without divergence and

an irrotational �eld. It is therefore su�cient to subtract the pressure gradient from the

velocities to ensure the conservation of volume. The system to be solved is the following

Poisson equation:

r 2p = r � ~u: (1.25)

There are several numerical methods for solving linear systems in this form. When imple-

menting this method, we favored the conjugate gradient as it o�ers fairly fast convergence

times. Finally, the pressures obtained allow the velocities to be corrected in order to ob-

tain a vector �eld without divergence. These velocities can now be transferred back to the

particles. The interpolation method used is the same as for the transfer to the grid. How-

ever, the method of updating the interpolation velocities for a non-viscous liquid is usually

a combination ofPIC-FLIP (Eq. 1.26 and Eq. 1.27, respectively).

~uPIC
i = interp (~ut+ 4 t

MAC ; ~xpi ); (1.26)

~uFLIP
i = ~ut+ 4 t

MAC + interp (4 ~uMAC ; ~xpi ); (1.27)

where~xi and ~ui are respectively the position and the velocity of the particlei . The FLIP

update method is more suitable for a liquid, but less stable than thePIC method (numerical

dissipation). We therefore give more importance to~uFLIP (� = 0:97) than to ~uPIC (1 � � ).
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Using these weights, the velocity update can be expressed for a stable and non-viscous liquid:

~ui = (1 � � )~uPIC
i + �~u FLIP

i : (1.28)

More recently, an improvement of theFLIP method, so-called theA�ne-PIC method, has

been proposed to prevent using a weighted velocity update [17] as shown in Eq. 1.28. The

main contributions of the A�ne-PIC method are improving stability (caused by theFLIP

velocity update) while reducing energy dissipation (compared to thePIC velocity update).

Conserving angular momentum in the grid preserves energy at both small and large scales. A

combination of the two velocity update models results in a much smoother and more stable

�uid (Fig. 1.5). Later, the FLIP method was extended to focus the computation e�orts on

particles at the surface of the liquid volume and around static and dynamic boundaries [11].

Their band method resamples particles only within a narrow band near the surface. They

also introduce a coupling scheme between particles and the grid to reduce energy �uctuations.

1.2.2. Adaptive Methods

As previously mentioned in Section 1.1.2, grid-based methods (i.e., Eulerian) have di�-

culties in resolving �uid details below the resolution of the underlying grid cell. In general,

two ways have been proposed to overcome this issue: using an adaptive data structure [24]

or using multiple scales of particles [36]. In both ways, the key is to detect when to increase

or decrease adaptive elements while preserving visible details. Grid-based methods were

the �rst to introduce adaptivity to alleviate the resolution bounding issues. When using

adaptive data structures such as an octree, the �uid quantities (e.g., such as pressure gra-

dients) are computed using di�erent grid cell sizes. In these cases, one way is to compute

the weighted average using a linear interpolation between cells. On the other hand, dealing

with many scales of particles can also be challenging since each one of them may convey

di�erent contributions to one another. As proposed by Solenthaler and Gross [36], using a

pre-determined number of scales for particles can simplify the simulation model while o�ering

interesting features. At the other end of the spectrum, allowing the use of continuous particle

scales can provide improved accuracy and stability, as recently introduced by Winchenbach

et al. [41, 42].
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1.3. Enriching Liquid Animations

Although hybrid and adaptive methods can alleviate limitations related to coarse dis-

cretizations, other complementary (i.e., in the simulation loop) and post-processing methods

are often required to simulate small-scale phenomena such as splashes, whitewater, foam,

and spray in addition to the input simulation. In general, these additional details are com-

puted either by generating high-frequency features or by extracting �uid elements dissipated

by a coarse discretization.

1.3.1. Generating High-Frequency Details

Generating high-frequency details using additional simulation structures, such as surface

points, can enhance the level of detail even when using a coarse simulation resolution (i.e.,

low-resolution velocity grid and/or a small number of particles). Using an existing liquid

animation as input to these complementary methods, �ne details are seamlessly integrated,

improving the �ow behavior using previously computed physical characteristics. Among

several others, the most commonly used input characteristics for such methods are velocity

and vorticity �elds. The generated details are often represented as an additional set of

particles governed by constraints [10], combined forces [14], and wave simulations [26, 44].

Most of these methods are so-calledphysically plausible(as opposed tophysically accurate)

because they infer realistic details while not necessarily preserving divergence-free �ows.

1.3.2. Extracting Dissipated Details

In computational �uid dynamics (CFD), numerical dissipation is referred to as the error

introduced throughout iterations over a discretized simulation domain
 , and cumulated at

each time step (i.e., determined by the time integration scheme). Numerical dissipation in

�uid simulations is mostly noticeable in small structures such as vortices.

Extracting dissipated features to enhance �uid details has also been an active research

topic in the last decade or so. Often referred to asvorticity con�nement methods, these

techniques introduce rotational forces, allowing vortex structures to appear within the coarse

�ow. As introduced for visual e�ects by Lentine et al. [22], vorticity con�nement methods

allow for preserving both energy and momentum present in a coarse simulation. Such vortex

structures can be expressed using multiple energy scales (sub-grid �uid values) [16] or by
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amplifying existing vorticity [25]. In general, vorticity con�nement methods provide ways

for preserving small-scale vortices but are unable to reproduce surface turbulence as opposed

to the high-frequency-based methods aforementioned in Section 1.3.1.

1.4. Machine Learning Methods for Liquid Simulations

As part of the extended family of simulated natural phenomena, �uid simulations have

become in recent years a clear target for machine learning. Even today, �uid simulation

models remain computationally expensive and challenging to control within an artistic pro-

cess for visual e�ects. In the last decade, many research work have been proposed to improve

their underlying numerical solvers, compute complex features, and infer additional or dissi-

pated visual details by leveraging machine learning algorithms. In the following, we brie�y

overview the main challenges when using machine learning to improve physically-based sim-

ulation methods.

1.4.1. Neural Networks and Physics-Based Simulations

With available ways to facilitate the generation of synthetic data, deep learning algo-

rithms have become an e�ective way to learn and encode complex representations through

large datasets using arti�cial neural networks. Deep learning algorithms allow us to map

input samplesX to the approximated target outputs Y through generating a learned para-

metric function f � as follows:

f � (X ) � Y; (1.29)

where� contains the learned function parameters commonly calledweights. While predicted

outputs Y (i.e., the last layer of the deep network) are generated using input samplesX (i.e.,

the �rst layer of the deep network), several inner layers of neurons are used to learn these

weights � . To summarize, the inner layers can expressed as:

yi = � (Wyi � 1 + b); (1.30)

whereyi � 1 is the output from the previous layeri � 1, yi is the output of the current layer

i , and � are the trainable weights along with biasesb. The nonlinearity is introduced by

the activation function � (e.g., � ReLU (x) = max(0 ;z)) to approximate the function f during

the forward pass. The weights� and biasesb are re�ned using a loss functionL through

the backpropagation pass (short for backward propagation of errors) performed with an
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optimization method such as the gradient descent. In general, the loss functionL is com-

puted by measuring the di�erences between the predicted outputs and ground truth samples.

The weights � are adjusted by the gradient of the loss functionr L (i.e., computed by the

optimization method) using the chain rule. As illustrated in Fig. 1.6, the step of the opti-

mization method is determined with a learning rate� t initialized and updated throughout

the iterations, typically using an adaptive method such as the ADAM optimizer [19]. At

the end of an epoch of training, a local minimum is approximated from a cumulative loss

term. One epoch means that the optimizer has passed through every training sample once.

In physics-based simulation, machine learning methods are generally used to learn and im-

Figure 1.6. Example of the gradient descent method minimizing a single weight� 1.

prove models in three di�erent ways [40]:data-driven, loss-driven, and simulation-driven.

Using one of these approaches may depend on the available data and the desired objectives.

Data-driven approaches are used when the predicted output is generated from existing or

captured simulated data. This type of approach is categorized as a forward problem as it

predicts outputs directly, whereas approaches categorized as a reverse problem are predict-

ing parameters to approximate simulated output. The second typeloss-driven is partially

integrated in the simulation model. With this type of approach, the learning process is per-

formed, throughout the loss function, using di�erentiable PDE-based formulations from the

simulation (e.g., from the numerical solver). In contrast, the last type,simulation-driven,

interleaves the learning process with the simulation model. As an example, a neural network

architecture (or stacked networks) is used to approximate a velocity �eld as a preconditioner

input to the advection step of the simulation model. Given the amount of available �uid

simulation data [9], data-driven and loss-drivenmethods for �uid simulations have become
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more attractive for the visual e�ects community [6, 39]. Although these types of methods

o�er convincing results, tightly integrating neural networks into the simulation model can

provide more �exibility and control [21, 38]. As exposed by the previous work, each sim-

ulation viewpoint can bene�t from simulation-driven solutions. In addition to facilitating

the numerical approximation of spatial derivatives, Eulerian approaches o�er intuitive capa-

bilities when used with 2D convolution operations (such as in CNNs). On the other hand,

Lagrangian approaches partially bene�t from the recent advances in deep learning for point

clouds.

1.4.2. Encoding High-Resolution Features for Particle-Based Liquids

In contrast to data-driven solutions, encoding high-resolution features is used to gen-

erate additional or dissipated details to enhance the visual appearance of existing liquid

animations. This task is usually categorized into two types of learning approaches:detail

synthesis[6] and super-resolution[43, 1]. With the detail synthesislearning approaches, a

high-resolution dataset is used to learn a mapping to the corresponding low-resolution sam-

ples. In comparison,super-resolutionapproaches upscale a coarse input to infer the sub-grid

details at high resolution. Xie et al. [43] propose a method using GAN to produce volumet-

ric high-resolution details using spatial and temporal discriminators. Recently, a dictionary

learning method has been proposed [1] to upsample coarse smoke �ows by generating sparse

representations of local velocity patches to encode high-resolution temporal features. Our

contributions presented in Chapter 4 �ts in the detail synthesiscategory.

As we focus on convolutional neural networks in our work in Chapter 4, understanding

the fundamental di�erences of the discrete convolution operations on di�erent types of data

is crucial to appreciate our related contributions. Using 2D convolutions on images is rather

intuitive. As shown in Fig. 1.7(a), a 3 � 3 �lter kernel w is used on samplesx. In this case,

the convolution output y is performed by applying the kernel matrixw to extract various

features from an input image. For CNNs, the kernel values ofw are learned to extract latent

features. Stacking these convolution operations per layer allows us to produce a hierarchical

decomposition of this input. It is worth mentioning that images (rendered or captured) may

introduce undesired features during the training process caused by capture noise or rendering

artifacts, as slightly noticeable with the aliasing e�ect at the silhouette of the sphere in the
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